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Relaxations of bilinear functions (Tawarmalani et al., 2002)

n n
Gy, X1, %) = boy +y - > bixk — a0 — »_ akxk
k=1 k=1

Key Idea - Product disaggregation

Distribute the product y over the sum Y, _; bxxx and then bound the
resulting n bilinear terms.
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Convex envelope of a bilinear function [1/2]

Tawarmalani et al., 2002

n n
¢(}’»X1,---,Xn)Zboy+y~Zkak—ao—Zakxk

k=1 k=1

Assume xx € [xf, xU],y € [yt yY]. Let H™ = TT7_, [xE, xP1 x [yt yV].
Then:

convenv i1 d(y, X1, - . -, Xn)
n n
= convenvyn+1 | boy +y - Z byxx — ag — g Ak Xk
k=1 k=1

n
=bpy + Z ConvenV[XkL,Xéj]X[yL’yu] (bky 5 xk) —ag — Z Ak Xk
k=1 k=1
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Convex envelope of a bilinear function [2/2]

Why? For fixed x, ¢(y,x) is linear in . Let ® be the epigraph of the
convex envelope of qb(y, ) Then & can be expressed as the convex hull of

A={(¢?,x?)[¢? > d(x?, y1)} and B = {(¢®,xP)[¢P > ¢(xP,yY)}, ie.
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Need for reformulation [1/2]
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Need for reformulation [2/2]

ILm

PROCESS
Be
Fyp. ;i = FIN
Mixer 2 Fus T Y
Z,‘XM,i,j'FIVI,: X—,—J F VJE{]. J}
FIN — FOUT
Treatment N T ouT .
XTJ_ﬁTj-XJ- VJE{]_,,J}
OUT F
Splitter =2ifs,i

X%T xrij Vie{l, ... 1} jedl, ..., J}

where the x and F variables represent concentrations and flowrates, the i
and j indices represent individual flowrates and monitored quality
components, and the parameter 37 ; represents the removal of undesired
quality J.
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Eliminating Variables [1/2]

1. For linear equality constraints with continuous variables x;, x; and
coefficient parameters a;, a; € R:

ai-xi+aj-xi=>b

GloMIQO eliminates x; from the optimization problem by substituting
m for every instantiation of variable x; and, if variable x; had

f|n|te bounds, adding a constraint x© < b= af 4 < xPP.

2. For linear equality constraints with two blnary variables y;, y; and
coefficient parameters ¢;, ¢; € R:

G-yitc-y=>b

GloMIQO eliminates y; from the optimization problem by substituting
b- Cf Y for every instantiation of variable y; and adding a constraint
LO < CJ Yi < yUP
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Eliminating Variables [2/2]

3. For linear equality constraints with continuous variable x; that
participates linearly in MIQCQP, binary variable y; and coefficient
parameters a;, ¢; € R:

aj-xi+c-yj=>b

GloMIQO eliminates x; from the optimization problem by substituting
y for every instantiation of variable x; and, if variable x; had

finite bounds, adding a constraint x-© < b- 2 < xUP.

4. For equality constraints with b|||near or quadratlc term x; - x;,
continuous variable x, that participates linearly in MIQCQP, and
coefficient parameters gj;, ax € R:

qij.Xi.)(J-+ak.Xk:b

GloMIQO eliminates x, from the optimization problem by substituting

b—qji-X; - X; . .. . . . ..
% for every instantiation of variable x, if variable xx had finite

b
bounds, and adding a constraint xg© < 2 < P,
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Outcome of eliminating variables

>iFmi = Ff'
doijxmigc Fm i = ﬁT,j'quffT FIN vjie{l, ..., )}
Splitter {F’TN = Fs.i

Mixer
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Disaggregating Bilinear Terms [1/2]

1. For linear equality constraints with one continuous variable x; that
participates nonlinearly elsewhere in the MIQCQP optimization
problem and J continuous variables x; that exclusively participate
linearly in MIQCQP:

J
a,--x,~+Zaj'xJ-:b
j=1

GloMIQO eliminates x; from the optimization problem by substituting
b3

2o _ o . ) .
3'1 2~ for every instantiation of variable x; and, if variable x; had
1

- . . LO b—zj'-lzl aj~xj UP
finite bounds, adding a constraint x;¥ < —=—=—— < x;"".

i
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Disaggregating Bilinear Terms [1/2]

2. For linear equality constraints with / continuous variables x; that are
bounded by 0 (i.e, x*© >0 Vie{1,...,1}):

I
Z a; - Xj = b
i=1
and have coefficient parameters a; with:
ag>0anda; <0 Vie{2, .../}
or, symmetrically:
ag<0anda; >0 Vie{2, ...,1}

GloMIQO eliminates x; from the optimization problem by substituting

b—
i 12 A% for every instantiation of variable x; and, if variable x;

had finite bounds, adding a constraint xj-© < Lﬁ"'x’ <xF.
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Result of the reformulation

Sixmig P =308 xR4T Fui Vi€l ... J}
> iFmi=>Fs,i

Pool
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waste - MINLPLib

Eliminate | | D-is'agg ! !
Variables Bilinear
$ Terms f

GAMS Development, GAMS Software Client Models

MINLPLIib waste: GloMIQO reformulation:
2084 continuous variables 666 continuous variables
400 binary variables 400 binary variables
1992 equations 1980 equations (added 72)

1368 bilinear terms 1284 bilinear terms
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