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Introducing Auxilliary Variables!

1/(0.1+ (x1 — 4)? + (x2 — 4) x (vx3 — 1))

®
© - & - ()
[@-@][@-@][-@]

'Smith & Pantelides, Comput Chem Eng, 1999
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Special Nonconvex Model Forms

with:

min f(x)

0 {x:

gi(x) <0, j=1,....m

ngxng }

f continuous on D

ol
100

LGO Sokion Space (MATLAB)

Separable Programs: f, g; are separable functions, >, fi(x«)

Bilinear Programs: f, g; contain bilinear terms, x, X x;

Geometric Programs: f, g; are posynomial functions,

P Clealk -

a
.Xn

nk

yckaalka"'7ank€R

Concave Programs: f is concave on D
» Global minimum attained at a certain extreme point of D

Difference of convex (D.C.) Programs: f, g; can be decomposed as

p(x) — g(x), with p, g convex on D

» Every twice continuously differentiable function is D.C.

» The nonconvex programs mingep f(x) can be converted into D.C. form

Misener
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Base Terms

Term Type  Mathematical Form Relaxation Strategies

Constant c -
Bilinear / X1 - X2 McCormick Hull
Quadratic Outer Approximation
Multivariate  xj* - x52 - - - x2n Edge-Concave
Signomial Exponential Transformation
Fractional
Outer Approximation
Absolute la- x4 b| Equivalent MILP
Value Representation
Exponential e?*th Secant Line

Outer Approximation
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Base Terms! [con't]

Term Type Mathematical Form Relaxation Strategies
Linear a-x+b -
Logarithmic  log(a- x + b) Secant Line
Outer Approximation
Univariate x? Odd Degree Monomial
Signomial Secant Line
Outer Approximation
Composite
Exponent (a1 - x + by) - 2752 Secant Line
Fractional Z;iigz Outer Approximation
Logarithm (a1 x + b1) log(az2 x + b2)

ANTIGONE: Algorithms for coNTinuous / Integer Global Optimization of Nonlinear

Equations, Misener, Floudas, Journal of Global Optimization; 59: 503 - 526, 2014

Misener
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Composite Terms

Regularly appear in standard libraries: GLOBALLIib (e.g., arki0018, chem,
ex6_1_1, ex6_1 2, ex14 1.8, filter); MINLPLib (contvar); AMPL
Book Library (nltrans); PrincetonLib (e.g., bigbank, s367, s377).

ANTIGONE knows analytic expressions for the second derivatives and uses
interval arithmetic on d?f/dx? to determine convexity/concavity regions:

fo(x) = (a1 -x+ by)-e®2>Fh

Exponential v
Composite
g (Z(ge =(ai-ax-ax-x+2-ay-ay+ay-ax- by)- e th

fr(x) = ap-x+by

Fractional U( ) ay-x+by

Composite Ll o o arbhab
dx? - 2 (22-x+b2)3

L fi(x) =(ar-x+ b1)-log(as - x+ by)

Logarithmic U

Composite d’f _ arax(axxtby)tarayb—axrayb
e (@ xtb)’
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Combining Relaxations

2

Term

1

Composite Term

Composite Term

Composite Term

Constant | | Bilinear Multivariate Univariate
Term Term Signomial Term Term
Absolute || Composite ||Exponential | | Linear || Logarithmic Univariate
Value Term Term Term Term Term Signomial Term
Exponential Fractional Logarithmic

2ANTIGONE: Algorithms for coNTinuous / Integer Global Optimization of Nonlinear
Equations, Misener, Floudas, Journal of Global Optimization; 59: 503 - 526, 2014
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Specialising Terms throughout a Branch & Bound Tree
Absolute Value

variables x;"

Consider the term |x;|. In the most general case, the framework introduces
7, x, and y; to model the MILP representation of |x;|:

il ="+ X < [l (1= y);
X =Xt Xt < Jxl-
xt; x- >0; y; € {0, 1}.

Ixi| = Yii

Odd Powers (Liberti & Pantelides, J Glob Optim, 2003):

Multi-Term Underestimators
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@ Factorable Programming Approach

@ Difficulties with Factorable Programming Approaches
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How can we make this simple? M Mistry

AT{—AT,
log(AT1/AT?)

@ LMTD is often approximated to avoid numerical difficulties

1
» Chen approximation [AT; AT, ATFAT2]3
» adding a small € to parameters

S O)

o ATimTp =
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How can we make this simple? M Mistry

AT{—AT,
log(AT1/AT?)

@ LMTD is often approximated to avoid numerical difficulties

1
» Chen approximation [AT; AT, ATFAT2]3
» adding a small € to parameters

O
|

©
) &
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Use of the Reciprocal M Mistry

@ The area:
q-U

ATimro

@ We calculate the area using the reciprocal of LMTD.

@ Approximation of the reciprocal doesn't introduce a layer of
complexity in reasoning errors

A=
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Limits M Mistry
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Limits M Mistry

We should use polar coordinates
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Limits M Mistry

. 91(0) _ [ ofr oa(0)
(r,o)mm/np () q(0) [,'% ol )] [oLm CI2(9)]

Misener Multi-Term Underestimators 2017/05/11 14 / 42



Limits M Mistry

@ the reciprocal of LMTD has
a set of indeterminacies over w
the line "x = y"

@ we showed that the limit "

exists [Zavala-Rio. Femat. o
Santiesteban-Co, 2005]

@ the same proof technique

was extended to higher
derivatives
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Convexity?

This function is convex!

3Mistry M., Misener R. Optimising Heat Exchanger Network Synthesis using
Convexity Properties of the Logarithmic Mean Temperature Difference. Submitted, 2016
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© Relaxations for Multi-Term Expressions
@ Reformulation Linearization Technique
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RLT: Equality Equation/Variable

GloMIQO considers every product of variable x; that participates
nonlinearly in MIQCQP with linear equality equation m containing only
continuous variables (i.e., m such that

Qm=0; cm=0; bLO = bUP = b,):

E amJ-Xj—bm 'X,'ZE amd--xj--x,-—bm-x,-:o
J J

If the RLT equation does not increase the number of nonlinear terms in
MIQCQP and is not already present in the model formulation, GloMIQO
adds it directly to the model.

Misener Multi-Term Underestimators 2017/05/11 18 / 42



RLT: Inequality Equation/Variable

GloMIQO considers the product of variable x; that participates nonlinearly
in 77 with linear equation m containing only continuous variables (i.e.,

Qm = 0; ¢, = 0). For inequality constraint m, GloMIQO considers four
products:

(am~x—bgp)-(x,-—x,- )SO
(am~x—bgp) : (x,-UP—x,-) <0
(b#o—am-x) . (x,—x,-LO) <0
(b#o—am-x) : (x,-UP—x,-) <0

Added if they do not increase the number of bilinear terms.
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RLT: Equation/Equation

GloMIQO considers products of two linear equations m, n that contain
exclusively continuous variables (i.e., Qn = Q, =0 and ¢, = ¢, = 0):

~1-(am-x—byr) - (an-x—by¥) <0
am - x—bgp)-( x—bLo)<O

(
(am x— ) - (an - x — ") <0
1 (- x— BEO) - (- x— DY) <0

Added if they do not increase the number of bilinear terms.

Misener Multi-Term Underestimators 2017/05/11 20 / 42



The Hartree-Fock Problem instance beryllium

S.t.

—15.73426 - ¢, — 15.73426 - ¢, + 0.5721648 - c12 - ¢ - ¢3;
+1.56814504 - C122 - 11 - 1 + 1.56814504 - C121 - C12 - C2

—7.7290488 - C11 - C21 — 7.7290488 - C12 - Co2 — 4.204318 - C221
—4.204318 - c222 +2.2988306 - cf; + 4.5976612 - c121 . c122

—1.329488452 - c11 - Co1 - €12 - Cop + 0.8353663 - ¢3; - 3, + 0.41768315 - c3;
+0.41768315 - c3, + 2.124875442 - 2, - c2,

+2.124875442 - ¢2, - 3, + 1.460131216 - c2, - c3, + 0.5721648 - ¢11 - ¢35,
+0.5721648 - ¢1» - C232 + 0.5721648 - ¢c11 - €21 - C222

+1.56814504 - c3, - cop + 1.460131216 - c2; - ¢, + 1.56814504 - ¢, - ¢
+2.2988306 - ¢},

C121 + C221 +2-0.259517 - ¢cy1 -1 =1

C221 + C222 +2-0.259517 - ci1p-cp =1

C11- €12+ Co1 - 2 +0.259517 - (c11 - ¢ + @1 - €12) =0

cu; Ci2; C1; o € [—2, 1]

19 signomial terms and a root node relaxation of —1.141 x 10°.
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© Relaxations for Multi-Term Expressions

@ Edge-Concavity
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Edge-Concavity — A Vertex Polyhedral Envelope!
Definition (Tardella, 2003)

We say that a function f is concave along a direction d on a convex set S,
if f is concave on all the sets:

Se(x)={yeS:y=x+Ad, e R}, xe€S.

When P is a polyhedron and f is concave along all directions parallel to all
edges of P we say that f is edge-concave on P.

Tardella (2003): Edge-concavity implies a vertex polyhedral envelope.
What if P is a box?, i.e. P = {x € R": xt} <x <xY}

Let f € C? and let H¢(x) denote the Hessian matrix of f at x. Then f is
edge-concave on P if d] He(x)d; <0V i=1,...,k,x € P. In particular,
when P is a box, f is componentwise concave if and only if

fixi(x) <0Vi=1,...,nand x € P.

Misener Multi-Term Underestimators 2017/05/11 23 /42



How is edge-concavity useful?

Generalized polynomials & fractional functions (Tardella, 2008)

Let P = {x € R": x! < x < xY} be a box and consider a function
f: P— R" of the form:

Hj'(:]. fi(x)
Hf:kJrl 6(’9)’

and, for i = 1,...,n, let the functions f_;(x) be obtained by setting
fi(x;) = 1, i.e. by deleting the factor fi(x;).

f(x) =

Assume that for every i = 1, ..., k either f; is concave and f_;(x) > 0 on

P, or f; is convex and f_;(x) < 0 on P. Furthermore, assume that for

every i = k+1,...,n either f; is nonpositive convex and f_;(x) > 0 on P,
or f; is nonnegative concave and f_;(x) < 0 on P. Then f(x) has a vertex

polyhedral convex envelope on P.

Misener Multi-Term Underestimators 2017/05/11
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Sum Decomposable

Sum Decomposable The convex envelope of a sum of functions is equal to
the sum of the convex envelopes of the functions.

Tardella, 2008

Let V, be the set of vertices on a polytope P, define edge-concave
functions f, g — R with facet representations {f; : i € I}, {gj : j € J}
defining the convex hull of f, g, respectively, and let

Fi ={x € P :convy,(f)(x) = fi(x)}, i€l and

Gj = {x € P : convy,(g)(x) = gj(x)}, j € J denote the linearity domains
of convy,(f) and convy,(g) (i.e., the sets F; and G; are polyhedra
composed of facet-defining hyperplanes f; and gj). The following are
equivalent:

1 convy,(f) 4+ convy,(g) is vertex polyhedral;
2 convy,(f) + convy,(g) = convy, (f + g);
3 FiNG; has all verticesin VpVicl,jeJ

Misener Multi-Term Underestimators 2017/05/11 25/ 42



Almost separable

Tardella, (2008)

For the specific case of almost separable function

h(x, y, z) =1f(x,y,z)+g(x, y, z) = f(x, y) + &(x, z) defined on
V=X XY x Z where X, Y, Z are the vertex sets of polytopes, then the
three conditions listed above are further equivalent to:

4 F/-X N GJ-X has all vertices in X for all linearity domains F; of
convy,(f) and G; of convy,(g).

Low Dimensional Quadratic Aggregation

(X0, Xjs Xk) =01 - Xj - Xi + Q2 - X Xj + Q3 Xj - Xk + Qg0 X+ a5 X Xt
Q6 - Xj Xk + Q7 - Xj + Qg - X+ X + Qg - Xk

Where a1, ..., ag are scalars and aj, as, ag are non-positive scalars.

Misener Multi-Term Underestimators
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What data structures to use for quadratics? (ex8_1_4)

AT

GO O U

min 12-x12—6-x1-x2—|—6-x22—6.3-x32+x3

s.t. —X1 X1+ X3 =0
—X3 X1+ Xq =0
X1-Xa—x3-x3 =0
x € R¢

becomes:

12-X12—6-X1-x2—|—6-X22—|——6.3-X32—|— X2
—_——— =~
MT1 MT?2 MT3

Misener Multi-Term Underestimators
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Example: 3D Edge-Concave Aggregations [1/2]

Consider:

f(Xi7 Xjs Xk) =0.5- XiXj — 0.9. XiXk — XjX
xi € [-10, 0]; x; € [4, 10]; x € [7, 10]

with McCormick relaxation:

—7 -xi—15-x+5 -x—30
=7 -xi—12-x,—1 - xx
—43-x;—15-x;—4 - x,+60
—43-x;—12-x;, — 10 - x, + 90
—4 -x;—10-x+5 -xc—50
-4 -xi—7 -x;—1 -x—20
—13-x—10-x;,—4 - x,+40
( —13-x—7 -x;—10-x,+70

f(Xi7 Xjs Xk) >

Misener Multi-Term Underestimators 2017/05/11 28 / 42



Example: 3D Edge-Concave Aggregations [2/2]

Consider:

f(Xi7 X_i, Xk) :05 o X,'Xj — 09 © XX — Xij
xj € [-10, 0]; x; € [4, 10]; x« € [7, 10]

and facets of the convex envelope determined through the Meyer &
Floudas (Math Program, 2005) algorithm:

(-7 -x;—15-x;+5 - xx—30
—13-x;—7 -x;—10-x, +70
—52-x—-12-x,—1 - x+18
—-3.1-x—-10-x; —4 -x,+40
-4 -x—10-x,—1 -x+10

([ 43-x,—12-x; —4 -x,+48

f(Xi7 Xj, Xk) >

Misener Multi-Term Underestimators 2017/05/11 29 / 42



Standard Pooling Network p-Formulation

Objective  max
Xil s Y1 +Zij s Plk (IJ)ETV (i‘j)ETz (i,l)eTx
Feed L u i
avail [AS Dt Dz SAY Vi
(i, 1)E Tx JiiJ)ETZ
Pool st < Z ¥, < SU v/
Capacity |~/ = =
i:(i,))e Tx
Product L u i
Demand b= Z i+ Z % < B Vi
I:(1j)ETy i(ij)ETZ
Material
Balance Z Xl — Z =0 Vi
Lis(i.))eTx J(I)ETy
Qualit
Balanz,e Z Cirxit = P Z vi ¥k
Lit(i,)ETx J:(L)ETY
> Py (s PP< X ot X z,-->
Product I(1J)ETy =k L(IJ)ETy ! i(if)ETZ Y
Quality | 1 3™ Gz | < P}:( oyt Y oz
(i f)eTz L(1J)ETy i(iJ)€Tz

Bounds [xi, yjj, zj >0V i, I, j

Misener

Multi-Term Underestimators

Soodiyit Y, dirzi— Y viexi— Y, vz

(iJ)ETZ
Inputs [L,...I] Pools [L,...,L] Outputs [L,...,0]
im Qg X1z p1 01
iny Q AN

Directs [1,....H]

din Q:
dir O
dis O

din O

v k

2017/05/11

30 / 42



Process networks equations typically sum decomposable

$648

Typical process networks blending problems with intermediate nodes.
Bilinear terms arise from multiplying qualities p (light green) by flowrates
f (dark purple). Individual process networks equations as depicted on left
have no cycles and therefore no dominant cuts. Figure on right graphs the
collection of bilinear terms in a process networks problem; the graph is
bipartite with one disjoint vertex set per pool-like structure.
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Triangulation Types of 3-Cube (Meyer & Floudas, 2005)

Misener

Cell Vertices Figure Vertices Figure
Type A Type B

1 1235 7 8 1248 7

24678 1268 e

r; 5

302357 1568

42467 \ 1578

512567 3 4 13738

6 | 2347 2 13438 1
Type C Type D

11235 7 s§| 1235 7

22354 L el 2357

3 /2456 9 2567 °

4 4568 267 8

54578 ‘2348

6 3457 2 2378 I
Type E Type F

11235 , __ 12338 7

223538 L 1258

32348 7 4 13538

42568 2568

5,3578 [ 4 3578

6 I 2 2348
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3D Edge-Concave Aggregations: GLOBALLib Test
Instances

Problem # Cnt  # # Root Node RIxn Glob Gap

Name Vars Egqns Bin McC Only  McC + EC Opt. Clsd

camshapel00 200 201 198 -4.8321 -4.6583 -4.2842 0.32
camshape200 400 401 398 -4.9213 -4.8475 -4.2785 0.11
camshape400 800 801 798 -5.0645 -5.0243 -4.2757 0.06
dispatch 5 3 6 3153.30 3155.29  3155.29 1.00
st_igpbkl 9 8 36 -1298.96 -1204.63 -621.49 0.14
st_igpbkl 9 8 36 -2601.98 -2413.95 -1195.23 0.13
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Important Principal - Balanced Matrices
Theorem (Crama, 1993): For every canonical pseudo-Boolean expression:

¢(X) = Z ar H Xi
Ter ieT

wherex € [0, 1]9, TC{T:TC{1,2,...,d}},and gt A0V T €T, the
standard extension 1° of 1:

= T .
ot max {0,1 —|T|+ Y ,c7xi} ifqgr>0

is equal to the unique convex extension )¢ of v if and only if M(v)), the
constraint matrix of the LP is balanced:

min > g1 - wr

Ter
s.t. wr— x <0 forTel,ieT,qgr <0,
—WT—|—ZX,'§|T‘—1 for T €T, gr > 0,
ieT
0<wr<1 for T €T,
0<x<1 forie{l,2,...,d}
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MIQCQP as an Undirected Graph - Balanced Matrix

Balanced Matrix Definition

A {0, £1}-matrix A is balanced if for each submatrix B of A with exactly
two nonzeros in each row and each column, the sum of all the components
in B is divisible by 4.

Balanced Matrices - Consider matrices M; and M,

The only submatrices of My and M, with exactly 2 nonzeros in each row
and each column are M; and M» themselves. M; is balanced because the
sum of all the components is 0 and 0 mod (4) = 0. But M, is not
balanced because the sum of all the components is 6 and 6 mod (4) = 2.
M, is an unbalanced hole of length 6 (Conforti et al., 2001).

1 1 0 1 1 0
Mi=11 0 -1 ]; My=|1 0 1
0 -1 -1 0 1 1

Misener Multi-Term Underestimators 2017/05/11 35/ 42



How can we identify balanced matrices? [1/2]

Theorem

The triangulation representing the convex extension 1€ of quadratic
expression X' - Q- x for m € {0, ..., M} dominates the termwise
relaxation ¢° if and only if the triangulation representing the convex
extension ¢ of &7 - @, - & where % € [0, 1]¢ and

Qm.ij= Qmij-(xV—xb) (xY - x{") dominates the standard extension

J
9.
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How can we identify balanced matrices? [2/2]

Proof
To begin, we show that xT. Qm - X is equivalent to X
affine shift. Using basic algebra:

T~Qm~>Acuptoan

= ) ) () (@5 0) () + ()
:}A(TémeJr( xt )T(Qm+énf)>”<+< xt )Qm <t
xU _xL U_xL U _ %L
= %7 Q& + anX + b

(1)

T /. R
where: & = X=X € [0, 19, am = (xUX7_LxL) . (Qm + Q,,C) and

b= () - Q- %
By Equation (1), x” - Q,, - x and %7 . Q- %+ 4 - X + by, have identical
triangulations. Linear and constant terms &, - X + Bm have standard
extensions equal to their convex extensions. Therefore, deviations between
¥° and 1€ are entirely due to a difference between 125 and ﬁc. O
2017/05/11 37 /42
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More Examples

O-.
oo
O—.
Equation: Process Networks o'e f
Bilinear Terms: Process Networks é é é
Equation: Geometry M Terms: Geometry ?7% %

Terms: Assignment % E

GloMIQO 2 analyses each equation and the collection of bilinear terms
using an undirected graph representation; show the results of that analysis
for several classes of MIQCQP
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Complexity of generating edge-concave facets

n Dim 2" Vertices ( 2" ) Candidates n! Max Possible Facets

n+1
2 4 4.000 x 10° 2.000 x 10°
3 8 7.000 x 10! 6.000 x 10°
4 16 4.368 x 103 2.400 x 101
5 32 ~0.062 x 10° 1.200 x 102
6 64 =~ 6.212 x 108 7.200 x 107
7 128 =~ 1.430 x 10'2 5.040 x 103
8 256 ~ 1.129 x 1016 4.032 x 10*
9 512 = 3.123 x 10%° ~ 3.629 x 10°
10 1024 =~ 3.081 x 10%° ~ 3.629 x 100

Misener Multi-Term Underestimators 2017/05/11 39 /42



Comparison of the GIoMIQO 2 Cut Classes

Generation Complexity

Efficacy

Cut Class Validity
RLT Global?
Convexity Global

«BB Global
Edge-Concave Local

Evaluating an expression
Evaluating an expression
Calculating min. eigenvalue
Generating n! facets

Problem specific
Convex hull
Tighter cut exists
Convex hull

Y If updated at each node

Misener

Multi-Term Underestimators
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Idea: Let's Use Trade-Offs to our Advantage!®

(Generate MILP relaxation of MIQCQP)

)

£as Solve LP relaxation of MILP
cuts
y § v

Previous cuts violated? Violated RLT?)
YES

JNO

( Dynamic cut generation phase?

JYES NO
First attempt generating new cuts?
Prior cuts improved LP objective?
|
YES YES
NO
A\ A 4
Solve
. MILP
YES NO
Polyhedral cuts?
EXIT

5Misener, Smadbeck, & Floudas, Optim Met Softw, 2015
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Computational Implications?

100 T

100

90 |+
60 _ 90y
i) ho]
3 70 § 80
S 60 =
8 501 ; 5 700 ]
540 £
s s0{s s o0r 1
[ !,: o
20¢ 50 - 1
10
o7 10 100 1000 404 10 100 1000
Time s: Logy Scale Remaining Gap at 7200 s: Logy Scale

=—t— Original
Naive Facet Generation
- 3%:--- No aBB Cuts
""" EJ+ No Convexity Cuts
No EC Cuts

+ @+ = No Loop Search
CAN SOLVE

239 BoxQP/StQP/QCQP: Performance Profile illustrating the effect of
knocking out each of the algorithmic components in GloMIQO 2
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