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Last Time!

Detect mathematical
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multivariable aggregatlons; hybrid generation
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Reformulate towards feasible points/\yariable branching
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favored by algorithmic Bounding: Reduce
framework search space
. Search for
¢ FBBT: Logical better
inferences using heuristic
Formulate as MINLP interval arithmetic points
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Fathom nodes
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determ|n|§tlc above best-
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'Boukouvala, Misener, & Floudas, Eur J Oper Res, 2016
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Convex Underestimators

© Interval Analysis

© BB Relaxations

© Factorable Programming Relaxations

@ Trade-Offs with Decomposition Approaches
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Introduction to Interval Analysis

@ Methods for computing with intervals of real numbers,
[xY xU] = {x: x¥ < x < xY}
» Combine set operations on intervals with interval function evaluations
» New arithmetic needed!

@ Enclosure the set of solutions to computational problems
» E.g., range of functions; enclosure of integral value; enclosure of ODE
solutions; enclosure of LE/NLE solutions; etc.
» Applications in global optimization; asteroid orbits; beam physics;
economics; etc.

Kepler’'s Conjecture: Proved by T. Hales &
S. Ferguson using Interval Analysis in 199812

No arrangement of equally sized spheres filling
space has a greater average density than that of
the cubic or hexagonal close packing (~ 74.048%)

?Hales, T.C. (2005), Annals of Mathematics, Second Series 162(3): 1065-1185
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Introduction to Interval Analysis [cont'd]

@ Outward Rounding: Guarantee of rigorous enclosure despite round-off
errors inherent to finite machine arithmetic

Workshop.
Consider sequence: x,11 = (xn)2, with xo = 1 — 10720, What is Ii_>m Xp?
n D

@ in infinite precision arithmetic?
@ in 16-place finite precision arithmetic?

Patriot Missile Failure®

Accumulation of round-off error led to a time EI=SCUD Buspe
delay of 0.34 seconds after 100 hours — enough =
time for the incoming scud to be outside the THE PATAIOT

range gate and kill 28 soldiers...

@ But, inherently conservative! (over-approximation)
@ Auvailable Interval Packages: INTLAB (MATLAB), Profil/Bias
(C++4), FILIB++ (C++), etc.

*http://www.ima.umn.edu/~arnold/455.£96/disasters.html
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Interval Analysis: Two Examples

Workshop. Calculate the range of the
function f(x,y) = y? — y exp(—x?) for
—2<x<2and 0<y <3

flz,y)

FOoORNWANON®O

0o —4<-—x2<0, e* <exp(—x?) <1,
0 <yexp(—x?) <3,0<y* <0,
—3<y?—yexp(—x?) <9

@ Actual range: [—1/4,~ 8.945]

@ Dependency problem of I1A

y

Workshop. Find the tightest interval vector
(interval hull) enclosing all points satisfying
—2<x+y<2 and 2<x—-y<2
(graphically)

X

@ Interval hull: —2 < x <2, —2<y<?2
@ Wrapping effect of IA
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The Class of Factorable Functions

Factorable Function: Defined by a finite recursive composition of
© binary sums
@ binary products
© a given library of univariate functions

%1 (X) = X1
va(x) = x2
factored oY) = el
f(x) = (exp(x1) — X22) X1X2 f——% va(x) = —v(x)?
orm 15 (x) = va(x) + va(x)
ve(x) = va(x)vi(x)
f(x) = ve(x)va(x)

e Extremely inclusive class of functions — a.k.a. FC class®
@ Nearly every function that can be represented finitely on a computer

'Moore, Kearfott, Cloud, Introduction to Interval Analysis, SIAM, 2009
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Interval Analysis: Usual Binary Operations

XoY ={xoy:xeX,yeY}, ©e{+, -,

Let X := [XL,XU], Y = [yL’yU]
o Addition:

X+Y =4yt x4y
@ Subtraction:
X =Y =[x =y 5=yl
» Do we have X — X =0 in general?

@ Multiplication:

X x Y =[minP,maxP], P :={xtyl xtyV xUyt xUyU}
» Subdistributivity: X(Y + Z) € XY + XZ (equality only if YZ > 0)

@ Division:

X, +}

X/Y=Xx(1/Y), 1/Y=[/y"1/y"],0¢Y
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Interval Analysis: Usual Unary Operations

f(X) :={f(x):xe X}

o x > exp(x): ° x> x5
exp(X) = [exp(x"), exp(xY)] X3 = [(x1)3, (xV)*]
e x — log(x): ® x i x2:
log(X) = [log(x"),log(x")], X" >0 Why not use X2 = X x X?
o x5 \/x: X2 = [mid{0, x*, xV},
VX = [VxE, VY], x>0 max{(x")?, (x")*}]
25 8 y 8
2 ; / ; /
—~ 15 / —~ 2 o — 2 S
Ol g Eop o E ol
~ 1 S~ 2 yo ~ 2
0.5 4 exp 4 / z? ]
Nz -6 log z 7 -6 a3 7
°c 1 2 3 4 s 05 0 05 1 15 2 2151050051152
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Interval Analysis: General Expressions

Question. How to compute bounds for general, factorable functions?

e Computing the exact range f(Xi, ..., X,) boils down to solving a
(nonconvex) optimization problem in general!

@ Over-approximations need to be considered...

@ Interval Extension of a Real-Valued Function f on X7 X --- x X;:
Any interval-valued function F such that
F(x1,...yxn) = f(x1y.. 0y %n), Y(x1,...,x) € X1 X ... x X,
» e.g., f(x) =1 — x? has interval extensions as F(X) =1 — X? and
F(X)=1—X x X
@ Inclusion Isotonicity of an Interval Extension F:
YiCX;, i=1,....n = F(Y1,...,Yn) CF(X1,..., Xn)

> e.g., the previous unary and binary operations are inclusion isotonic

Fundamental Theorem. If F is an inclusion isotonic, interval extension
of fon Xy X -+ x Xy, then F(Xq,...,X,) 2 f(Xq,...,Xp)
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Interval Analysis: General Expressions [cont'd]

Question. How to construct inclusion isotonic, interval extensions of
factorable functions?
Natural Interval Extensions:

@ Rewrite the function in factored form

@ Compute the range for each intermediate factor

» Apply the inclusion isotonic, interval extension for the corresponding
unary/binary operations

Workshop. Calculate the natural interval
extension of f(x) = (exp(x1) — x3)x1x2 on
X =[-1,1]?

o vi(X) =[-1,1], w(X) = [-1,1],
va3(X) = {

e L e], vu(X) = [-1,0],
vs(X) = [e7! — 1,¢], v6(X) = [—e, €],
f(X) = [—e, €]

e Actual range: [—e+1,e — 1]
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© BB Relaxations
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aBB Convex & Concave Relaxations

Given a function f, construct functions
f¢v, £ such that:

o fV(x) < f(x) < f(x),¥x € X
@ % : X — IR convex

@ ¢ : X — R concave

Use of Convex/Concave Relaxations:

Nonconvex NLP

Relaxed Convex NLP

min f(x) min £V (x)
st g1(x) <0, g(x) =0 st g (x) <0, g°(x) =
h(x) =0 h®(x) <0, h*(x) >

@ No extra variable or extra constraint needed

o Faster B&B convergence with relaxations than interval bounds
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aBB Relaxations: Principle [1/2]

Idea. Construct a convex underestimator ¢ of f on X := [x",x!] as

FY(x) = F(x) + o [x — xL]T [x —x"], a: shift parameter

LUbhbhbbiho
REENANCINY

@ Condition for ¢ to be an underestimator of f on X? o« > 0
e Condition for ¢ to be convex on X? H(x) +2al =0, Vx € X
@ Non-uniform diagonal shift:

P00 = £ + 3 ai [ —xt] i — 5]
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aBB Relaxations: Principle [2/2]

Challenge. How to automatically identify a valid shift parameter a?

a> max{O; -3 I:rrlunn (Mi[H(x)] - x € [xL’xU])}

Ain[H(X)]

@ Exact estimation of « intractable in general
e Variety of O(n?) and O(n®) over-approximation methods for
factorable, twice continuously-differentiable functions
e O(n?) method based on Gershgorin's theorem:
Awin[H(X)] = _min ( — " max{|nk;], |V |})
JF#i

e Tightness of BB Relaxations (quadratic convergence):
max (f(x) — f¥(x)) = & [xU - XL]T [xU - xL]

xL <x<xV 4
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aBB Relaxations: Example

Workshop. Consider the function f(x) = x1(x2 + x%), x € X := [-1,1]
© Construct an BB convex underestimator using Gershgorin's method

@ Construct the tightest possible BB convex underestimator

Gershgorin's Method:

e H(X) = ( [_?’6] é )
0 Amin[H(X)] > —7

e a>min{0,1} =1

flay, @)

Ybhhbbbkorn

Tightest BB Convex Underestimator:
o N[H(x)] =3x1 £v0x +1
o Apin[H(X)] = -3 - V10

3410 3,08

@ Qumin =
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aBB Relaxations: Example

Workshop. Consider the function f(x) = x1(x2 + x2), x € X := [-1,1]?
© Construct an BB convex underestimator using Gershgorin's method

@ Construct the tightest possible BB convex underestimator

Gershgorin's Method:
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Tightest BB Convex Underestimator:
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aBB Relaxations: Example

Workshop. Consider the function f(x) = x1(x2 + x2), x € X := [-1,1]?
© Construct an BB convex underestimator using Gershgorin's method

@ Construct the tightest possible BB convex underestimator

Gershgorin's Method:
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Tightest BB Convex Underestimator:
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Convex Underestimators

© Factorable Programming Relaxations
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Factorable Programming: Principle

Factorable Function: Define a finite recursive composition of: binary
sums; binary products; a given library of univariate functions.

vi(x) = x3
20 42\ Y3 ¢ y V2Ex; = X22 vi(x)
~ [ XgX2 T X1X actore v3(X) = x
e ( 1 2 2) form va(x) = Xi v3(x)
v5(x) = va(x) + va(x)
f(x) = (vs(x)/2)'/3

e Extremely inclusive class of functions — a.k.a. FC class?

@ Nearly every function that can be represented finitely on a computer

Idea. Apply arithmetic rules for relaxing the: binary sums, binary products
and library of univariate functions appearing in the factored form.

2Moore, Kearfott, Cloud, Introduction to Interval Analysis, SIAM, 2009
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Common Functions in Modeling
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Convex Underestimators

@ Trade-Offs with Decomposition Approaches
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Trade-Offs Between Relaxation Schemes® [1/2]

Approximation error of relaxations

180

160

140

120

100

80

60

40

20

(z — 2%)(log(2) + exp(~2))

Natural interval extensions
McCormick relaxations
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*Bompadre & Mitsos, J Glob Optim, 2012
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Trade-Offs Between Relaxation Schemes® [2/2]

Approximation error of relaxations

1e+08

1e+06

10000

100

exp(1 — z?)

0.01 b
0.0001 - b
e Natural interval extensions
1e-06 L McCormick relaxations b
L a-BB relaxations with fixed o - :
- a-BB relaxations with variable o -

1e-08 - - : '

1e-0 0.0001 0.001 0.01 0.1 1

Interval half-width &

®Bompadre & Mitsos, J Glob Optim, 2012
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Idea: Let's Use Trade-Offs to our Advantage!®

(Generate MILP relaxation of MIQCQP)

‘::g Solve LP relaxation of MILP )
y § v

Previous cuts violated? Violated RLT?)
YES
JNO
( Dynamic cut generation phase?

JYES NO

First attempt generating new cuts?
Prior cuts improved LP objective?

YES YES
NO
Convex hyperplanes? A A 4
BB cuts? Sikie
NO MILP
YES NO
Polyhedral cuts?
EXIT

5Misener, Smadbeck, & Floudas, Optim Met Softw, 2015
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