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Introduction & Motivation

The Pooling Problem

Ceccon, Kouyialis, Misener. Using Functional Programming to recognize Named
Structure in an Optimization Problem: Application to Pooling. AIChE Journal;
DOI 10.1002/aic.15308, 2016.
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Introduction & Motivation

Why is the local structure of a pooling problem important?

Can construct convex relaxations and feasibility-based bounds tightening in
multiple ways (Tawarmalani, Ahmed, and Sahinidis 2002)

pℓ, k ·
∑
j∈J

fℓ, j =
∑
j∈J

pℓ, k · fℓ, j

More likely to find the Reduction Constraint linear equality equation/variable
products (Tawarmalani and Sahinidis 2002; Liberti and Pantelides 2006)∑

j

am,j · xj − bm

 · xi =
∑
j

am,j · xj · xi − bm · xi = 0

Loops in the undirected graph representation of an expression collecting the
nonlinear terms (Misener, Smadbeck, and Floudas 2015)∑

i∈I ,j∈J

xixj
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Introduction & Motivation

Globally Optimizing MINLP: Computational System

ANTIGONE

Algorithms for coNTinuous / Integer Global Optimization of Nonlinear Equations
[Misener, Floudas, GAMS GmbH]

Misener & Floudas, ANTIGONE, J Global Optimization; 2014
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What have we contributed? How does this fit into other work?

Energy Systems: Reformulating User Input

> 10× Speed-up for 10% of process networks

ANTIGONE, BARON, Couenne, LINDO

Mixer

{∑
i FM, i = F IN

T∑
i xM, i, j · FM, i = x INT , j · F IN

T ∀ j ∈ {1, . . . , J}

Treatment

{
F IN
T = FOUT

T

x INT , j = βT , j · xOUT
T , j ∀ j ∈ {1, . . . , J}

Splitter

{
FOUT
T =

∑
i FS, i

xOUT
T , j = xT , i, j ∀ i ∈ {1, . . . , I}; j ∈ {1, . . . , J}

Misener, Smadbeck & Floudas, Optim Met Softw, 2015
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What have we contributed? How does this fit into other work?

Need to find pooling structure . . .

Pool-to-pool loops; network structure is not feed-forward;

Nonlinear blending rules for octane number, etc.;

Disjunctive decisions.
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What have we contributed? How does this fit into other work?

More network structure . . .

Extract valid inequalities for small
pooling problems (D’Ambrosio et al.
2014)

Uncover sparsity and piecewise
structure (Baltean-Lugojan and
Misener 2016)

Discretize to get a nice MILP
approximation (Dey and Gupte
2015)

Exploring the P/NP boundary (Alfaki and Haugland 2013; Boland, Kalinowski,
and Rigterink 2015; Haugland 2015; Baltean-Lugojan and Misener 2016)

Prior Work: Finding MILP Patterns

(Brown and Wright 1984; Roy and Wolsey 1987; Bixby and Fourer 1988;
Nemhauser, Savelsbergh, and Sigismondi 1994; Gulpinar et al. 2004; Achterberg
and Raack 2010; Salvagnin 2016)
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Notation

Canonical Formulation

Objective min
y,v,q

∑
i∈I ,j∈J

(ci − dj)yij +
∑

i∈I ,l∈L,j∈J

(ci − dj)vilj

Path
Definition

[
vilj = qilylj ∀i ∈ I , l ∈ L, j ∈ J

Simplex

[∑
i∈I

qil = 1 ∀l ∈ L

Reduction

[∑
i∈I

vilj = ylj ∀l ∈ L, j ∈ J

Input
Capacity

∑
j∈J

yij +
∑

l∈L,j∈J

vilj ≤ ci ∀i ∈ I

Pool
Capacity

 ∑
i∈I ,j∈J

vilj ≤ cl ∀l ∈ L

Output
Capacity

∑
i∈I

yij +
∑

i∈I ,l∈L

vilj ≤ cj ∀j ∈ J

Product
Quality

∑
i∈I

Cikyij +
∑

i∈I ,l∈L

Cikvilj

 ≤ PU
jk

(∑
i∈I yij +

∑
i∈I ,l∈L vilj

)
≥ PL

jk

(∑
i∈I yij +

∑
i∈I ,l∈L vilj

) ∀k ∈ K , j ∈ J

1

4 6
2

5

3

7
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Notation

Visualizing the Pooling Problem
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Simplex

Reduction

Input Capacity

Pool Capacity

Output Capacity

Product Quality
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Method

Overview

The proposed method can be divided in 3 phases:

Transforming to canonical PQ-formulation

Identifying constraints

Building the network
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Phase 1: Transform

Transform

Starting from the P-formulation, we want to obtain the
canonical PQ-formulation:

Replace flow rate yil with proportional flow rate qil

Add the reduction constraints

Replace all occurrences of ylj outside of reductions

P -formulation

Replace
xil with qil

Replace plk

Q-formulation

Add reduction
constraints

PQ-formulation

Expand ylj

Canonical PQ-formulation
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Phase 1: Transform

Replacing Flow Rates

Find material balance constraints∑
i∈I

yil −
∑
j∈J

ylj = 0 ∀l ∈ L
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Phase 1: Transform

Replacing Flow Rates

Replace flow variables yij with propor-
tional flow variables qil

yil = qil
∑
j∈J

ylj ∀i ∈ I , j ∈ J
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Phase 1: Transform

Replacing Flow Rates

Finally eliminate variables plk , obtaining
the Q-formulation

plk =
∑
i∈I

Cikqil

1

4 6
2

5

3

7

Ceccon & Misener (Imperial College London) Deducing Network Topology Aug 2016 12 / 36



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Phase 1: Transform

Adding Reductions

For each bilinear term qilylj , add the
reduction constraint∑

i∈I

qilylj = ylj ∀l ∈ L, j ∈ J
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Phase 1: Transform

Expand ylj Variables

Replace each occurrence of ylj with the
equivalent sum of vilj

ylj =
∑
i∈I

vilj
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Phase 2: Identify

Identifying Constraints

By looking at patterns that are unique to a certain type of constraint, we can
gradually identify all constraints that make a Pooling Problem. We identify the
constraints in the following order:

Reduction & Path Definition Constraints

Pool Capacities

Input & Output Capacities

Quality Constraints
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Phase 2: Identify

Path Definitions

Identify Path Definitions by looking at constraints with one bilinear term qilylj
with coefficient 1, and one linear term vilj with coefficient −1

vilj = qilylj
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Phase 2: Identify

Reduction Constraints

If we group Path Definitions by variables ylj , we obtain groups of vilj with the
same (l , j) index. Then we can identify Reduction Constraints∑

i∈I

vilj − ylj = 0
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Phase 2: Identify

Pool Capacities

From path definitions, we notice that the pair qil , ylj must have the same index l .
From this, we aggregate all flow variables relative to pool l .∑

i∈I ,j∈J

vilj = cl
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Phase 2: Identify

Input Capacities

To find input constraints:

Group flow variables vilj by
index (l , j)

Take constraints with
maximum one flow variable
per group
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Phase 2: Identify

Output Capacities

To find output constraints:

Group flow variables vilj by
index (i , l)

Take constraints with
maximum one flow variable
per group
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Phase 2: Identify

Quality Constraints

Quality Constraints have the same nonzero coefficients as Output Capacities, but
with different coefficients values.
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Phase 3: Build

Network Nodes & Arcs

Each Capacity Constraint represents a different node of the network. The flow
variables vilj represent the arcs in the network.

Kind UpperBound

InputCapacityConstraint

InputCapacityConstraint

InputCapacityConstraint

PoolCapacityConstraint

PoolCapacityConstraint

OutputCapacityConstraint

OutputCapacityConstraint

Bound 10.0

Bound 8.0

Bound 14.0

NoBound

NoBound

Bound 18.0

Bound 22.0

1 10.0

2 8.0

3 14.0

4 +inf

5 +inf

6 18.0

7 22.0

Inputs

Pools

Outputs

Building nodes from constraints
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Phase 3: Build

Network Nodes & Arcs

Each Capacity Constraint represents a different node of the network. The flow
variables vilj represent the arcs in the network.
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Pool 4

Output 7

Adding arcs
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Phase 3: Build

Input Cost & Output Revenue

Cost and Revenue constants are found from the problem objective function:∑
i∈I ,l∈L,j∈J

(dj − ci )vilj −
∑

i∈I ,j∈J

(dj − ci )yij (1)

The Linear Program (2) decomposes the values into Input Cost ci and Output
Revenue dj .

min
c, d

∑
i∈I

ci +
∑
j∈J

dj

s.t. ci − dj = γi, j ∀i ∈ I , j ∈ J

ci ≥ 0 ∀i ∈ I

dj ≥ 0 ∀j ∈ J

(2)
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Phase 3: Build

Input & Output Qualities

Just as parameters ci , dj , parameters Cik ,P
L
jk ,P

U
jk are not directly present in the

canonical PQ-formulation, instead their differences ∆L
ijk = Cik − PL

jk and

∆U
ijk = Cik − PU

jk are present:

∑
i∈I ,l∈L

∆L
ijkvilj +

∑
i∈I

∆L
ijkyij ≥ 0 ∀j ∈ J, k ∈ K

∑
i∈I ,l∈L

∆U
ijkvilj +

∑
i∈I

∆U
ijkyij ≥ 0 ∀j ∈ J, k ∈ K
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Phase 3: Build

Input & Output Qualities

This time the Linear Program to solve is:

min
C ,PU ,PL

∑
i∈I ,k∈K

Cik +
∑

j∈J,k∈K

PL
jk +

∑
j∈J,k∈K

PU
jk

s.t. Cik − PL
jk = ∆L

ijk ∀i ∈ I , j ∈ J, k ∈ K

Cik − PU
jk = ∆U

ijk ∀i ∈ I , j ∈ J, k ∈ K
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Phase 3: Build

Missing Capacities

Some problem don’t specify the capacity constraint for nodes that have
infinite capacity

We can add unbounded capacity constraints for orphaned flow variables

This will create duplicate nodes, but since the original capacity was infinite,
the total capacity won’t be affected
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Implementation

Implementation Overview

The method is implemented in F#, a functional language

Functional programmers prefer immutable state over mutability

Powerful list operations are convenient for optimization problems

A problem contains a list of constraints
A constraint is just a list of(coefficient, variable) pairs

Implementation Overview: Why F#?

F# is statically typed, many bugs are caught at compile time

Part of the ML-family of programming languages, has named unions and
pattern matching

Can leverage the .NET ecosystem, useful if we want to interface with solvers
that provide a C# library

Async and concurrency support

Ceccon & Misener (Imperial College London) Deducing Network Topology Aug 2016 27 / 36



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Implementation

Named Unions

We define all possible type of constraints as:

type ConstraintKind =

| PathDefinitionConstraint

| ReductionConstraint

| MaterialBalanceConstraint

| InputCapacityConstraint of Input

| PoolCapacityConstraint of Pool

| OutputCapacityConstraint of Output

| ProductQualityConstraint of Output

| OtherConstraint

| UnidentifiedConstraint
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Implementation

Pattern Matching

When a pattern is matched, execute an action

Constraints

Pattern

Action

Action
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Implementation

Pattern Matching

In F# we use pattern matching as follows:

match constraint with

| InputCapacityConstraint input -> buildInput constraint input

| PoolCapacityConstraint pool -> buildPool constraint pool

| OutputCapacityConstraint output -> buildOutput constraint output
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Results

Tested Datasets

The method was tested on the following datasets:

70 large-scale standard pooling (Dey and Gupte 2015) examples

16 standard and extended (Misener, Thompson, and Floudas 2011) examples

1342 MINLPLib2 tests cases

For each, we read a flat optimization problem and output a pooling network.
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Results

Example: Adhya

I0

P0

I1

I2

P1I3

I4

I5 P2

I6

I7

O32

O33

O34

O35

Adhya 1 Adhya 2 Adhya3

# Constraints 42 50 62
# Variables 13 13 20

# Bilinear Terms 20 20 32

Network Found Yes Yes Yes
Same as Original Yes Yes Yes

Qualities Yes Yes Yes
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.

Results

Example: EPA

I140

P157

I141

I142

P160

P161

I143

P158

P159

I144

I145

I146

I147

I148

I149

I150 O417

O418

O419

O420

O421

O422

O423

O424

O425

O426

I151

I152

I153

EPA Small1 EPA Midsize1 EPA Large1

# Constraints 340 524 1717
# Variables 214 331 1104

# Bilinear Terms 34 69 270

Network Found Yes Yes Yes
Same as Original Yes Yes Yes

Qualities Yes Yes Yes

1 Original problem modified to include
output capacities
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Results

Example: randstd

S0

P2

P3

P4

P5

P6

P7

P8

P9

P10

P11

P12

P13

P14

P15

P16

P17

P18

P19

P20

P21

P22

P23

P24

P25

P26

P27

P28

P29

T21

T36

T3

T12

T19

T41

T46

T7

T8

T9

T18

T26

T27

T35

T5

T6

T13

T14

T24

T34

T42

T43

T33

T40

T17

T25

T32

T39

T47

T49

T15

T44

T16

T31

T30

T1

T45

T11

T20

T23

T0

T2

T37

T48

T38

T22

T28

T29

T10

T4

S1

P0

P1

S2

S3

S4

S5

S6

S7

S8

S9

S10

S11

S12

S13

S14

S15

S16

S17

S18

S19

S20

S21

S22

S23

S24

S25

S26

S27

S28

S29

S30

S31

S32

S33

S34

S35

S36

S37

S38

S39

randstd11-20 randstd31-40 randstd51-60

# Constraints 3164 5751 12883
# Variables 2707 4979 11422

# Bilinear Terms 2279 4320 10216

Network Found Yes Yes Yes
Same as Original Yes Yes Yes

Qualities Yes Yes Yes
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Results

Performance Profile

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ANTIGONE Best Feas
U1 Best Feas
U2 Best Feas
U4 Best Feas
U5 Best Feas
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Conclusions

Conclusions

Finding a named structure within a MILP optimization problem allows to use
cutting planes and primal heuristics

We were able to find a pooling network in 6% of MINLPLib2

After finding the structure, we can apply a good heuristic approach to get a
good approximation solution

Size of the problem is not a limiting factor for the method

Ceccon, Kouyialis, Misener. Using Functional Programming to recognize Named
Structure in an Optimization Problem: Application to Pooling. AIChE Journal;
DOI 10.1002/aic.15308, 2016.
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