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Introduction & Motivation

The Pooling Problem

Know input species
concentrations (e.g., sulfur)

Variables

Cuttur, 0wy 2, (fg) | y

o€Out

Have outpht species
requirements (e.g., laws)

Ceccon, Kouyialis, Misener. Using Functional Programming to recognize Named
Structure in an Optimization Problem: Application to Pooling. AIChE Journal,
DOI 10.1002/aic.15308, 2016.
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Introduction & Motivation

Why is the local structure of a pooling problem important?

@ Can construct convex relaxations and feasibility-based bounds tightening in
multiple ways (Tawarmalani, Ahmed, and Sahinidis 2002)

Pek - Zfé,j = Zpl.k foj

Jjed Jjed

@ More likely to find the Reduction Constraint linear equality equation/variable
products (Tawarmalani and Sahinidis 2002; Liberti and Pantelides 2006)

E amj - Xj — bm -xi:E amj - Xj*Xi — bm % =0
J J

@ Loops in the undirected graph representation of an expression collecting the
nonlinear terms (Misener, Smadbeck, and Floudas 2015)

E XijXj

ieljeJ
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Introduction & Motivation

Globally Optimizing MINLP: Computational System

P
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Distillation Sequences Detect
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User-
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MINLP
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Global Optimization

Computational Geometry
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ANTIGONE

Algorithms for coNTinuous / Integer Global Optimization of Nonlinear Equations
[Misener, Floudas, GAMS GmbH]

Misener & Floudas, ANTIGONE, J Global Optimization; 2014
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What have we contributed? | How does this fit into other work?

Energy Systems: Reformulating User Input

> 10x Speed-up for 10% of process networks
ANTIGONE, BARON, Couenne, LINDO

B —> AKX

Mixer Z M, N )
ZXMI_] FMI_X -'F-,— VJG{].,,J}
FIN FOUT
Treatment T ]
= Br - xP8T vjie{t, ..., )}
OUT F
Splitter OUT =2ifs.i _ _
Vie{l,...,I}; je{1,...,J}

XT,j T XT,ij

Misener, Smadbeck & Floudas, Optim Met Softw, 2015
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What have we contributed? | How does this fit into other work?

Need to find pooling structure ...

Distillation || &

@ Pool-to-pool loops; network structure is not feed-forward;
@ Nonlinear blending rules for octane number, etc.;
@ Disjunctive decisions.
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What have we contributed? | How does this fit into other work?

More network structure . ..

h’]
Extract valid inequalities for small wa Wy +wa =¢
pooling problems (D’'Ambrosio et al. ®
2014) -
o
Uncover sparsity and piecewise Discretize to get a nice MILP
structure (Baltean-Lugojan and approximation (Dey and Gupte

Misener 2016) 2015)

Exploring the P/NP boundary (Alfaki and Haugland 2013; Boland, Kalinowski,
and Rigterink 2015; Haugland 2015; Baltean-Lugojan and Misener 2016)

Prior Work: Finding MILP Patterns

(Brown and Wright 1984; Roy and Wolsey 1987; Bixby and Fourer 1988;
Nemhauser, Savelsbergh, and Sigismondi 1994; Gulpinar et al. 2004; Achterberg
and Raack 2010; Salvagnin 2016)

W
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Notation

Canonical Formulation

Objective;wjvi: Z (¢i — dj)yi + z (ci — dj)viyj

Path
Definition

Simplex

Reduction

Input
Capacity

Pool
Capacity

Output
Capacity

Product
Quality

Ceccon & Misener (Imperial College London)
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Canonical Formulation

Objec"i"eg’jg Z (ci — dj)ys + Z (i

ieljed iel,leL,jed

Path . .
Definition |/ = 9y Viellel,je)
Simplex un =1 Viel
Liel

Reduction | viy=y; VIeLjeJ

Liel
Input .
Capacity Zy'j + Z vip < 6 Vi€l
Lics leLjed
Pool
Capacit: Z vip < a Vel
Y Liehjel
Output .
Capacity Zqur Z vip < ¢ Vied
Liel ielleL
i u
Product Z < P
. Ciyij + Z Cir Viyj
L
Quallty | i€l ielleL 2 ij

Ceccon & Misener (Imperial College London)

Notation

— dj)viy

Pier Vit et e Vii
et Yi + 2ier e Vil

Deducing Network Topology

T
T

vkeK,jed

Aug 2016

8/36



Notation

Canonical Formulation

Objective;wjvi: Z (¢i — dj)yi + z (ci — dj)viyj

ieljed iel,leL,jed

Path

Definition | = 9wy ¥Yiellelje)

: 1
Simplex Zq,-; =1 Vliel

Liel

Reduction Zv“j =y; VlielLjeld

Lier 2

Input .
Capacity Zy” + Z vip < ¢ Vi€l

L jes IeLjed
Pool Z
3 vij<c Vel
Capacity B 3

Output .
Cauasiltj Zqur Z vip < ¢ Vied
p Y _r'el iellel

I < P (Sieryi + Siere v
Y | ic/ ielleL > Py ZfEI}’ii""Zier,/eLVW

Ceccon & Misener (Imperial College London) Deducing Network Topology Aug 2016 8 /36



Notation

Canonical Formulation

Objective;wvi:‘ Z (¢i — dj)yi + , z (ci — dj)viyj
ieljed i€l leL jeJ

Path
Definition

vij=quy; Viel,lelLjeJ
. 1
Simplex Zq,-, =1 Viel

Liel

Reduction | viy=y; VIeLjeJ

Lier 2

Input .
Capacity Zy" + Z vig <6 Viel

L jes IeLjed
Pool Z
3 vij<c Vel
Capacity B 3

Output .
Cauasiltj Zqur Z vij < ¢ Vied
p Y _r'el iellel

I < P (Sieryi + Siete v
Y | ic/ ielleL > Py ZfEI}’ii""Zier,/eLVW

Ceccon & Misener (Imperial College London) Deducing Network Topology Aug 2016 8 /36



Notation

Canonical Formulation

Objective;wvi:‘ Z (¢i — dj)yi + , z (ci — dj)viyj
ieljed i€l leL jeJ

Path
Definition

vij=quy; Viel,lelLjeJ
. 1
Simplex Zq,-, =1 Viel

Liel

Reduction | viy=y; VIeLjeJ

Lier 2

Input .
Capacity Zy” + Z vip < ¢ Vi€l

= leL,jed
Pool
3 vij <¢ VlielL
Capacit; Z =
pacity Lieljes 3

Output .
Cauasiltj Zqur Z vip < ¢ Vied
p Y _r'el iellel

I < P (Sieryi + Siere v
Y | ic/ ielleL > Py ZfEI}’ii""Zier,/eLVW

Ceccon & Misener (Imperial College London) Deducing Network Topology Aug 2016 8 /36



Notation

Canonical Formulation

Objective;wvi:‘ Z (¢i — dj)yi + , z (ci — dj)viyj
ieljed i€l leL jeJ

Path
Definition

vij=quy; Viel,lelLjeJ
. 1
Simplex Zq,-, =1 Viel

Liel

Reduction | viy=y; VIeLjeJ

Lier 2

Input .
Capacity Zy” + Z vip < ¢ Vi€l

L jes IeLjed
Pool Z
3 vij<c Vel
Capacity B 3

Output .
- < e
Capacity Zyu + Z vig < VjeJ
Liel ielleL

[ <PY (S v + Sier ser i
Y | ic/ ielleL > Py ZfEI}’ii""Zier,/eLVW

Ceccon & Misener (Imperial College London) Deducing Network Topology Aug 2016 8 /36



Notation

Canonical Formulation

Objective;wvi:‘ Z (¢i — dj)yi + , z (ci — dj)viyj
ieljed i€l leL jeJ

Path
Definition

vij=quy; Viel,lelLjeJ
. 1
Simplex Zq,-, =1 Viel

Liel

Reduction | viy=y; VIeLjeJ

Lier 2

Input .
Capacity Zy” + Z vip < ¢ Vi€l

L jes IeLjed
Pool Z
3 vij<c Vel
Capacity B 3

Output .
Cauasiltj Zqur Z vip < ¢ Vied
p Y _r'el iellel

[ <P vi+ 3 Vi
PC;Z:E? ST Gy + Y G i\ e Vit e ) gy K.jeJ
Y | i€l iel,leL > jk Zfe/yij + Zfel,/el_ Vilj

Ceccon & Misener (Imperial College London) Deducing Network Topology Aug 2016 8 /36



Notation

Visualizing the Pooling Problem

il Yij Zij Vilj
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Notation
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Notation

Visualizing the Pooling Problem
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Overview

The proposed method can be divided in 3 phases:
@ Transforming to canonical PQ-formulation
o ldentifying constraints
@ Building the network
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Phase 1: Transform

Transform

Starting from the P-formulation, we want to obtain the
canonical PQ-formulation:

@ Replace flow rate y; with proportional flow rate g
@ Add the reduction constraints

@ Replace all occurrences of yj; outside of reductions

Ceccon & Misener (Imperial College London) Deducing Network Topology

P-formulation

Replace
x; with g

Q-formulation

Add reduction
constraints

PQ-formulation

Expand yy;

(Canonical PQ-formulation}
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Phase 1: Transform

Replacing Flow Rates

Find material balance constraints

Zy,-/—Zy,j:O Vel 2

icl jed
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Phase 1: Transform

Replacing Flow Rates

1
Replace flow variables y; with propor-
tional flow variables gj
2
yi=any y; VieljeJ
jed
3
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Phase 1: Transform

Replacing Flow Rates

1
Finally eliminate variables py, obtaining
the Q-formulation
2
Pk = Z Cikqir
icl
3
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Phase 1: Transform

Adding Reductions

1
For each bilinear term gjyj;, add the
reduction constraint
. 2
Zqil)’Ij =y;vieljeJ
icl
3
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Phase 1: Transform

Expand yj; Variables

1
Replace each occurrence of yj; with the
equivalent sum of vj;
2
Yij = Z Vijj
iel
3
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|dentifying Constraints

By looking at patterns that are unique to a certain type of constraint, we can
gradually identify all constraints that make a Pooling Problem. We identify the
constraints in the following order:

Reduction & Path Definition Constraints
Pool Capacities

Input & Output Capacities

Quality Constraints

Ceccon & Misener (Imperial College London) Deducing Network Topology Aug 2016 15 / 36



Path Definitions

Identify Path Definitions by looking at constraints with one bilinear term gjjy;;
with coefficient 1, and one linear term v;; with coefficient —1

Vil = qilyij
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Phase 2: Identify

Reduction Constraints

If we group Path Definitions by variables y;;, we obtain groups of vj; with the
same (/,j) index. Then we can identify Reduction Constraints

ZV,'/J'—)//J':O

i€l
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Phase 2: Identify

Pool Capacities

From path definitions, we notice that the pair gy, y;; must have the same index /.
From this, we aggregate all flow variables relative to pool /.

E Vil = €|

ieljed

qil Yij Yij
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Phase 2: Identify

Input Capacities

To find input constraints: 1

@ Group flow variables vj; by
index (/,/)

2
@ Take constraints with
maximum one flow variable
per group 3
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Phase 2: Identify

Output Capacities

To find output constraints: 1

@ Group flow variables vj; by
index (i, /)

2
@ Take constraints with
maximum one flow variable
per group 3

_)

Ceccon & Misener (Imperial College London)
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Quality Constraints

Quality Constraints have the same nonzero coefficients as Output Capacities, but
with different coefficients values.

qil Yij Zij Vilj
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Phase 3: Build

Network Nodes & Arcs

Each Capacity Constraint represents a different node of the network. The flow
variables v;; represent the arcs in the network.

Kind UpperBound
1 10.0
InputCapacityConstraint Bound 10.0
2 8.0
InputCapacityConstraint Bound 8.0 —
3 14.0
InputCapacityConstraint Bound 14.0
PoolCapacityConstraint NoBound 4 +inf
PoolCapacityConstraint NoBound 5 +inf
OutputCapacityConstraint Bound 18.0
6 18.0
OutputCapacityConstraint Bound 22.0 T
7 22.0
Building nodes from constraints

Ceccon & Misener (Imperial College London)
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Network Nodes & Arcs

Each Capacity Constraint represents a different node of the network. The flow
variables v;; represent the arcs in the network.

qi,1 Y5 Zi,j Vil j
11 2 2 3 3 |
4 5 4 5 4 4 5 5 5 5 i
6 7 6 7 6 7 | J
Input 2

Pool 4

Output 7

Adding arcs
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Input Cost & Output Revenue

Cost and Revenue constants are found from the problem objective function:
Z (dj — ci)viy — Z (dj — ci)yi (1)
iclleLjed icl,jed

The Linear Program (2) decomposes the values into Input Cost ¢; and Output
Revenue d;.

o et d

iel j€d

s.t. ¢ —d =~; Vieljel (2)
G >0 Viel
d; >0 vjied
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Input & Output Qualities

Just as parameters ¢;, d;, parameters C,-k, Pk are not directly present in the
canonical PQ-formulation, instead their dlfferences ALk = Cix — and
A,-jk = Cix — P are present:

S AL+ Y ALy; >0V € keK

iel,leL iel
Y Afvig+ ) Afy; =0V kekK
iel,leL icl

Ceccon & Misener (Imperial College London) Deducing Network Topology Aug 2016 24 / 36



Input & Output Qualities

This time the Linear Program to solve is:

C’rpli}?PL Z Cik + Z Pﬁ(+ Z Pf,{

iel,keK jeJd,kekK jeJd,keK
s.t. Cw— P =ARVieljelkeK
Cu—Pi=A0pVieljelkekK
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Missing Capacities

@ Some problem don't specify the capacity constraint for nodes that have
infinite capacity
@ We can add unbounded capacity constraints for orphaned flow variables

@ This will create duplicate nodes, but since the original capacity was infinite,
the total capacity won't be affected
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Implementation

Implementation Overview

@ The method is implemented in F#, a functional language
@ Functional programmers prefer immutable state over mutability
@ Powerful list operations are convenient for optimization problems

e A problem contains a list of constraints
e A constraint is just a list of (coefficient, variable) pairs

Implementation Overview: Why F#7
o F+ is statically typed, many bugs are caught at compile time

o Part of the ML-family of programming languages, has named unions and
pattern matching

@ Can leverage the .NET ecosystem, useful if we want to interface with solvers
that provide a C# library

@ Async and concurrency support
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Implementation

Named Unions

We define all possible type of constraints as:

type ConstraintKind =

PathDefinitionConstraint
ReductionConstraint
MaterialBalanceConstraint
InputCapacityConstraint of Input
PoolCapacityConstraint of Pool
OutputCapacityConstraint of Output
ProductQualityConstraint of Output
OtherConstraint
UnidentifiedConstraint
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Pattern Matching

When a pattern is matched, execute an action

Pattern

R Ne L

()

Constraints

— > Action

—— > Action

0|o|m|0|©¢
10|02 |0
o> 10|0|®
> D> DD
20| |> |0
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Pattern Matching

In F# we use pattern matching as follows:

match constraint with

| InputCapacityConstraint input -> buildInput constraint input

| PoolCapacityConstraint pool -> buildPool constraint pool

| OutputCapacityConstraint output -> buildOutput constraint output
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Tested Datasets

The method was tested on the following datasets:
@ 70 large-scale standard pooling (Dey and Gupte 2015) examples
@ 16 standard and extended (Misener, Thompson, and Floudas 2011) examples
@ 1342 MINLPLib2 tests cases

For each, we read a flat optimization problem and output a pooling network.
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Results

Example: Adhya

Adhya1l Adhya2 Adhya3

# Constraints 42 50 62

# Variables 13 13 20

# Bilinear Terms 20 20 32
Network Found Yes Yes Yes
Same as Original Yes Yes Yes
Qualities Yes Yes Yes
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Example: EPA

Ceccon & Misener (Imperial College London)

Results

EPA Smalll  EPA Midsize!  EPA Large!
# Constraints 340 524 1717
# Variables 214 331 1104
# Bilinear Terms 34 69 270
Network Found Yes Yes Yes
Same as Original Yes Yes Yes
Qualities Yes Yes Yes

1 Original problem modified to include

Deducing Network Topology
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Example: randstd

D)

o

randstd11-20  randstd31-40  randstd51-60

# Constraints 3164 5751 12883

# Variables 2707 4979 11422

# Bilinear Terms 2279 4320 10216
Network Found Yes Yes Yes
Same as Original Yes Yes Yes
Qualities Yes Yes Yes
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Performance Profile
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Conclusions

Conclusions

@ Finding a named structure within a MILP optimization problem allows to use
cutting planes and primal heuristics

@ We were able to find a pooling network in 6% of MINLPLib2

@ After finding the structure, we can apply a good heuristic approach to get a
good approximation solution

@ Size of the problem is not a limiting factor for the method

Ceccon, Kouyialis, Misener. Using Functional Programming to recognize Named
Structure in an Optimization Problem: Application to Pooling. AIChE Journal,
DOI 10.1002/aic.15308, 2016.
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