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Maximum Matchings Basics and Definitions

Maximum Matchings in Graphs

Let G = (V ,E ) be an undirected simple graph.

Definition (Matching)

A matching is a set M ⊆ E such that every vertex in V is incident to at
most one edge in M.

Definition (Maximal matching)

A maximal matching M is a matching that cannot be extended by adding
any edge in E \M.

Definition (Maximum matching)

A maximum matching M is a matching in G with the largest possible
number of edges.
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Maximum Matchings Basics and Definitions

Bipartite Graphs

Definition (Bipartite graph)

Let G = (V ,E ) be an undirected graph. G is bipartite, if the vertex set
can be partitioned into two sets V1 und V2 so that all edge have exactly
one endnode in V1 and one in V2.

Observation

G is bipartite ⇔ G does not contain cycles of odd length.
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Maximum Matchings Basics and Definitions

Applications of Matching

Matching problems belong to the class of assignment problems.

Many variants: perfect matching, maximum matching, maximum weighted
matching, ...

Travelling Salesman Problem: Christofides-Heuristic

Chinese Postman Problem

Maximum cut in planar graphs

Steganography (hide information in pictures)

Assignment of students to exercise classes
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Maximum Matchings Basics and Definitions

Two seminal papers — the first 1965:
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Maximum Matchings Basics and Definitions

Two seminal papers — the second 1965
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Maximum Matchings Basics and Definitions

Aussois 2002: Jack Edmonds
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Maximum Matchings Basics and Definitions

Köln 2004: Jack & Kathie mit Pauline & Paul
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Matchings in bipartite graphs Greedy heuristic

Matchings in bipartite graphs

How can be compute maximum matchings in bipartite graphs?

Idee Greedy
Start with ∅ and iteratively add the next edge,
until no edge can be added anymore

Algorithm (Greedy Matching)

1. M = ∅
2. If ∃e ∈ E : M ∪ e is matching

Then M = M ∪ e; goto 2.
3. return M
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Matchings in bipartite graphs Greedy heuristic

Matchings in bipartite graphs

Greedy

optimal

Theorem

Let G = (V ,E ) be an undirected graph, Mopt a maximum matching in G .
The Greedy algorithm computes a matching Mgreedy with
|Mgreedy| ≥ |Mopt| /2.
Even for bipartite graphs it is possible that |Mgreedy| = |Mopt| /2.

√
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Matchings in bipartite graphs Greedy heuristic

Proof of the Approximation Guarantee

Proof.
Vgreedy: Set of vertices incident to Mgreedy

we have: |Vgreedy| = 2 |Mgreedy|
Every edge e ∈ Mopt is incident to a vertex in Vgreedy, otherwise we could
have added e.

Since the matching edges are disjoint, we have:

also |Mopt| ≤ |Vgreedy| = 2 |Mgreedy|
also |Mgreedy| ≥ |Mopt| /2

From now on we assume that G is connected
(also n − 1 ≤ |E | ≤

(

n
2

)

)
otherwise we work on the connected components

Petra Mutzel Matching Basics VO 3/4 am 17./19. April 2018 15 / 55



Matchings in bipartite graphs M-augmenting path algorithm

Central Definitions

Definition (Matching Basics)

G = (V ,E ) undirected graph, M ⊆ E matching in G .

e ∈ M is called matching edge (M-edge).

e /∈ M is called free edge.

v ∈ V incident to matching edge e ∈ M is called matched.

v ∈ V not matched is called free.
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Matchings in bipartite graphs M-augmenting path algorithm

Central Definitions

Definitions (Alternating and M-augmenting paths)

G = (V ,E ) undirected graph, M ⊆ E matching in G .

A path P of length k is a series (v0, e1, v1, e2, . . . , ek , vk) of
alternating nodes and edges in G with ei = (vi−1, vi ) for i = 1, . . . , k .

We also write: P = (v0, v1, . . . , vk).

A simple path is a path in which all vertices are disjoint.

A non-empty path P = (v1, v2, . . . , vk) with k ≥ 2 in which M-edges
and free edges are alternating is called M-alternating.

A cycle-free M-alternating path P = (v1, . . . , vk), k ≥ 2, with v1 and
vk free is called M-augmenting.
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Matchings in bipartite graphs M-augmenting path algorithm

Example for matching definitions

Remark: An M-augmenting path is simple (node disjoint).
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Matchings in bipartite graphs M-augmenting path algorithm

M-augmenting Paths

Theorem (Berge, 1957)

Let G be a graph with matching M. Then we have:
M is maximum ⇔ There is no M-augmenting path.

Proof.
We prove:

M not maximum ⇔ There exists an M-augmenting path

”
⇐“: Let P = (v1, . . . , vk) M-augmenting path
Observation: k even (thus k = 2j with j ∈ N)
Change the M-edges on P {v2, v3}, {v4, v5}, . . . , {v2j−2, v2j−1} to free
edges.
Change free edges on P {v1, v2}, {v3, v4}, . . . , {v2j−1, v2j} to M-edges.
Observation: M is still a matching.
Observation: size of M grows by 1.
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Matchings in bipartite graphs M-augmenting path algorithm

Proof of opposite direction

”
M not maximum ⇒ ∃ M-augmenting path“
Let M be not maximum.
∃M ′ : |M ′| > |M|
Consider M ⊕M ′ = {e | e ∈ M ∧ e /∈ M ′} ∪ {e | e /∈ M ∧ e ∈ M ′}
Observation in M ⊕M ′ all vertex degrees ≤ 2 separates into disjoint paths
and cycles
in all these: M-edges and M ′-edges are alternating
also all cycles have even length

|M ′| > |M| ⇒ ∃ path P with more M ′- than M-edges
P is M-augmenting

Theorem directly leads to basic bipartite matching algorithm
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Matchings in bipartite graphs M-augmenting path algorithm

Basic Matching Algorithm for Bipartite Graphs

From now on: G = (V ,E ) bipartite

Algorithm

1 M := ∅
2 Compute M-augmenting path P .

3 If no P found, Then Exit and Return M.

4 M := M ⊕ P (Augment M)

5 goto 2.

obviously terminates, since ≤ |V |/2 Iterationen

thus correctness abvious
√

Is it effizient?
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Matchings in bipartite graphs M-augmenting path algorithm

How to find M-augmenting paths

Let G = (U ⊎W ,E ) bipartite graph, M matching in G .

We direct G :
GM = (U ⊎W ,EM) directed graph with

(u,w) ∈ EM für {u,w} ∈ E \M, u ∈ U, w ∈ W

(w , u) ∈ EM für {u,w} ∈ E ∩M, u ∈ U, w ∈ W

U

W

Observations

every directed path in GM is M-alternating path in G

every directed path in GM from free U-node to free W -node is an
M-augmenting path in G
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Matchings in bipartite graphs M-augmenting path algorithm

How to find M-augmenting paths

GM = (U ⊎W ,EM) directed graph with

(u,w) ∈ EM für {u,w} ∈ E \M, u ∈ U, w ∈ W

(w , u) ∈ EM für {u,w} ∈ E ∩M, u ∈ U, w ∈ W

U

W

s

q

insert additionally • nodes q, s
• all edges (q, u) with u ∈ U free
• all edges (w , s) with w ∈ W free

Every directed simple (q, s)-path is M-augmenting path
24



Matchings in bipartite graphs M-augmenting path algorithm

Algorithm

Algorithm (basic matching algorithm)

1. M := ∅
2. Construct directed graph G ′ = (U ⊎W ,E ′) with

E ′ = {(u,w) | u ∈ U,w ∈ W , {u,w} /∈ M}
∪{(w , u) | u ∈ U,w ∈ W , {u,w} ∈ M} with new nodes q, s
and all edges (q, u) with u ∈ U free and all edges
(w , s) with w ∈ W free.

3. Use BFS to find a directed simple path P from q to s.
4. If P found

Then M := M ⊕ P ; goto 2.
Else Return M.
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Matchings in bipartite graphs M-augmenting path algorithm

Analysis of the algorithm

Theorem

The above algorithm computes a maximum matching for a bipartite graph
G = (U ⊎W ,E ) with |U ⊎W | = n and |E | = e in time O(ne) = O(n3).

Beweis.

Running time One BFS call: O(e)
Augmentation of the M-augmenting path: O(n)
Construction/Update of the directed graph: O(e)
maximum ≤ n/2 iterations

Correctness all found directed paths
”
free  free“

⇔ M-augmenting paths
obviously BFS finds such paths

Is there a faster algorithm?
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Ideas for Improvement

fact a graph traversal needs time O(e)

so far a graph traversal needed for matching improvement of 1

wanted matching improvements
”
in larger jumps“

How does it work?

obviously parallel
”
addition“

of k vertex disjoint M-augmenting paths
is possible and improves by k

Idea Find many vertex disjoint M-augmenting paths
in one graph traversal.

intuitively short M-augmenting paths seem to be favorable
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Algorithm by Hopcroft and Karp

First we show a lower bound on vertex disjoint M-augmenting paths:

Lemma:

Let G = (V ,E ) be an arbitrary graph, let M,N ⊆ E matchings in G . If
|N| > |M|, then (M ⊕ N) contains at least |N| − |M| vertex disjoint
M-augmenting paths.

Proof.
Consider M ⊕ N. We use similar arguments as for the proof of Berge’s
Theorem. Each M-augmenting path contains at most one more edge in N

than in M.
⇒ Thus there must exist s := |N| − |M| vertex disjoint M-augmenting
paths.
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Algorithm by Hopcroft and Karp

Lemma: Properties of shortest paths

Let G = (V ,E ) be an arbitrary graph, M ⊆ E matching in G ,
P a shortest M-augmenting path,
P ′ a (M ⊕ P)-augmenting path.
Then: |P ′| ≥ |P |+ |P ∩ P ′|.

Reminder: M ⊕ P = {e | e ∈ M ∧ e /∈ P} ∪ {e | e /∈ M ∧ e ∈ P}
Proof.
Consider N := (M ⊕ P)⊕ P ′ (new matching)
obviously |N| = |M|+ 2
We have M ⊕ N = M ⊕ ((M ⊕ P)⊕ P ′) = P ⊕ P ′

From previous lemma: M ⊕ N contains two vertex disjoint
M-augmenting paths P1,P2
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Proof of Lemma ff

We have matching M,
P a shortest M-augmenting path
P ′ a (M ⊕ P)-augmenting path
N = (M ⊕ P)⊕ P ′

M ⊕ N = P ⊕ P ′ contains two vertex disjoint
M-augmenting paths P1,P2

|M ⊕ N| = |P ⊕ P ′| ≥ |P1|+ |P2|

obviously |P | ≤ |P1| und |P | ≤ |P2|
thus |P ⊕ P ′| ≥ |P1|+ |P2| ≥ 2 |P |
Observation |P ⊕ P ′| = |P |+ |P ′| − 2 |P ∩ P ′|

also |P |+ |P ′| − |P ∩ P ′| ≥ |P ⊕ P ′|
alltogether |P |+ |P ′| − |P ∩ P ′| ≥ 2 |P |
thus |P ′| ≥ |P |+ |P ∩ P ′|
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

We have shown:

Lemma: Properties of shortest paths

Let G = (V ,E ) be an arbitrary graph, M ⊆ E matching in G ,
P a shortest M-augmenting path,
P ′ a (M ⊕ P)-augmenting path.
Then: |P ′| ≥ |P |+ |P ∩ P ′|.

From this we get:

Observation for shortest paths

Let G = (V ,E ) be an arbitrary graph, M ⊆ E matching in G ,
P a shortest M-augmenting path,
P ′ a (M ⊕ P)-augmenting path.
If |P ′| = |P |, then the two paths are vertex disjoint.
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

A sequence of matchings

Lemma

Let G = (V ,E ) be an arbitrary graph, M0 := ∅, für i ∈ N0 let
Mi+1 := Mi ⊕ Pi , whereas Pi is a shortest Mi -augmenting path.
For all i , j ∈ N0 we have:
1. |Pi | ≤ |Pi+1|
2. |Pi | = |Pj | and i 6= j ⇒ Pi and Pj are vertex disjoint

Proof (sketch).

1. Observation follows directly from previous lemma
√

2. by contradiction and using previous lemma (skipped)

Observation: many shortest M-augmenting paths
can be augmented in parallel
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Algorithm by Hopcroft and Karp (1971)

Algorithm (Hopcroft and Karp)

1.M := ∅
2. Compute a maximal set of shortest vertex disjoint

M-augmenting paths P1,P2, . . . ,Pk .
3. If k ≥ 1

Then M := M ⊕ P1 ⊕ P2 ⊕ · · · ⊕ Pk . goto 2.
Else Return M.
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

How to find maximal set of disjoint paths

Basic matching algorithm for bipartite graphs:
GM = (U ∪W ,EM) directed graph with

(u,w) ∈ EM for {u,w} ∈ E \M, u ∈ U, w ∈ W

(w , u) ∈ EM for {u,w} ∈ E ∩M, u ∈ U, w ∈ W

U

W

s

q

additionally inserted • nodes q, s
• all edges (q, u) with u ∈ U free
• all vertices (w , s) with w ∈ W free
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Efficient implementation of one round

1. Construct directed graph with new nodes q, s
and new edges {(q, u) | u ∈ U free}, {(w , s) | w ∈ W free}.

2. Calculate shortest distances using BFS
(dist())-values from q) of reached vertices until
s has been reached the first time; then stop BFS

3. Using DFS which uses only edges (u, v) with
dist(v)−dist(u)= 1, extract all shortest q-s-paths,
after each extracted path P mark vertices of P
as not usable anymore

4. Use all found shortest q-s-paths as
M-augmenting paths.

obviously every step runs in time O(n + e) = O(e)
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Example
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Algorithm by Hopcroft and Karp (1971)

Algorithm (Hopcroft and Karp)

1.M := ∅
2. Compute a maximal set of shortest vertex disjoint

M-augmenting paths P1,P2, . . . ,Pk .
3. If k ≥ 1

Then M := M ⊕ P1 ⊕ P2 ⊕ · · · ⊕ Pk . goto 2.
Else Return M.

Theorem

For a bipartite graph G = (U ⊎W ,E ) with |U ⊎W | = n und |E | = e the
previous algorithm computes a maximum matching in time
O
(√

n · e
)

= O
(

n5/2
)

.
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Proof of the theorem

Correctness obvious after previous lemmas
√

We will show

1. Each round needs time O(e)
√

2. No more than O
(√

n
)

rounds are needed.

useful upper bound for length of shortest M-augmenting paths
Why?

we know Length of shortest M-augmenting paths grows in each round
(because of lemma: if they had the same length, they
would be node disjoint and so we would have found
them in the previous round)

thus if shortest paths are short ⇒ not many rounds needed
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

M-augmenting paths: number and length

Consider matching M and maximum matching Mopt

(|M| ≤ |Mopt|)

Consider M ⊕Mopt connected components
Ci = (Vi ,Ei ) (i ∈ {1, 2, . . . })

Reminder all Ci are either cycles of even length
or simple paths
⇒ there are ≥ |Mopt| − |M| vertex disjoint
M-augmenting paths
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

M-augmenting paths: number and length

we have ≥ |Mopt| − |M| vertex disjoint M-augmenting paths
with ≤ |M| M-edges

pigeonhole principle ∃ M-augmenting path

with ≤
⌊

|M|
|Mopt|−|M|

⌋

M-edges

klar M-edges and Mopt-edges alternate

also path length ≤ 2
⌊

|M|
|Mopt|−|M|

⌋

+ 1

Observation shortest M-augmenting paths short,
if |Mopt| − |M| large

Idee Two cases
Case 1: |Mopt| − |M| large  only short paths
Case 2: |Mopt| − |M| small  only few rounds
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Number of rounds of the Hopcroft-Karp algorithm

Define two phases

phase 1 0 ≤ |M| ≤
⌊

|Mopt| −
√

|Mopt|
⌋

phase 2
⌊

|Mopt| −
√

|Mopt|
⌋

< |M| < |Mopt|

Phase 2
obviously |Mopt| ≤ n/2 (def. matching)
thus

√

|Mopt| = O
(√

n
)

thus in Phase 2 only O
(√

n
)

rounds
√
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Length of shortest M-augmenting paths in phase 1

Phase 1 0 ≤ |M| ≤
⌊

|Mopt| −
√

|Mopt|
⌋

Reminder length of shortest M-augmenting paths

≤ 2
⌊

|M|
|Mopt|−|M|

⌋

+ 1

2

⌊ |M|
|Mopt| − |M|

⌋

+ 1 ≤ 2

⌊

⌊

|Mopt| −
√

|Mopt|
⌋

|Mopt| −
⌊

|Mopt| −
√

|Mopt|
⌋

⌋

+ 1

= 2

⌊

|Mopt| −
⌈√

|Mopt|
⌉

⌈√

|Mopt|
⌉

⌋

+ 1

= 2

⌊

|Mopt|
⌈√

Mopt

⌉ − 1

⌋

+ 1

≤ 2
√

|Mopt|+ 1
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Matchings in bipartite graphs Algorithm by Hopcroft and Karp

Number of rounds

We have • O
(√

|Mopt|
)

= O
(√

n
)

rounds in phase 2
• length of shortest M-augmenting paths

= O
(√

|Mopt|
)

= O
(√

n
)

in phase 1

Reminder length of shortest M-augmenting paths
grows by ≥ 1 in each round

thus after O
(√

|Mopt|
)

= O
(√

n
)

rounds phase 1 is finished

thus in total O
(√

|Mopt|
)

= O
(√

n
)

rounds

Since each round can be realized in time O(e) , we have:

total running time of algorithm: O
(√

n · e
)

= O
(

n5/2
)
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Matchings in general graphs Basics and Ideas

Matchings in general graphs

klar Algorithm by Hopcroft and Karp does not work,
because of no sets U ⊎W = V identifiable

Is the general idea still allowed?

1. M := ∅
2. Find M-augmenting path P .
3. If P found, Then M := M ⊕ P ; goto 2.
4. Return M
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Matchings in general graphs Basics and Ideas

An example

M-augmenting path

of length 13

M-alternating path
of length 9 with

free endvertices

”
blossom“
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Matchings in general graphs Basics and Ideas

How to deal with
”
blossoms“

Observation Cycles of odd length can make problems

Remarks Shortest alternating paths
with 2 free endvertices are not automatically
M-augmenting in general graphs;
In bipartite graphs they are,
because all cycles are even
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Matchings in general graphs Basics and Ideas

Idea byJack Edmonds:
”
Heureka, you shrink“

Contraction of the odd cycles (
”
blossoms“) to a node

Remark: repeated contraction may lead to hierarchy of blossoms

This idea led to the first polynomial time algorithm for maximum
matching in general graphs

Running time was large: O(n4)
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Matchings in general graphs Basics and Ideas

Idea by Micali and Vazirani (1980)

Reminder Algorithm by Hopcroft and Karp

solves the problem in time O
(

n5/2
)

for bipartite graphs

What can we keep from bipartite graphs? – What do we need to change?

Theorem: M maximum ↔ 6 ∃ M-verbessernder Pfad?

Observation valid for general graphs
√

Lemma: shortest M-augmenting paths grow,
shortest M-augmenting paths of equal length are disjoint?

Observation valid for general graphs
√
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Matchings in general graphs Basics and Ideas

Hopcroft/Karp for general graphs

What else can we take?

Observation Basis algorithm structure works
√

1. M := ∅
2. Compute a maximum set of shortest node disjoint

M-augmenting paths P1,P2, . . . ,Pk .
3. If k ≥ 1

Then M := M ⊕ P1 ⊕ P2 ⊕ · · · ⊕ Pk . goto 2.
Else Return M.

What about the number of rounds?

Observation Proof works

O
(√

Mopt

)

= O
(√

n
)

rounds

thus only efficient implementation of step 2 open

52



Matchings in general graphs Basics and Ideas

Matching algorithmus for general graphs

Remark using efficient data structures
 running time O(e) for one round

Theorem

The algorithm by Micali und Vazirani computes a maximum matching in a
general graph G = (V ,E ) with |V | = n und |E | = e in time O(

√
ne).

Proof and algorithm details: skipped
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Matchings in general graphs Basics and Ideas

Remarks to bipartite matching algorithms

The algorithm by Hopcroft-Karp is currently the (theoretically) fastest
known algorithm for sparse graphs.

Alt, Blum, Mehlhorn and Paul suggested 1991 an algorithm based on
network-flow which is faster for dense graphs and needs time
O(n1.5

√

e/ log n).

Experimental comparisons (many years ago) give contradictory results
concerning the best practical algorithms.
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Matchings in general graphs Basics and Ideas
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