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WidthParameters

Mostofthe work is done for branchwidth .

Because embedded graphs interact with ·
(Because of the rate ! )

branch width better than treewidth
.

#ropositionRobertsonSeymourI
Then bu(G) -1 = tw(G) < ( *2 bw(6)) -1.

↑
branchwidth

↑
treewidth
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There exist a function g :N-N such
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Hinor ThedesgraphharhigtrewithIgi⑧

Take a subgraph and
-----contract some edges .

⑧ ⑧

There exist a function g :N-N such

has a kxk-grid as a minor.

H =>A minor-closedgraph class has bounded· ·treewidth ifandonly ifit excludes some

planar graph as a minor
.

--⑧
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the relationship between treewidth and grid-minors
&rid Theorem [Robertson & Seymour '86]
There exist a function g :N-N such

that
any graph G with tw(G) = g(k)

has a kxk-grid as a minor.

O(k)
⑨ g(k) = 2 [Robertson

, Seymour& Thomas'94]
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·

g
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· g(k) = 0(k" log k) [Chuzhoy&Tan'21]
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the relationship between treewidth and grid-minors
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the relationship between treewidth and grid-minors
&rid Theorem [Robertson & Seymour '86] A minor-closedgraph class has boundedThere exist a function g :N-N such = treewidth ifandonly ifit excludes some
that

any graph G with tw(G) = g(k) planar graph as a minor
.

has a kxk-grid as a minor.

⑨

↳I
g(k) = 2

O(k)
[Robertson

, Seymour& Thomas'94]

I
Thatif we exclude additional non-planarminors?

· g(k) = 20(klogh) [Leaf& Seymour'15]
·

g
(k) = 0(kolog"k) [Chekuri&Chuzhoy'16]

· g(k) = 0(k" log k) [Chuzhoy&Tan'21]

lower bound :
-

· g(k) =
-R(klogk) [Robertson

, Seymour&
Thomas'94]
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the relationship between treewidth and grid-minors
&rid Theorem [Robertson & Seymour '86] A minor-closedgraph class has boundedThere exist a function g :N-N such = treewidth ifandonly ifit excludes some
that

any graph G with tw(G) = g(k) planar graph as a minor
.

has a kxk-grid as a minor.

⑨ g(k) = 2
O(k)

[Robertson
, Seymour& Thomas'94]
Thatif we exclude additional non-planarminors?

· g(k) = 20(klogh) [Leaf& Seymour'15] =>g(k) = 6k - 5 [Robertson
, Seymour&

·

g
(k) = 0(kolog"k) [Chekuri&Chuzhoy'16] Thomas'94] + [Wagner'37]↳I

Thomas'94]
I

· also exclude Kg and Ky

· g(k) = 0(k" log k) [Chuzhoy&Tan'21] · also exclude Ks (or Ks)
=> g(k) -

> 6k - 5 [Robertson
, Seymour&

lower bound : Thomas'94] + [Wagner'37]-

· g(k) =
-R(klogk) [Robertson

, Seymour& (+ Hall)
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↓ca .
2000 #Findinga large grid - or clique-minor

Diestel's proof for the grid theorem :

Actually , this relation is linear in k !For
any graph G , if tw(G)ER(k

*4)
then G contains a Ky-ora (kxk)-grid-minor. · tw(G)

_Ry (k) [Demaine & Hajiaghay: '08]
&what exactly does this mean?

T
- (V)

-

--

· tw(G) = zestlogt)k [Kawarabayashi & Kobayashi20]

· tw(d) -R(t-k + +2304)96.Samoulis,Thilo
·inditional

non-planemine

T
Or I answer to

What if we exclude



#Findinga large grid - or clique-minor
Theorem [hamoulis,Thilhoa
-

In fact in 2
Poly (H)

poly(IV(G)1)-time we can find :

· a KI-minor
· a (kxk)-grid-minor, or

· a branch-decomposition ofG with· approximately the correct width for G.
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#Findinga large grid - or clique-minor
Theorem 1)Stamoulis,Thili oa
-

For
any graph G , if tw(G) =

-
l (+ -k + +2304) with worse

then G contains a Ky-ora (kxk)-grid-minor. -
or randomized (t +n)0-timebutitnas

In fact in 2
Poly (H)

poly(IV(G)1)-time we can find :

· a KI-minor
· a (kxk)-grid-minor, or

(In fact an induced wall
!
(

approximately the correct width for G.· · a branch-decomposition ofG with

G
+0(t +k + +2309)

↳branchwidth can be

verified to either be
at least k or

=O(tk ++2302)
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↑sentativity (ofan embeddedgraph):
Embedded graphs

⑮
↑minimum number of
vertices intersected by
a non-contractible curve

Theorem [Demaine ,
Fomin

, Hajiaghayi&Thilikos'05]-

Let G be an embedded graph (on a surface with
positive genus) with representativity 4k .

Then 6 contains a (kxk)-grid-minor.
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Emafolklore h and X= V(G) s .

t
.
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↑sentativity (ofan embeddedgraph):
Embedded graphs

=
Emafolklore h and X= V(G) s .

t
.
bw(G -4)=2

.

- Then bu (G -X) = bu (G) - 11
.T

↑minimum number of

-

vertices intersected by Suppose we·a non-contractible curve a graph embeddedwith
Theorem [Demaine ,

Fomin
, Hajiaghayi&Thilikos'05]

Let G be an embedded graph (on a surface with
low representativi

positive genus) with representativity 4k .

-

Thena contains a (kxk)-grid-minor .& Cut
up graph for cheap here !



Emafolklore,hand X=V(d)#boundedgen.
s .

t
.

bu (G-X)=2.
*

Then bu (G -X) = bw(G) - IX1. E-
Er
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The bounded genus case

&Emafolklore,hand X=V(d) High representativity ? -depends on the

s .

t
.

bu (G-X)=2. Otherwise cut at a "cheap"
gid we want *

Then bu (G -X) = bw(G) - IX1. non-contractible curve.
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Emafolklore,hand X=V(d)

Thebounded genus case

-&High representativity ? -depends on the

s .

t
.

bu (G-X)=2. Otherwise cut at a "cheap"
gid we want

Then bu (G -X) = bw(G) - IX1. non-contractible curve. E I-

*

*
Eyay*

Repeat untilwe reach the sphere
E

genus
reduced !+

or embeddedgraph
I Combined

with high representabrity- #
·



#remorigin TheGraphMinorStructure Theorem
"apices"

every H-minor-free G can be constructed via = f(t)-sums
There exists a functionf such that for every graph H, t := ICA

Mfrom graphs that are built via :

i) taking a graph embedded "up to 3-separations"
in a surface into which It does not embed,

ii)adding f(t) vortices of width at most f(t) ,
and

iii)adding at mostf(t) apices A to this
graph
.



#remorigin TheGraphMinorStructure Theorem
"apices"

There exists a functionf such that for every graph H, t := ICA

every H-minor-free G can be constructed via = f(t)-sums
from graphs that are built via :

I tree- Mi) taking a graph embedded "up to 3-separations" - gives
. i

in a surface [intowhich It does notembed, * specia

ii)adding f(t) vortices of width at most f(t) ,
and decomposition

of G

iii)adding at mostf(t) apices A to this
graph
.

fe0(t2300) andhis partof the graph is a minor ofC .

- 1

L
L Proved using [Grohe 16]

[G
., Seweryn & Wiederrecht 25'+]



Apices : or and XeV(G) entralcase

s .

t
.

bw (G-X)=2.

Then bu (G - X) = bw(G) - IX1.

M



Apices : or and XeV(G) entralcase

tw= bw(6) - (x)
.

Vortices : Theore[Thilikos & Wiederrecht ' 25)

brotices of width = W
.
Let G'be the result
MLet G be a graph embedded on the sphere with

of deleting the "inside" of all vortices.
Then bu(6) = bu(6) + 2wb
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Lemina [folklore]
-

Apices I Let G be a graph and X=V(G) entralcase

s .

t
. bw(G-N=

Vortices : Theore[Thilikos & Wiederrecht ' 25)

Then w(G - X) = bw(G) - 11.

MLet G be a graph embedded on the sphere with
brotices of width = W

.
Let G'be the result

of deleting the "inside" of all vortices.
Then bu(6) = bu(6) + 2wb

Not algorithmic !
Y

Proof uses sphere-cut decompositions &angles.
Theorem
-

Let G be agraph embedded on
the sphere with b vortises of width Ew.

&

Let G'be the result of deleting the "inside"ofall varfaces.

Then bw(6) =bw(6) +2wb + 6b and an appropriate
branch-decomposition can be found in O(bwm + n3)- time .
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Vortices : Theore[Thilikos & Wiederrecht ' 25)

Then w(G - X) = bw(G) - 11.

MLet G be a graph embedded on the sphere with
brotices o width = w

.
Let G'be the result↓

of deleting the "inside" of all vortices.
Then bu(6) = bu(6) + 2wb

Not algorithmic !
Y

Proof uses sphere-cut decompositions &angles.
Theorem
-

Led be agoplembedded on
the sphere with brownies ofwindow&

Let G'be the result of deleting the "inside"ofall varfaces.

Then bw(6) =bw(6) +2wb + 6b and an appropriate
branch-decomposition can be found in O(bwm + n3)- time .



#Findinga large grid - or clique-minor
Theorem 1)Stamoulis,Thili oa
-

For
any graph G , if tw(G) =

-
l (+ -k + +2304) with worse

then G contains a Ky-ora (kxk)-grid-minor. -
or randomized (t +n)0-timebutitnas

In fact in 2
Poly (H)

poly(IV(G)1)-time we can find :

· a KI-minor
· a (kxk)-grid-minor, or

(In fact an induced wall
!
(

· a branch-decomposition ofG with· approximately the correct width for G.
G

+0(t +k + +2309)
↳branchwidth can be

verified to either be
at least k or

=O(tk ++2302)


