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Model Theory Cheatsheet

Avocabulary Lis a set contains
m predicate symbols P, Q, R, ..., and
m constant symbolsc,d,e....
Atermtis avariable or a constant.
A sentence is a formula with no free
variables.
An atomic formula is
Wt =t,o0r
® R(ty,ty, . ty).

An L-modelis a tuple
M := (M, PM,...,cM, ..) where

m M isthe universe,
m PM c M*P and
EMeM

An assignment s maps a finite set of
variables to elements of M. Extend s to
terms by setting s(c) := cM.

Model satisfaction for atomic formulas is defined as follows.

B MEgt; =t ifs(ty) =s(tp), and

m M Eg R(ty, ..., t,) if (s(t1), ..., s(t,)) € RM.



Example: Graphs

Givenavocabulary L = {E}, agraph G := (V, E) is an L-model satisfying
m forallv e V, (v,v) € E, and
m forallu,v € V,if (u,v) € E, then (v,u) € E.



Semantic Game



Semantic Game for First Order Logic

@ :=Atm|-Atm[yp AO|p Vv O|Vxy|Ixp.

Fix a vocabulary L, an L-model M and an L-sentence ¢*. SG(M, ¢) goes as follows.
m Two players: Verifier (§) and Falsifier @.
m Positions: (¢, s) with subformula ¢ and assignment s.
m Starting position: (¢*, @).



Semantic Game for First Order Logic (ctd.)

Moves:
B (P A y,5): @ choosesi € {0,1} and the game goes to (1, ).

B (Yo V Pq,8): (® choosesi e {0, 1} and the game goes to (¢;, s).
m (Y,s): @ choosesa € M andthe game goes to (,s U {x = a})

m (3y,s): (®) choosesa € M and the game goes to (¢, s U {x — a})
Winning conditions:

B (¢aim,S): () winsif M g ¢gim: Otherwise, @ wins.

B (—@am,s): @ wWinsif M kg, ¢ain; Otherwise, (§) wins.



Semantic Game for First Order Logic (ctd.)

Theorem

M E ¢ if and only if 0 has a winning strategy in SG(M, ¢).

Key ideas:
B Interprete the meaning of quantifiers and connectives as strategic choices of
the players.

m Use the two-player competitive setting to interprete the duality of the
quantifier/connective pairr.



Example (SG)
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Q: Vx3yE(x,y)
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Comparison Game



Ehrenfeucht-Fraissé Game

Let A and B be two L-models. EF,, (A, B) goes as follows. In each step,
[ ] tﬂ chooses an element from either of the models, and

m @ then chooses an element from the other model.
This goes on for m steps and gives us ay, a, ..., a,,, € A™ and by, by, ..., b,, € B™.
Definea : x; — a;andb : x; — b;
m @ wins if there is an atomic sentences @(x1,%y, ...X,,) SUCh that A E- ¢ and
B Pég ¢ or vice versa. Otherwise, (§) wins.



Example (EFG)

.’S winning strategy for EF, (A, B)

g
/ \ (ag, by)

A as aq ‘I.

Foranym € N, {4 has awinning strategy in EF (G, G U C) for allk > 2™,




Quantifier Rank

The quantifier rank of a formula is the maximum number of nested quantifiersin it:
B O (@atm) = Ar(—=@atm) = 0,
B (e AY)=qar(e V ) =max{qr(e),qr(y)}
B gr(3xe) = qr(Vxe) =qr(g) + 1

If A and and B agree on all sentences of quantifier rank < m, we write A =,,, B.

Ehrenfeucht's Theorem

A =, B ifand only if & has a winning strategy in EF,,, (A, B).



Non-axiomatizability in FOL

A class of finite models K is axiomatizable if there is a sentence ¢ such that for any
finite model M, M E ¢ iff M € K.
Non-axiomatizability

K is not axiomatizable in FOL if foreachm € N thereis A,, € Kand 8,,, € K such
that '4111 EHZ 13”1,

Corollary

Kis not axiomatizable in FOL if for eachm € N thereis A,, € Kand 8,,, & K such
that & has awinning strategy in EF,,, (A, 8B,,.).

Theorem
The class of connected graphs is not axiomatizable in FOL.




Model Existence Game



Hintikka Sets

A Hintikka set H is a maximally consistent set of NNF sentences that satisfies that
following condition.

= Foreveryconstanttermt, t =t € H.

For every atomic @(x), if @(c),t = c € H, then ¢(t) € H.
foApeH theng, ¢y € H.
fovyeHthenpe Horyp € H.

If Vx ¢(x) € H, then ¢(c) € H for every constantc.

If 3x ¢(x) € H, then ¢(c) € H for some constantc.

For every constant termt, t = ¢ € H for some constant c.
No atomic ¢ such that, ¢, -¢ € H.

— W W << w <



Model Existence Game

Let T be a L-theory with constant symbols. MEG(T) goes as follows.
Startwith T = H. The two players' turn alternates with ‘ beginning first.

] . adds the sentences required by one of the conditions.
] ‘ wins immediately if this causes a violation of the | condition.

m If the used condition is a 3 condition, then (§) chooses the disjunct or the
constant. Otherwise, she does nothing.

m (§ wins allinfinite plays.

Theorem

T is consistentif and only if 0 has a winning strategy in MEG(T).



More Games

Logic Semantic Game Comparison Game
Modal Logic SG on Kripke models Bisimulation Game
Modal u-calculus Parity Game infinite Bismulation

Game

Finite-variable FO
(FO)

Restricted semantic game
with k pebbles

k-pebble EF game

Infinitary Logic (Ly,,)

Infinite Semantic Game

Infinite EF game

Monadic
Second-Order Logic
(YS)

SG with moves over sets

MSO EF games
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