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1. In this exercise, we’ll look at a different way of bounding the largest eigenvalue
and obtaining an approximation algorithm for the maximum cut problem; we’ll
do part of the problem today, and the other part in tomorrow’s problem set. Let
λn be the maximum eigenvalue of the normalized Laplacian L, and let y be the
corresponding eigenvector, so that

λn =
yTLGy

yTDy
= max

x

xTLGx

xTDx
= max

z

zTLz
zT z

.

Assume that maxi |y(i)| ≤ 1. Let OPT denote the number of edges in a maxi-
mum cut, and let S∗ ⊂ V denote the set of vertices associated with that set, so
that |δ(S∗)| = OPT .

(a) Prove that if OPT ≥ (1− ε)|E|, then λn ≥ 2(1− ε).
(b) Suppose we construct a solution x ∈ {−1, 0,+1}n as in Trevisan’s algorithm

(that is, pick t ∈ (0, 1] uniform, and let x(i) = −1 if y(i) ≤ −
√
t, x(i) = 1

if y(i) ≥
√
t, and x(i) = 0 otherwise). Let sets L = {i ∈ V : x(i) = −1},

R = {i ∈ V : x(i) = 1}, S = L ∪R, and V − S = {i ∈ V : x(i) = 0}.
It can be shown that for all 0 ≤ β ≤ 1,

E [|δ(L,R)|+ β|δ(S)|] ≥ β(1− β)
∑

(i,j)∈E

(y(i)− y(j))2.

(If you want some extra work, you can prove this yourself; it might help to
know Bergström’s inequality, which states that for a, b ≥ 0 and 0 ≤ β ≤ 1,
β(1− β)(a+ b)2 ≤ (1− β)a2 + βb2).

Prove that if λn ≥ 2(1− ε), then

E [|δ(L,R)|+ β|δ(S)|] ≥ 2(1− ε)β(1− β)E [2|E(S)|+ |δ(S)|] .
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