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Abstract

We consider a many-to-many matching problem with a priority structure such as the one in
undergraduate course allocation. In order to incorporate course priorities, we develop a deter-
ministic pseudo-market mechanism with priority-specific prices that is based on the approximate
competitive equilibrium from equal incomes. This novel mechanism, the Pseudo-Market with
Priorities mechanism, prevents justified course envy, prevents Pareto improvements among stu-
dents respecting the priority structure, is strategy-proof in the large, bounds envy by a single
course among students at the same level of priority, and maintains a small upper bound on
the market-clearing error. In a simulated environment, we show that this mechanism increases
student utility and outcome fairness when compared to the commonly used in practice Random
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1 Introduction

Every academic term, over 6500 post secondary institutions across America assign course schedules
to a total of nearly twenty million students.! Based on timing and prerequisites, students have
a limited number of schedules they can possibly be assigned in a term. Students also have quite
heterogeneous preferences over courses. In the face of room size and teaching constraints, university
registrars prioritize giving course seats to some students over others based on factors such as student
seniority and major. As a result, university registrars face the challenging task of deciding how to
allocate seats in overdemanded courses to undergraduate students.

In this paper, we approach the task of allocating course schedules to students in the context
of a many-to-many matching problem with heterogeneous student preferences and course priori-
ties. We propose a deterministic allocation mechanism, the Pseudo-Market with Priorities (PMP)
mechanism, that is based on the seminal Budish (2011)’s approximate competitive equilibrium from
equal incomes (A-CEEI). This mechanism elicits student preferences over courses schedules, assigns
almost equal budgets to students, and computes an approximate competitive equilibrium allocation
and priority-specific prices. We require the equilibrium prices to respect the priority structure such
that there is a "cutoff” priority level for each course, where students at the cutoff pay a non-negative
price, students below the cutoff pay zero price, and students above the cutoff are not able to afford
the course. We show that the PMP mechanism prevents Pareto improvements respecting the priority
structure and prevents justified course envy, in that each student does not want to change her course
assignment if she is given an opportunity to choose courses among courses in her assigned schedule
and the assigned schedule of any student of lower priority. In addition, it bounds envy by a single
course among students at the same level of priority, is strategy-proof in the large, and maintains the
same upper bound for market-clearing error as in the case without priorities.

We highlight how university registrars would benefit by adopting the Pseudo-Market with Prior-
ities mechanism for undergraduate course allocation. A typical university registration system uses a
variant of the random serial dictatorship (RSD) mechanism, where students select courses in order
of seniority and a priority structure based on student majors is enforced by setting aside seats in
each course to be made available only to students in certain majors.? The PMP mechanism has two
distinct advantages over the RSD mechanism. First, it endogenously computes course set-asides. In
particular, the exact number of set-asides is typically hard to determine ex ante due to fluctuations
in student demand for courses. On one hand, large set-asides lead to a large number of available

seats demanded by students outside the major that the university registrar needs to assign man-

'Based on National Center for Education Statistics, 2017-2018, https://nces.ed.gov/.

Instead of a serial dictatorship, University of California system schools use an “enrollment pass” mechanism (see
also Budish and Cantillon (2012)). The enrollment pass mechanism has the same problem in determining the exact
number of set-asides.



ually with some ad hoc procedure after the main allocation process is over. On the other, small
set-asides might lead to many students being rejected seats in courses that are required for their
majors. The PMP mechanism relieves university registrars from having to correctly estimate the
number of set-asides by computing them endogenously for each set of submitted student preferences
and available seats in courses. This ensures that all students who require a course for their major
are assigned these courses and limits remaining seats that need to be assigned manually. Second,
the PMP mechanism allocates courses more fairly among students, as it bounds envy by a single
course among students with at the same level of priority.

To provide additional support for our arguments, we compare the performance of the PMP and
RSD mechanisms in a university-sized simulated environment. We conduct simulations with 5000
students and 1000 courses, where each course has 26 available seats and each student demands a
schedule containing up to 10 courses, and investigate both major-specific course priority structures
and common course priorities. We compare the PMP and RSD mechanism based on the mean
and standard deviation of students’ utility across 100 simulations. We also calculate the number of
beneficial adjustments to the final assignments as explained below.

For major-specific priorities, students and courses are randomly and evenly distributed across
fifty majors, and a binary priority structure in each course gives priority to students in a specific
major. The PMP mechanism accounts for these priorities through priority-specific prices, while the
RSD mechanism sets aside a number of seats in each course that can only be taken by students
sharing the course’s major. While the average student utility is only slightly larger for the PMP
mechanism over the RSD mechanism, the standard deviation is significantly smaller. This suggests
that the PMP mechanism can allocate courses more equally across students without sacrificing
student utilities. We also account for two types of inefficiencies that arise in the RSD mechanism
due to ex ante chosen set-asides. First, there may be unclaimed set-aside seats and students outside
the course’s major that want to receive these seats. Second, there may be students in a course’s
major who are not able to receive a seat in a course that a student outside the major is able to take.
While the first situation is more prevalent for large set-asides, the second one is more prevalent
for smaller set-asides. For an optimized choice of set-asides in the RSD mechanism, still nearly
18% of students on average would gain from an adjustment in the number of set-asides. In turn,
the PMP mechanism endogenously finds set-asides with only a small number of possible beneficial
adjustments. These beneficial adjustments may arise only because market clears approximately.

The paper is organized as follows. Section 2 introduces the environment of course allocation with
priorities and presents some definitions. Section 3 develops the Pseudo-Market with Priorities mech-
anism and investigates its properties. Finally, Section 5 concludes. One should consult Kornbluth

and Kushnir (2022) for the review of the literature. We avoid it here due to space limitation.



2 Environment

Course allocation is a many-to-many matching problem described by the tuple (S,C,Q,V,R).
e S={1,...,5} is a set of students; in reference to students, we use feminine pronouns.
e C=1{1,...., M} is a set of courses.
e Q= (q1,---,qun) is a vector of course capacities; each course ¢ can enroll at most ¢, students.

oV = (Z1,....,708) is a vector of student preferences over course schedules. Students are
typically restricted to a set of permissible course schedules due to factors such as course
meeting times and prerequisites. Each student can take at most one seat in any course, and
at most k courses in total. We assume that these restrictions are incorporated into student
preferences, and, for simplicity of exposition, that 1 < k < M /2. We also assume that student
preferences over permissible course schedules are strict. Our results allow for the general case

of substitutes and complements among courses.

o R = {rsc}ses.cec is a course priority structure, where rg . € {1, ..., R} is the priority of student
s for course ¢, with a smaller number meaning a higher level of priority. The priority levels

need not to be distinct and could be the same for several students.

We consider deterministic allocations of courses to students. An allocation x = (5)scs assigns
a course schedule to each student, where z; € 2¢ for each s € S. Allocation z is feasible if
Y ses Tse < qe for each course ¢ € C. For ease of notation, we view the schedule x, as both a set of
courses assigned to student s and a vector from the set {0,1}M.

We evaluate allocations based on fairness and efficiency. The seminal measure of fairness is
envy-freeness, as introduced by Foley (1967): an allocation x prevents envy if there are no students
s,s' € S such that ¢4 =5 x5. The presence of priorities might allow some amount of envy among

students that is justified.

Definition 1. An allocation x prevents justified course envy if there are no students s,s' € S

and course ¢ € C such that rg. <rg., c ¢ x5, c € 2% and ¢ € arg max-_ T, U c.

That is, if a student is willing to add a new course to her current schedule or replace one of her
assigned courses with the new course, there should be no student of a lower level of priority for the
new course who has a seat in the new course. The concept of preventing justified course envy directly
corresponds to the absence of course-student blocking pairs (see Roth and Sotomayor, 1990).> This

concept also coincides with the concept of (pairwise) stability if no course seats remain unassigned.

3See He, Miralles, Pycia, and Yan (2018) and Kesten and Unver (2015) for related envy concepts for random
assignments.



In the case where courses have common priorities (i.e., each course has the same priorities over
students), we also consider a weaker concept of an allocation preventing justified schedule envy, for
which no student prefers the schedule of a lower priority student to her own schedule.

Additionally, we evaluate course allocations based on Pareto efficiency. An allocation y Pareto
dominates an allocation z if there is at least one student who strictly prefers her course schedule
in y and all other students weakly prefer their course schedules in y. As we explain below, we
analyze approximate market equilibria, for which the market-clearing condition is satisfied with
a small error. As a result, some unfilled course seats could be present. Hence, we distinguish
between Pareto improvements among students and Pareto improvements between students and the
university registrar that accounts for the possibility of unfilled seats. An allocation prevents Pareto
improvements among students if there is no reallocation of the assigned seats in courses among
students to obtain more preferred course schedules. An allocation prevents Pareto improvements
between students and the university registrar if the university registrar cannot improve the course
allocation by assigning students seats in courses with unfilled seats.

To account for the priority structure, we also introduce “course rankings” over allocations. Fol-
lowing Schlegel and Mamageishvili (2020), we define course rankings based on first-order stochastic
dominance.* We say that y dominates z for course ¢, and write y. &= @, if for all » = 1, ..., R we
have that ZS:T&CST Ys,c > Zs:r&,cgr Zsc. Using this definition, we consider the following criterion of

efficiency.

Definition 2. An allocation x prevents Pareto improvements among students respecting
the priority structure if for each assignment y that Pareto dominates x and has the same total
number of assigned seats for each course, i.e., Y cq¥sec =D scgTs,e for all c € C, there is a course

d € C for which yo o o

The main difference between our concept of preventing Pareto improvements among students
respecting the priority structure and priority-constrained efficiency, as introduced by Schlegel and
Mamageishvili (2020), is that our concept requires any potential Pareto improvement to have the
same total number of assigned seats in each course as currently assigned.® This again accounts
for the possibility of unfilled seats. Pareto improvements are possible between students and the
university registrar when students can improve on their assigned schedule by adding courses with
unfilled seats.®

Allocations are found through mechanisms, which systematically elicit student preferences over

course schedules. Evidence from business schools demonstrates that mechanisms requiring strategic

*Note that course rankings coincide with course priorities in single-unit demand environments.
5We also consider only deterministic allocations.
5Note Definition 2 reduces to Budish’s approximate Pareto efficiency in environments without course priorities.



play on behalf of students can lead to large complications with efficiency (Budish and Cantillon

2012, Budish and Kessler 2021, and Sénmez and Unver 2010).

Definition 3. A course allocation mechanism is strategy-proof if there is no student s, who, by
reporting manipulated preferences =", receives an allocation she strictly prefers to the course schedule

~S?

she would get by reporting 7.

We are mainly interested in mechanisms that are strategy-proof in the large; that is, strategy-proof
in a limit market in which each student regards the “prices” in pseudo-market mechanisms, as
introduced in the following section, as exogenous to her report (see Azevedo and Budish, 2019;
Budish, 2011).” We also assume that strategic play is only a concern for the students, as course

priorities are typically set based on commonly observable factors such as student seniority or major.

3 Pseudo-Market with Priorities

In this section, we present our novel mechanism, which allocates courses to students by extending the
concept of approximate competitive equilibrium from equal incomes (see Budish, 2011) to settings
with course priorities. For this purpose, we allocate to each student s a budget of fake money
b%. To obtain good fairness properties, we assume that budgets are almost the same, with 1 <
ming by < max,b; <1+ 3 for some small § > 0. The parameter [ is interpreted as the maximum
allowable budget inequality across students. We denote a positive number strictly greater than the
largest allowed budget as b = 1 + 3 + ¢ for some ¢ > 0. We also allow for a slack in the market-

clearing condition, which is bounded by a > 0. To respect the priority structure, we require a special

structure on priority-specific prices as defined below.

Definition 4. An allocation x*, prices p*, and budgets b* constitute an («, 5)-Pseudo-Market Equi-

librium with Priorities if
1. % € maxy {x’ €20 ol T < b:} for each student s € S.

2. For each course c € C, there exists a cut-off priority level r} such that Z{se&rs <rt} T < qe

and
{0} r<rh
Per €4 [0,0) r=rh. (1)
[b,4+00) 1>k
3. 12*|2 £ o, where 2* = (27, ...., 2}3;) and

"See He, Miralles, Pycia, and Yan (2018) for asymptotic incentive compatibility in random assignment matching
models.



(a) 2} = st;’c —qc iprR > 0,
(b) 22 =max(d_ x5, —qc,0) if p; p = 0.

4. 1 <ming b} < maxgb; <1+ .

Unlike Budish (2011), the above definition of pseudo-market equilibrium allows for course prices
to depend on priority levels, so that the vector of prices is p* = {pz,.}cec’reR € RME In the case of
R = 2, there are only two levels of priority: students with priority and all others. In undergraduate
course allocation, major-specific priority structure is an example of such a priority structure.

Condition (1) ensures that the equilibrium allocation satisfies the priority structure, i.e., high
priority students can obtain the course seats for free, the students at the cutoff level of priority face
non-negative prices, and lower priority students cannot afford the course. A similar condition on
prices first appeared in He, Miralles, Pycia, and Yan (2018) in the context of random allocation with
priorities. In their setting, the pseudo-market equilibrium requires the market to clear exactly for
courses with positive prices. In our setting, the market clears with some error. The market-clearing
error for a course depends on its price for the lowest priority R, so that under-demand is not counted
as an error if the price for the lowest priority group is zero. For all other cases, under-demand is

counted towards the market-clearing error.®

Condition Z{Ses:rs C<r*}:1:?;c < ¢, also ensures that
the cutoff is accurately defined, i.e., the cutoff cannot be lowered without causing under-demand

for the course.

3.1 The Existence of Pseudo-Market Equilibrium with Priorities

Each course has up to R levels of priority for students. Hence, any price vector p will have MR
components. This could potentially be problematic, as Budish (2011) establishes that the worst-case
bound on the market-clearing error is proportional to the square root of the dimension of the price
space. The main insight of the theorem presented below is that condition (1) allows us to reduce the
effective dimension of the price space. In particular, all but one price for a given course are either
zero or above the maximum allowable budget. Hence, there is only one relevant price component
for each course. The theorem below shows there always exists a Pseudo-Market Equilibrium with

Priorities with the same market-clearing error as in the case without priorities.”

8We want to mention that this requirement is a non-trivial extension of Budish (2011)’s condition to settings with
course priorities. One consider an alternative definition where the market-clearing error for under-demanded courses
with zero price for each level of priority is not counted as an error. In this case, one could use the cutoff level to
artificially lower the market-clearing error. For example, consider the situation of a course with a price of zero at or
below the cutoff level of priority and a price of b above the cutoff level. In this case, the market-clearing error is zero
according to the alternative definition. At the same time, the unfilled course seats should be counted towards the
market-clearing error as they could be potentially eliminated if the price above the cutoff level was decreased.

“Budish (2011) shows the existence of an A-CEEI with market-clearing error at most v/oM/2, where o =
min{2k, M }. Because we assume k < M /2, the worst-case bound on the market-clearing error is \/kM /2.



Theorem 1. For any 3 > 0, there exists a (\/kM /2, B)-Pseudo-Market Equilibrium with Priorities.
Proof. See Kornbluth and Kushnir (2022). O

Overall, Theorem 1 establishes the existence of the Pseudo-Market Equilibrium with Priorities,
which is an extension of Theorem 1 in Budish (2011) to environments with priorities. The equi-
librium has the same worst-case bound on the market-clearing error as the A-CEEI in the same

environment without priorities.

3.2 Pseudo-Market with Priorities Mechanism

Using the Pseudo-Market Equilibrium with Priorities, we introduce the Pseudo-Market with Prior-
ities (PMP) mechanism and investigate its properties in terms of fairness, efficiency, and the ability

of students to manipulate its outcome.

Definition 5 (Pseudo-Market with Priorities Mechanism). The Pseudo-Market with Priorities
mechanism with market-clearing error o and budget inequality 5 is defined through the following

steps:

1. FEach student s reports preferences s over permissible course schedules.

~S

2. Each student s is assigned a budget b% that is a uniform random draw from [1,1+ S].
3. Compute prices p* = {p;, }eecrer and allocation x* = (27, ...,x§) such that

e for each student s € S, allocation x} mazximizes her utility:

Tt = max {x/ € 2¢ . sz,rs,cwlc < b:}

ceC

o for each c € C, there exists a cutoff priority level r} such that Z{seswscq*}x:ﬁ < ge

and
{0} r<r:
Per €1 [0,0) r=rk.

[b,+00) T >k

e the market-clearing error is smaller than «, i.e., ||z*||2 < a, where z* = (2})cec, and

o) 2 ses T = e i prir>0

max [(X,es #5c = 4e) 01 #prp =0



Kornbluth and Kushnir (2022) establish that the PMP mechanism satisfied several important
properties. For brevity of this submission we only state them without proofs. First, we show that

the outcome of the PMP mechanism prevents justified course envy.

Theorem 2. The outcome of the Pseudo-Market Equilibrium with Priorities mechanism prevents

Justified course envy.

This property is closely related to (pairwise) stability in two-sided matching markets (see Echenique
and Oviedo, 2006). The main difference is the possibility of blocking course-student pairs and
individual courses due to the presence of under-subscribed and over-subscribed courses for the
outcome of the PMP mechanism.

The PMP mechanism is not Pareto efficient. This is because it also needs to satisfy course
priorities that might be in conflict with student preferences, similarly to how stable allocations in
one-sided matching markets might not be Pareto efficient (see Roth and Sotomayor, 1990). However,
the next result shows that the outcome of the PMP mechanism satisfies a form of constrained Pareto
efficiency, i.e., students cannot trade courses among each other to improve their outcome without

violating the priority structure.

Theorem 3. The outcome of the Pseudo-Market Equilibrium with Priorities mechanism prevents

Pareto improvements among students respecting the priority structure.

Finally, there is almost no incentive for students to manipulate the PMP mechanism for large

populations, which is typically the case for undergraduate course allocation.
Theorem 4. The Pseudo-Market with Priorities mechanism is strategy-proof in the large.

Next, we consider the performance of the PMP mechanism via simulations.

4 Simulations

We compare the performance of the Pseudo-Market with Priorities and Random Serial Dictatorship
mechanisms through simulations of the course allocation process in a US college-sized environment.
Our environment consists of 5000 students and 1000 courses, where each student demands a seat in
five courses and each course has 26 seats.

We consider a setting with major-specific priorities.'® To create a priority structure, students
and courses are randomly and evenly distributed across fifty majors. Each course gives priority to
students that share its major, setting r» = 1 for students with the same major (majors) and r = 2

for those who do not (non-majors).

10See Kornbluth and Kushnir (2022) for simulation in settings with major- and year-specific priorities.



Students are given a nonzero utility for ten out of the 1000 courses, including five courses
within their major and five randomly selected others. This is a realistic assumption; even though a
university may run hundreds of courses in a semester, any given student will only consider taking
a small subset of the courses. Moreover, it allows our program to accommodate a large number
of courses. For each student-course pair, this utility is made up of a non-random, random, and
major-specific component. For course ¢ = 1,...,1000, if student s gives course ¢ a nonzero utility,
student s’s utility for taking course ¢ is ¢ 4+ €5 + 250 - [rg. = 1], where €, is a random integer
between —500 and 500 assigned to each student-course pair with positive utility, and [rs. = 1] is
an indicator variable which adds 250 utility if ¢ is in s’s major. This utility design emphasizes
that while some courses may be popular or unpopular among students, individual preferences vary.
Preferences over course schedules are additively separable with respect to individual course utilities.

To find a Pseudo-Market Equilibrium with Priorities, we use a Tabu Search process similar to
that of Othman, Sandholm, and Budish (2010) and Budish, Cachon, Kessler, and Othman (2017).
Starting with a random vector of prices, each student’s utility-maximizing schedule is found, and
neighboring vectors are produced that adjust course prices based on over and under-demand. The
neighboring vector with the largest reduction in market-clearing error is selected as a new starting
point. The mechanism terminates after reaching the worst-case bound on the market-clearing error
of « = \/kM/2 = 50 and failing to improve significantly on the market-clearing error within five
choices of a neighboring vector.

The RSD mechanism is conducted based on a randomly determined priority order among stu-
dents. According to this order, students are assigned their most-preferred available course schedule.
When a student selects a course within their major that has not filled all of its set-aside seats, the
student will be assigned a set-aside seat. When no set-asides remain, students in the course’s major
take the remaining seats. Students outside the course major can only take seats outside set-asides.
As a result, even if there are unfilled seats in a course, the course may not available to a non-major
student. In practice, this is used to aid the entry of students to courses within their majors, but
can lead to inefficiency when too many or too few seats are reserved.

University registrars rely on information from previous years to estimate how many seats to
reserve for majors in each course. To emulate this process, we randomly generate 25 environments,
each consisting of student utilities, student and course majors, and a ranking across students. We
utilize the deferred acceptance algorithm to determine an optimized number of set-asides for each
course. This ensures that no non-major can receive a seat in a course when a major cannot, and
no seat in a course is left empty when a student could benefit by taking it. Assigning each course
set-asides equal to the number of seats it assigns to majors, it cannot be that a course has too

many or too few set-asides; no non-major can receive a seat in a course when a major can, and no

10



Mechanism Mean Student Utility | St. Dev. Student Utility | Distance to SOSM
RSD 3848 1202 876
DA with Random Priorities 4069 808 79
DA 4069 808 79
PMP 4069 808 79

Table 1: The mean and standard deviation of students’ utility, and the number of beneficial adjust-
ments for the PMP and RSD mechanisms for major-specific priorities.

unclaimed set-aside seats prevent a non-major from taking the course. We take the average across
the 25 groups (with each value rounded to the nearest integer) to be the set-asides we use in our
simulations.

In turn, the PMP mechanism endogenously and optimally determines the number of set-asides.
The PMP still allows for a possibility of a limited number of beneficial adjustments. When the
market clears approximately, if there is under-demand when course prices are positive, there could
exist unfilled seats that students at or above the cutoff level could benefit from taking. To provide a
measure of beneficial adjustments in the PMP mechanism, we count the number of under-demanded
seats when course prices are positive. Note that the under-demand will lead to beneficial adjustments
only if there are students above the cutoff who would have demanded the course.

Table 1 presents results averaged across 100 simulations. As measures of student satisfaction
and outcome fairness, we consider the mean and standard deviation of student total utility. We
also count the number of possible beneficial adjustments in the RSD and PMP mechanisms as
described above. The PMP mechanism is an improvement over the RSD in terms of students’
average utility and leads to a more fair outcome by reducing the standard deviation of students’
utilities. Additionally, the PMP mechanism leads to far less beneficial adjustments than the RSD
mechanism. The 2734 beneficial adjustments in the RSD come from an average of 1450 different
students, making up nearly 29% of the student body. In the PMP mechanism, under-demand is
an upper bound on the true number of possible beneficial adjustments in the PMP mechanism;
under-demand will only lead to beneficial adjustments if there are students above the cutoff would
have demanded the course.

This suggests that reserving seats for students can lead to inefficiency even if the university
registrar bases its set-asides on information from previous years. Because the PMP mechanism

endogenously determines its cutoff groups, it can approximately determine the number of set-asides

11



necessary. In doing this, the PMP mechanism allows for a university to prioritize the entry of

students into courses with less of a sacrifice to efficiency as the RSD.

5 Conclusion

In this paper, we explore a many-to-many matching problem that typically arises in undergrad-
uate course allocation. We allow courses to prioritize students based on factors such as seniority
and major, and design a deterministic allocation mechanism, the Pseudo-Market with Priorities
mechanism, that respects this priority structure. The PMP mechanism is an extension of the A-
CEEI mechanism to settings with course priorities and maintains its upper bound on the outcome’s
market-clearing error. We highlight how university registrars could benefit from adopting the PMP
mechanism through computer simulations. First, the PMP mechanism respects course priorities
and computes course set-asides endogenously, which relieves the burden of estimating them cor-
rectly from university registrars. In doing this, the PMP mechanism also ensures that students who
require courses for their majors are assigned these courses and leaves almost no seats that need to
be assigned manually. Second, the PMP mechanism leads to a more equal distribution of courses

among students at the same level of priority than the serial dictatorship mechanism.
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