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Abstract We give a combinatorial description of the
finitely generated free weak nilpotent minimum alge-
bras, and provide explicit constructions of normal forms.

1 Introduction

A triangular norm T is a binary, associative and com-
mutative [0, 1]-valued operation on the unit square [0, 1]?
that is monotone (b < ¢ implies T'(a,b) < T'(a, ¢) for all
a,b,c € [0,1]), has 1 as identity (T(a,1) = a for all
a € [0,1]), and (thus) has 0 as annihilator (T'(a,0) =0
for all a € [0,1]). In the theory of fuzzy sets, triangu-
lar norms and their duals, triangular conorms, model
respectively intersections and unions of fuzzy sets, and
hence provide natural interpretations for conjunctions
and disjunctions of propositions whose truth values range
over the unit interval. If a triangular norm 7' is left con-
tinuous, then the operation R(a,b) = max{c | T(a,c) <
b}, called the residual of T, is the unique binary [0, 1]-
valued operation on the unit square that satisfies the
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residuation equivalence,
T(a,b) < cif and only if a < R(b, ¢),

for all a,b,¢ € [0,1], and hence arguably acts as the
logical implication induced by the interpretation of T'
as a logical conjunction (for instance, it implies right
distributivity of R over T).

It is known that the class of all left continuous tri-
angular norms and their residuals, intended as the alge-
braic structures obtained by equipping the unit interval
[0,1] with a distributive bounded integral lattice struc-
ture (A, V, 0, and 1) together with a triangular norm
and its residual (- and —), generates a certain vari-
ety of residuated lattices, M TL-algebras, which forms in
fact the algebraic counterpart of a many-valued propo-
sitional logic called monoidal triangular norm logic,
MTL-logic; for a discussion and an axiomatization of
MTL-logic we refer the reader to [10,14].

Adopting this logical interpretation, if

A=(ANV,,—,0,1)

is a MTL-algebra, then the unary operation term de-
fined by

!
a =a—0,

for all @ € A, is intended as a negation operation. In-
terestingly, the class of unary operation ’: [0, 1] — [0, 1]
arising as negation operations of MTL-algebras over
[0,1] coincides with the class of weak negation oper-
ations [16]; that is, unary operations over [0, 1] such
that, for all a,b € [0,1]: 0 = 1; a < b implies ¥/ < d’;
and, a < a”.

Given a weak negation ’: [0,1] — [0, 1], it is possible
to equip [0,1] with a particular MTL-algebraic struc-
ture by defining the norm operation as follows, for all
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a,bel0,1]:

ifa<¥,

0
a-b= (1)
aANb otherwise.

For instance, Figure 1 displays the first four members
of the family of weak negations {f, | n =0,1,2,...},
where f, is the step function over [0, 1] that maps 0 to
1, and ((¢ — 1)/n,i/n] to (n —i)/n for i = 1,2,...,n,
so that f,, has 2™ discontinuities. The top part displays
the graphs of fy, f1, fo, and f3, and the bottom part
displays the triangular norms induced (1).
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Fig. 1

In fact, the class of all weak negations, intended
as the MTL-algebraic structures over [0,1] described
above, generates a subvariety of MTL-algebras, namely
the variety of weak nilpotent minimum algebras, or, for
short, WNM-algebras. The naming refers to the nilpo-
tent minimum triangular norm, introduced by Fodor
[11], which corresponds via (1) to the special weak nega-
tion ' = 1—a for all a € [0, 1], which is involutive, that
is @’ = a for all a € [0,1]. See Figure 2. Actually, the
family {f, | n = 0,1,2,...} is sufficient to generate
all WNM-algebras [16]. WNM-algebras have been ex-
tensively studied in Carles Noguera’s PhD dissertation
[16]. We refer the reader to this monograph for back-
ground.

Fig. 2: The graphs of the involutive weak negation a — 1 —
a (on the left) and its triangular norm (on the right), the
nilpotent minimum triangular norm by Fodor [11].

In this note, we give a concrete, combinatorial de-
scription of free finitely generated free algebras in the

variety of WNM-algebras. Knowledge of the structure
of the free WNM-algebras is interesting for both logical
and algebraic reasons.

On the logical side, the elements of the free alge-
bra, which we explicitly construct, are exactly the truth
functions of the corresponding propositional logic. The
result then launches further investigation of various fea-
tures of the deductive system, such as interpolation,
unification, and admissibility; it is worth to mention
that in [9], Ciabattoni et al. present a uniform method
for generating analytic logical calculi from given ax-
iom schemata, and the WNM-logic represents a hard
case (in a sense that can be made precise) where the
method succeeds. In the recent work [2] the authors
use a WNM-chain to solve an open problem posed by
Franco Montagna in [15], namely that, for extensions of
the logic MTL, the single chain completeness does not
imply the strong single chain completeness.

On the algebraic side, the problem is non-trivial
because it requires a description of finitely generated
WNDM-chains, nice enough to study a certain subalge-
bra of their direct product. Exploiting the fact that
WNDM-algebras are locally finite, a combinatorial de-
scription of WNM-chains is reachable, in sharp contrast
with MTL-algebras, where a nice description of chains
is unknown (and hard). Certain special cases of WNM-
algebras have been studied, namely the variety gener-
ated by fo and f; in Figure 1, respectively Godel [13]
and RDP-algebras [18,6], and the variety generated by
the involutive negation in Figure 2, NM-algebras, to-
gether with NMG-algebras [5]. The paper [12] classifies
all subvarieties of NM-algebras, while [8,4] determines
the structure of free NM-algebras. In this note, in the
veine of [3], we generalize such results to the entire class
of WNM-algebras.

We conclude the introduction by making precise the
background notions and facts about finitely presented
algebras and weak nilpotent minimum algebras used in
the above discussion. For further standard background
in universal algebra, we refer the reader to [7].

1.1 Finitely Generated Free Algebras

Let o be a finite algebraic signature, that is, a finite set
of operation symbols with an arity function ar: ¢ —
{0} UN. Let X = {x1,22,...} be a countable set of
variables; x,y, z,... denote arbitrary pairwise distinct
variables in X. The set of o-terms is the smallest set T’
such that: XU{f € o | ar(f) =0} C T;forall f € o, if
ar(f) =k >1and s1,...,s, € T, then f(s1,...,8) €
T.For Y C X, we let Ty denote the set of o-terms on
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variables Y’; in short, we write T}, instead of Ty, .
if t € T, we also write t(x1,...,2y).

Equations (on o) are first-order o-formulas of the
form s =t with s,t € T'; we say that s =t is in Ty if
s,t € Ty; if = is a set of equations, we say that = is
in Ty if each equation in = is in Ty. If Y C X is finite
and Z is a finite set of equations in Ty, we denote by

Z the conjunction of all equations in =.

A o-algebra A = (A, (f*)eo) is a non-empty set A
equipped with a family of operations indexed by o, such
that f4: A2(f) — Afor all f € o; in particular, f4 € A
ifar(f) =0. Ais trivial if |A| = 1. Ift € Ty and g: X —
A, then the evaluation of ¢ in A under g, in symbols
t*(g) € A, is defined inductively on ¢ as follows: t*(g) =
gla) if t =z € YV t4(g) = fA(s1(9)s- s shpy(9) if
t= f(s1,...,8ar(p)) With f € 0 and s1,..., sa(5) € Ty;
in particular, t*(g) = f* if t = f and ar(f) = 0. We
write A, g = s = t iff s%(g) = t*(g).

A class of o-algebras V is an (algebraic) variety if
and only if, there exists a set of equations = such that
AeViff Alges=tforallg: X > Aand s=tin =
[7]; if V is the class of models of = we also write V=.

As usual, an n-generated o-algebra A is an alge-
bra on a signature oy .,y (in short, 0,,) extending o
with n new constant symbols x1,...,x,, that is, o, =
(o,21,...,oy) with ar(z;) =0 for i =1,...,n, and

A= (A7 (fA)fEJ’I‘?7 e 71"2)7

where for each a € A there is a term ¢ € T}, such that
t*» = a. Then, if A and B are n-generated o-algebras,
we say that:

.,wn};

1. A is a subalgebra of B if there exists an injective
op-homomorphism from A to B;

2. A is isomorphic to B if there exists a bijective o,-
homomorphism from A to B;

3. B is a quotient of A if there exists a surjective o,,-
homomorphism A from A to B and B is isomorphic
to A/ =, where = is the congruence relation on A
defined as usual (a = b iff h(a) = h(b) for all a,b €
A).

For Y C X, the o-algebra

Ty = (Ty, (f™ ) eo)

where fTY (81, veay Sar(f)) = f(sl, ey Sar(f)) for all
515+, Sar(f) € Ty (in particular T = fifar(f) =0)
is called the term algebra (on o). Note that

T, = (Tna(an>f€Un7x'1ﬂ‘n7'""Tgn)

is in fact an n-generated o-algebra with generators x?"
=g;fori=1,...,n.

We define the notion of finitely presented algebra for
V= a finitely axiomatized variety, that is, with = finite.

A presentation is a pair (Y, X) where X' is a finite set

of equations in Ty; (Y, X) is finite if Y = {z1,...,2,}
for some n € N. A finite presentation ({z1,..., 2}, X)
defines the equivalence relation,

s=tif and only if {AZ,AX} Es=t, (2)

where s,t € T, are related iff for all A € V= and
g: X = A if A,g = X, then A, g | s = t. The relation
= is a congruence relation on T,. In this setting, the
algebra in V=, finitely presented by ({z1,...,z,}, %),
is the quotient
T,/ =.
Conversely, a o-algebra A € Vz is finitely presented
iff A is isomorphic to a quotient T,,/ =, where = is the
congruence defined as in (2) by some finite presentation.
If ¥ =0, then we denote T,/ = by

Fn, = ({[tlz |t € Tn}, (f]F")feanvxlana S vx]fzn)

and we refer to F,, as the o-algebra in V= freely gener-
ated by z;" = [x;]= fori = 1,...,n. In this case, by (2),

if © is a finite set of equations in T), and h: {z1,...,z,}
— F,, is such that z; — [z;]= for i = 1,...,n, then,
F,,h = © if and only if A E AO (3)

for all A € V=.

Notation 1 If A = (A, (f*)fe,) is a o-algebra, and
s, t € T,, then we write

A= s =t if and only if s* =t*;

moreover, if a € A is such that s® = a, then we write
A E s =ainstead of A,h = s =x, where h: X — A is
such that h(z) = a.

1.2 Weak Nilpotent Minimum Algebras

Fix 0 = (A,-,—,0,1) with ar(o) = 2 for all o € {A, -, —
}, and ar(0) = ar(1) = 0. We write «’ instead of  — 0,
x Vy instead of ((x — y) — y) A ((y = x) — x),
and z? instead of z - z. As usual, we adopt the in-
fix notation for binary operation symbols. A monoidal
triangular norm based logic algebra (in short, MTL-
algebra) is a o-algebra A = (A, AR A A 04 14) such
that (A, A% vA 0% 1%) is a bounded lattice, (A, -*, 1%)
is a commutative monoid, a -* ¢ <* b if and only if
c <h a —=* b for all a,b,c € A (residuation), which is
true if and only if,

AE(z—=((z-y) V) Ay=y,
AEyvz)-z=(y z)V(z ),
A= - (y—z)Ve=um
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and A Ez — yVy — x =1 (prelinearity). Therefore
there exists a finite set of equations = in TY, , .1 such
that a o-algebra A models = if and only if A is a MTL-
algebra [10]; we denote the variety of MTL-algebras by
MT L. We collect some known facts on MTL-algebras
[10].

Note that for all A € MT L and a,b € A, by residu-
ation and integrality, a =" a A 14 <A b iff 14 <A q =4
b =14, therefore b <* @ iff @ —* b <® 1*. Moreover,

Ao =2 (4)

Let A be a MTL-algebra. A filter on A is a non-
empty upset B C A closed under the operation -*. A
filter B on A is prime if B ¢ A and a —* b € B
or b =»* a € B for all a,b € A. The set of filters on
A, with intersection as meet operation and closure of
union under -* as join operation, is a lattice. The lat-
tice of congruences on A is isomorphic to the lattice of
filters on A, via the map that sends a congruence = on
A to the filter {a € A | a = 14} = [1%]Z; the inverse
map sends a filter B C A to the congruence, a = b iff for
all a,b € A, a - b € B and b —»* a € B. In fact, un-
der such bijective correspondence, completely meet irre-
ducible congruences maps to prime filters, which implies
by universal algebraic facts that subdirectly irreducible
MTL-algebras are chains. In fact, let C = A/ =. If
[14]2 is prime, then a —* b € [1%]= or b —* a € [1%]=
for all a,b € A; in the first case,

[a]= —¢ b= = [a - b= = [1A]E

implies [a]= <€ [b]=; in the second case, similarly, [b]= <€
[a)=. Then C is a chain. Similarly, if C is a chain, then
[14]= is prime. It follows by universal algebraic facts,
that the variety of MTL-algebras is generated by MTL-
chains.

A MTL-algebra A is a weak nilpotent minimum al-
gebra (in short, WNM-algebra) if

AE(z-y)VzAy) »x-y) =1 (5)

we let WN M denote the variety of WNM-algebras. In
particular, the variety WA M is generated by WNM-
chains, and for all WNM-chains C, the operations -©
and —C are uniquely determined by the lattice and
negation operations, as follows (for all a,b € C):

OC f <(C b/(c
aCh= na= 7o (6)
a AC€b otherwise;

1€ if a <€,
a—=Cb= c e -
a’* vt b otherwise.

(7)

Direct inspection of the previous equations and (4) shows
that finitely generated WNM-chains are finite, which

implies that the variety WA M is locally finite, that is,
finitely generated algebras are finite [16].

Let A € WN M. Then A is: a NMG-algebra (no-
tion introduced in [20], while the following one-variable
axiomatisation is given in [1]), if

AE2"vV(E"—1)=1
a RDP-algebra (revised drastic product algebra) [19], if
AE2"V(r—2)=1;

a NM-algebra (nilpotent minimum algebra), if A is a
WNM-algebra (or an NMG-algebra) and

A" =ux

a Godel algebra, if A is a MTL-algebra (or a WNM-
algebra) and

Az =2
Notice that in [1] it is proved that Godel algebras, NM-
algebras, and NMG-algebras can be axiomatised from
MTL-algebras using only one-variable axioms. This is
achieved replacing (5) with the following:

AE(@-2)VE—z-2)=1 (8)

On the other hand, replacing (5) by (8) does not work
for RDP-algebras: as a matter of fact, MTL-algebras
satisfying (8) constitutes a subvariety properly larger
than RDP-algebras, named GP-algebras in [1].

We apply routinely the following known facts [17].

Proposition 1 For all WNM-chains C and g: X —
O.

CygFa<a"=N(zeClz<zz=2"), )
CgEz=2% iff C,gl=a’ <z orC,gl=2 =0, (10)
C,gEx <y implies C,g =y <a, (11)

C,gE2 <z and C,g E vy <y implies C,g =2’ <,
(12)

CgkEx <z and C,g |y <y implies C,g =z <y,
(13)

C,gEa2 <z andC,gEy <y impliesC,g=2" <y'.
(14)

Organization. In this note, we provide an explicit de-
scription of finitely presented WNM-algebras. We pro-
vide an explicit direct decomposition of the WNM-alge-
bra freely generated by x1,...,x,, and we give an ex-
plicit construction of normal forms.

The paper is organized as follows. Let n > 1. In
Section 2, we characterize the (finite) set

Cn,={Cy,...,C,},
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where each C; is a subdirectly irreducible WNM-algebra
n-generated by xfj fori=1,....,nand j =1,...,m,
and the C;’s are pairwise non o,-isomorphic. By uni-
versal algebraic facts, the WNM-algebra F,, freely gen-

erated by zi" = (a:(icl,...wfm) fori=1,...,nis (op-
isomorphic to) the subalgebra A of Cy x - -+ x C,,, gen-
erated by r# = (x;-cl,...,m(ic’") fori=1,...,n [7]. In

Section 3, we characterize factors in the direct decom-
position of F,,. In Section 4, we provide an explicit com-
binatorial description of FF,,.

2 Subdirectly Irreducible WNM-algebras

In this section, we describe the (finite) set
C,={Cq,...,Cy}

of (pairwise non o,,-isomorphic) subdirectly irreducible
n-generated WNM-algebras. Actually, the structure of
subdirectly irreducible WNM-algebras is well-known,
see for instance [16]. Being WNM-algebras a subvari-
ety of MTL-algebras, the subdirectly irreducible WNM-
algebras are chains, whose operations are completely
determined by the choice of the negation operation,
which is an arbitrary weak negation. Moreover, being
WNM-algebras a locally finite variety, the n-generated
subdirectly irreducible members coincide with the n-
generated chains, which all have finite cardinality. In
this section we classify o,-isomorphism classes of sub-
firectly irreducible n-generated WNM-algebras by sub-
dividing the universe of n-generated chains into blocks.
This representation turns out to be useful to charac-
terise the direct factors of the free n-generated WNM-
algebra, given in a later section.

Definition 1 (Blockwise Representation) Let C be
a WNM-chain generated by z¢,...,2C € C. Then
bk((C) = ({317 s 7Bk}? (fbk(C))fEUa 'rllak(C)a s 7xbk((:))

n

(reads blockwise C) is the n-generated WNM-chain such
that:

1. the blocks By, ..., By form a partition of

{0,1, 2,2,z |i=1,...,n};
2. the generator x?k(c)
1=1,...,n;

3.z,ye B iff Cra=yforj=1,...k;

4. B; <PK(©) B iff C = ¢ < y, where x € Bj,
yEBjJrhj:L...,k—l;

5. B;bk(c) = B, iff C = 2/ =y, where z € B;, y € By,
j=1,... k.

is the block containing x; for

We also write,

bk((C):Bl<"'<Bk.

The n-generated WNM-chains bk(C) and C are o,,-
isomorphic, clearly. The next fact characterizes the class
C; of singly generated WNM-chains.

Proposition 2 C; = {C; | i =1,...,9}, where:

bk(Cy) = O0zyzf < 211,
bk(Co) =0 <2y <2y <2} <1,
bk(C3) =0 < z12] <z} < 1,
bk(Cy) =0 < zy < i} <1,
bk(Cs) = 0 < 2122} <1,
bk(Ce) =0< 2} <z <2f <1,
bk(Cr) =0 < 2] < mzf <1,
bk(Cs) = 0z < 21 < 211,
bk(Cy) = 0z < x1271,

with slight liberality in the usage of the blockwise nota-
tion.

Proof Equations (4),(6) and (7) show that each singly
generated o1-WNM-chain A contains at most 5 ele-
ments: its universe is the set {04z, (z))%, (z/)4,1}.
Moreover, two such chains A, B such that, for each
pair of elements ¢, co € {0,z1,2),2],1} it holds that
e <u oy iff ¢ <g B, are clearly oy-isomorphic. Tak-
ing into account that A | z < z”, direct inspection
now proves that each singly generated o1-WNM-chain
is isomorphic with one in C;. Notice that all chains in
C; have negations that are restrictions of fo. O

123456789
Fig. 3: The construction of C; in Proposition 2. On the left,
the graph of z: [0,1] — [0,1] and z’: [0,1] — [0, 1], where
0 =1,a =3/4 for a € (0,1/4], o’ = 1/2 for a € (1/4,1/2],
a’ =1/4 for a € (1/2,3/4], ' =0 for a € (3/4,1]. The WNM-
chain Cg (center) is generated by = = 5/8, so that 2/ = 1/4
and z’/ = 3/4. On the right, the WNM-chains Cq,...,Cg,

numbered from 1 to 9, where solid, e, and open, o, dots denote
respectively idempotent and non-idempotent elements.

Let C € C,. For i = 1,...,n, the orbit of x; in C
is the o;-subalgebra of C generated by &, We define
orbit(C,0) = 1, orbit(C,1) = 9, and for i = 1,...,n,

orbit(C, z;) = j,
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iff the orbit of z; in C is oy;-isomorphic to C; € Cy,
where j € {1,...,9}. Notice that the orbit of x; in C
is in Cy, hence oy;-isomorphic to C; € C; for some
je{l,...,9}.

Ezample 1 C € C, is a Boolean (respectively, Godel,
NM, NMG, RDP) chain iff orbit(C, z;) € {1,9} (respec-
tively, orbit(C, z;) € {1,8,9}, orbit(C, z;) € {1,3,5,7,
9}, orbit(C, z;) € {1,3,5,7,8,9}, orbit(C, z;) € {1,4,
5,8,9}) foralli=1,...,n.

Let
KnCCp

be such that C € IC, iff C € C,, and there does not exist
D € C, and a congruence = on D above the identity
such that C =D/ =.

Proposition 3 C € K, if and only if orbit(C,z;) €
{2,3,...,7} foralli=1,... n.

Proof Let bk(C) = By < --- < By. Then, C € K,, iff
By, = {1}, iff orbit(C,z;) #1,8,9in C fori=1,...,n.
O

Ezample 2 (n = 1) By Proposition 3, 1 = {Ca,...,C7}
C C;. See Figure 4. In fact, C; is a quotient of Co
via [1]= = {z},1}, Cs is a quotient of Cg via [1]= =
{z7,1}, and Cy is a quotient of C; and Cg via [1]= =
{z1,27,1}.

N

S
“w
N

2 4

Fig. 4: K1 = {C27C3,(C4,(C5,(C6,C7} C(Cy.

Ezample 8 (n = 2) Ko is listed in Appendix A. For
readability sake, we display the generators z; and x5
as x and y respectively.

Proposition 4 The free n-generated WNM-algebra F,,
is (isomorphic to) the subalgebra of [[cex, C generated

by (25)cex, fori=1,...,n.
Proof Let C,, = {Cy,...,Ci,Cgy1,...,Ci}and let £, =
{C4,...,Cy}. By universal algebraic facts [7], F,, is iso-

morphic to the subalgebra of HCECn C generated by
(#%)cec, for i = 1,...,n. By Proposition 3, the latter
is 0,,-isomorphic to the subalgebra of [].. i, C gener-
ated by (2%)cex, fori=1,...,n. O

We establish the basic terminology and facts on
WNDM-chains.

Notation 2 Let D € K,,. We write,
D, = {0},
Dy = {z;, 2] | orbit(D,x;) € {2,3},i=1,...,n}
U {x} | orbit(D,z;) € {6,7},i=1,...,n},
Dy = {x; | orbit(D,z;) =4,i=1,...,n},
D3 = {z, 2] | orbit(D,x;) =4,i =1,...,n}
U {x;, z}, zf | orbit(D, z;) = 5,i =1,...,n},
Dy = {z | orbit(D,z;) € {2,3},i=1,...,n}
U {zy, 2 | orbit(D,z;) € {6,7},i=1,...,n},
Ds = {1}.
Also, we let lp, gp € D be such that,

]D)Zl]p): /\ Z,

x€D4UDs

vV e

x€DyUD1UD>UD3

]D))ZQDZ

The following facts hold by inspection of C;. We
write p < ¢ to mean that p < g and there is no r such
that p <r <gq.

Fact 1 (Blocks) Let D € K,,. Then,

(i) x € Dy iff D= =0 iff 2’ € Ds;

() zeD iff DEO<x <" <2 iff e’ € Dy;

(t4i) © € Dy iff D =z < 2" =2/, and x € Dy

implies ' € Ds;

(w)zx € Ds iff DEx=2a"=2a" iff v’ € Ds;

(w)zeDyiff D2 <ax<1liffa’ € Dy;

(vi) zx € Dy iff D= ax =1 iff ' € Dy.

Also, lp is the least element x € D such that D |=

2’ < x, and gp is the greatest element x € D such that
DEz<a, soDE gp < Ip.

In words, Ilp is the least idempotent element strictly
above the bottom and gy is the greatest non-idempotent
element in D; note that D € /C,, implies that gp exists.
For instance, for each chain D € K in Figure 4, Ip and
gp are respectively the smallest solid dot (above the
bottom) and the largest open dot.

Proposition 5 (Order Between Blocks) Let D €
Kn. Then, D =z <y for all x € D; and y € D; with
0<i<j<s.

Proof Tt is sufficient to show that D | = < y for all
x € D;andy € D;yq withi = 1,2,3. In all cases, clearly
D = z # y. Assume for a contradiction D | y < x.
Ifz € Dyand y € Dy, then D E y < z < 2/ <
o <y =y’ <2’ Ifx € Dy and y € D3, then
DEy<z<a’'=a <y =y’ =y Ifx € D3 and
yE€ Dy then Dy <y<az=2"=2'<y. O
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Proposition 6 (Order Within Blocks) LetD € KC,,.
Then, if x,y € D3, then D =z = y.

Proof If x,y € D3, assume for a contradiction D = x <
y (the case D |= y < x is symmetric). Then, D = 2’ =
r<y=y <. O

Let D € K,,. In light of Proposition 5 and Proposi-
tion 6, bk(D) has the form,

l)()<l)1’1<"'<l)1,i1 <D2)1<"'<D27i2<D3§
< D3 <Dy <-- <Dy, <Ds,

where {Dj1,...,Dj,} is a partition of D; (j = 1,2,4).

We prepare a technical fact for later use in Theorem 2. If
Ce K, and I € {{0,1},{2,3},{4,5}}, we write C =
UierCi.

Proposition 7 Let C,D € K, .
Let I,J € {{0,1},{2,3},{4,5}}, 2 € Cr,y € Cj, w €
Dy, z€ Dy.

() CEz<yandD E z < w implies either I =
J={0,1}, or I =J ={2,3}, or I = J = {4,5}.
(ii) C = y < x implies either x € Co1y and y €
0{071}, or r € 0{2)3} and y € 0{0)1} U 0{2)3}, or
T € 0{4,5} and y € 0{071} U 0{273} U 0{475}.

(t5ii)) C =z <y and D | 2/ < w implies either
(1, J) = ({0,1},{4,5}) or (I,J) = ({4,5},{0,1}).
(iv) C =y < x implies either x € Cyo1y and y €
Ciay, orw € Cra3y and y € Cry 5y, or x € Cys
and y € C{O,l} U 0{273} U 0{475}.

Proof (i) If x € Cyo,13 and w € Dyg 1y, then z € Dy 1y
because D = z < w, and then y € Cyo13. If x € Cya 3y
and w € Dya 3y, then z € Dyg 1y U Dya 3y because D |=
z <w. Theny € C,1}UC23y. But y & C{g,1y because
CEax<y Theny € Cps and z € D3 If v €
Clasy and w € Dyyp5y, then y € Cpy5) because C =
z <y, and then 2z € Dyj 3.

(7) Clear.

(7i) By part (i) and Fact 1, C =2 <y and D =
2" < wimplies either 2 € Cyo 1y, y € Cla sy, w € Dyo,13,
and 2z € Dyyp5y, or 7,y € Ca3y and w,z € Dya 3y, Or
HAS 0{475}, Yy e 0{0,1}7 w e D{475}, and z € D{0,1}~ But
w,z € Dyy 3 is impossible because D = 2" < w.

(iv) By part (74) noticing that z,y € C{a 3y is im-
possible as C =y < z. O

3 Direct Factors
In this section, we describe directly indecomposable n-

generated WNM-algebras, in fact the direct factors of
F,.

Definition 2 (Signature, C ~ D) C and D in K,
have the same signature (in symbols, C ~ D) iff:

(Sl) Cz = D1 for ¢ = 1,2,3,4;
(S2) ClEzoyiff D Exoy forall z,y € Cy and all
oe{<, =}

The signature relation is an equivalence relation on
K, ={Cq,...,Ci}. In the next section, we prove that
{C; | i € I} is a block in the partition induced by the
signature relation over IC,, iff the subalgebra of [ | el C;

generated by (J:;Cj )jer for i =1,...,nis a direct factor
of IF,,.

Ezample 4 (n = 1) The signature relation partitions
K1 into four blocks, namely {Cs, C3}, {C4}, {C5}, and
{C¢,C7}.

Ezample 5 (n = 2) See Appendix A. The signature re-
lation partitions Ko into 18 blocks By, ..., By, namely,
fOI‘j:L...,lS, Bj :{Ck | k‘EKj} with

Ky = {1,2,3,4,13,14, 35,36, 41,42, 43, 44, 53, 54},
K, = {5,15}, K3 = {6, 16},

Ky =1{7,...,12,17,...,22}, K5 = {23},

Kg = {24}, K7 = {25,26}, K5 = {27,28},

Ko = {29,...,34,39,40,69,...,74}, Ko = {37},
K = {38}a Kip = {45355}7 K3 = {46356}7

Ky = {47,...,52,57,...,62}, K15 = {63},

K16 = {64}, K17 = {65,66), K15 = {67,68}.

Definition 3 (Infix, infix(C,D)) Let C € K,,. For an
interval I = By < -+ < By, in bk(C), we write x € T iff
x € By U---UBj.

An infiz of C is an interval I in bk(C) such that:

(I) There exists x € I such that C =z = gc or C =
Tr = l(c.

Let C ~ D in KC,,. Then, infix(C, D) is the greatest com-
mon infix I of C and D such that:

(I2) ; € I and af, 2] & I, or a;,x},x € I for all i =

29 % 17
1

N

Ezample 6 (n = 1)1If K, is partitioned as in Example 4,
inﬁX((CQ, Cg) = iDﬁX((CG, C7) = (Z)

Ezample 7 (n = 2) See Appendix A. Let {By,..., Bis}
be the partition of Ko in Example 5. We list infix(C, D)
for every C ~ D in K5. By direct computation:

inﬁX(Cg, (C13) =y < y” < y’,

inﬁX(C;;, (C14) = yy” < y’,
iHﬁX(C42,(C53) =<1’ < ’I}/,

and infix(Cyq, Csq) = z2” < 2’ (in By);
infix(Cs, C15) =y < ¢'y" (in Ba);
infix(Cg, C16) = yy'y” (in Bs);
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lnﬁX(Cg, (Clg) =y <y<y’,
infix(
infix(C7, Cyg) = infix(Cy7,Cy) =
infix(Ci2,Ca2) = ¥ < yy”,
infix(Cy11,Cs) =z < 2’ < 2/,

and infix(Cqy, Cyg) = za” < 2’ (in By);
infix(Cy5,Co6) = z < 2’2" (in By);

infix(Ca7, Cag) = xa’2” (in Bs);

infix(Cgp, C31) = x’ < x <z,

mﬁx((ng, ng) (ng, (Cgo) = inﬁX(ng, (Cgl) =
infix(Cs3g, C32) = infix(C31,C32) = w,

infix(Cssz,Csq) = x’ < xx”,

infix(Cr,Cr1) = ¢/ < y <y,

mﬁx((ng, (C72) in ((C70, (C69 = inﬁX((C70, (C72) =

)
infix(Cgg, C71) = infix(Cr1,Cra) = v,
and infix(Crs, Cr4) = ¢ < yy” (in By);
inﬁx((C45, (C55) =z <7z (in Blg);

infix(Cyp, Cs6) = xza’x” (in Bis);

lnﬁX((C49,(C59) =7 <zr< QL‘H,

lnﬁX(C47, (C57) = inﬁx((C47, (C4g) = inﬁx((C47, C5g) =
1nﬁX(C57, (C49) i ﬁX(C57, (C5g) =,
1HﬁX(C52,C62) =1 < {ZZSC”,

and mﬁx((CGl,(Cg,g) =yy” <y (in Ba);
infix(Cgs, Ces) =y < y'y" (in Bi7);
infix(Cg7, Cgs) = yy'y” (in Bisg).

Theorem 1 Lett €T, and C~D in K,,.

(i) CEt <tiffDEt <t
(i1) For all x € infix(C,D), CEt=z iff D=t ==.

The statement says that the partition of C,, un-
der the equivalence relation ~ yields in fact subsets
{Dy,...,D;} C K,, maximal under inclusion (in the
powerset of IC,,) such that the subalgebra of Dy x - - - xDD,
generated by (x?lw..,x?l) for i = 1,...,n lacks non-
trivial direct factors.

Before proving the theorem, we illustrate the idea
with two examples, which we then formalize in Sec-
tion 4.3.

Ezample 8 (n = 1) See Figure 5.
Ezample 9 (n = 2) See Figure 6.

3.1 Proof of Theorem 1

Proof By induction on t, we prove,

(¢) for all I € {{0,1},{2,3},{4,5}}, there exists = €
UierC; = Cr such that C =t = x iff there exists
y € UjerD; = Dy such that D =t =y,

and part (7). Part (i) follows directly from (i") noticing

that if € Cpo1y U a3y and y € Dy 1y U Dya 3,

then by Fact 1, C,D =t < t, and if x € Cyy 5y and

y € C45), then by Fact 1, C,D =t < t.

(C7,(C17) = inﬁX(C7,Cg) = inﬁX(Cl77C19) =

2 3 2 3 2 3 2 3

2 2 2 2

Fig. 5: Consider C2 ~ Cs3 in K;. The first diagram displays
the term 2} € Ty as a pair in the subalgebra of Ca x C3
generated by (:cl ,113), note that C2,C3 = 2 < 2. The
second diagram displays a maximal antichain in the disjoint
union of Co and Cs, with as € C2 and a3 € Cs, that is
not realizable by a term ¢ € T7, in the sense that there not
exists a term ¢t € Ty such that Co E¢ = a2 and C3 =t =
az. In fact, Co = o) =¢ <t =12a] but C3 = 21 = 2f =
t < ¢ = &, impossible by Theorem 1(z). The third diagram
presents a poset P, extending the disjoint union of Cz and
C3 with two new cover relations, such that there not exists
a maximal antichain in P not realizable by a term ¢t € T}
in the above sense; Theorem 3 proves that in fact each such
maximal antichain is realized by a term ¢t € T;.

9 9 9 9 9 9

Fig. 6: Consider Cg ~ C19 in K2. Note that by Example 7,
infix(Cg,C19) = ¢’ < y < y". The configurations in the first
and third diagrams are consistent with Theorem 1. The con-
figurations in the second and fourth diagrams are inconsistent
with Theorem 1, respectively violating (i4) and (i). All con-
figurations in the sixth diagram, corresponding to maximal
antichains in the poset in the fifth diagram, are consistent
with Theorem 1; in fact, Theorem 3 shows that they are all
realizable by terms in TY.

Base Case. t € {0,1,2z; |i=1,...,n}.

Caset € {0,1}: Ift =1, thenC =t =z iffx = 1 € C,
andD =t =yiff y = 1 € Ds. This settles (7). For (i7), if
z € infix(C,D), then C=l=zif z =1if D=1=z.
The case t = 0 is similar.

Caset=1z; (1 €{1,...,n}): AsC e K,, z; € C1UCsU
C3 U Cy, say z; € C;. By Proposition 5, if C =t = z,
then « € C;. By (S1), C; = D; for i = 1,2,3,4. Then,
letting y = x; € D; we have D |= t = y. The converse is
symmetric. This settles (¢). For (i7), if 2 € infix(C,D)



Technical Report AC-TR-17-002

Free Weak Nilpotent Minimum Algebras

and C =t =a; =z, then D |= ¢t = x; = x by definition.
The converse is symmetric. This settles (ii).

Inductive Case. t € {u Av,u-v,u — v}.

Case t = u A v: We distinguish four cases.

Case CEu<wvand Dj=u <wv: Then, C=t=u
and D = ¢t = w and both parts follow by induction
hypothesis.

Casse CEu<vandDEu>v:Let CEu=u=x
with € Cr and C v = y with y € Cj, so that by
induction, D | v = w with w € Dy and D v = 2
with 2 € Dy (1, J € {{0, 1}, {2}, {3}, {4,5}}).

In this case, by Proposition 7, it holds that either
z,y € Cpo1y and w,z € Dyg 1y, or z,y € Cyp3; and
w,z € D3y, or z,y € Cry5y and w, 2z € Dyy 53. Then
part (i) follows, because C ¢t =uAv=xAy € {z,y}
and CEt=uAv=wAze{w,z}.

For part (ii), we prove that f C 2z =u<v=y
and D =Ew=u>v=2zs0that CEt=u=uzand
DEt=v=z and D | z # z, then z ¢ infix(C,D).
Assume for a contradiction that = € infix(C,D). Then
C E u = 2 implies D = u = z inductively.

Suppose first that z,y € C; and w,z € Dy with I €
{{0,1},{2,3}}. Then, y € infix(C,D) by (I1), because
CEx<y<gc<lcand z € infix(C,D). Then, C =
v = y implies D | v = y inductively. Since C =z <y
and z,y € infix(C,D), we have D F u =z < y = v,
contradicting D = u > v.

Suppose now that x,y € C4 5y and w, 2z € Dy 5y. In
this case, D = gp < Ip < 2 =v < w = u, because D =
2" < z. Observe that z ¢ infix(C, D), because otherwise
D E v = z implies C = v = z inductively, which implies
that C = o > z = v = y (contradicting C | = < y),
since D = 2 = u > z and z, z € infix(C,D). Then, by
(I1), w ¢ infix(C,D), a contradiction since D = w =
u =z and z € infix(C, D).

Conversely, we prove that f D Fw =u > v = 2
and CExz=u<v=y,sothat D=t =v =z and
CEt=u=u2z and C | x # z, then z ¢ infix(C,D).
Assume for a contradiction that z € infix(C,D). Then
D E v = z implies C = v = z inductively.

Suppose first that x,y € Cr and w,z € Dy with I €
{{0,1},{2,3}}. Then, w € infix(C, D) by (I1), because
DEz2=v<u=w<gp <lIp. Then, D Fu=w
implies C = v = w inductively. Since D = w > z
and w, z € infix(C,D), we have C Eu = w > z = v,
contradicting C = u < v.

Suppose now that z,y € Cyy 5y and w,2 € Dyypsy.
In this case, C = gc < lg < x < y. Observe that
z ¢ infix(C,D), because otherwise D = v = x induc-
tively, which implies that D F v = z < z = v (con-
tradicting D = u > v), since C =z =u < v = 2

and z, z € infix(C, D). Then, by (I1), y ¢ infix(C,D), a
contradiction since C |F y = v = z and z € infix(C, D).

This settles (ii).

Case CEu>vand D E u <ov: Swap C and D in
the previous case.

Case Cl=ru>vand D =u>v: Then, C=t=v
and D E t = v and both parts follow by induction
hypothesis.

Case t = u — v: We distinguish four cases.

Case CEu<vandDpEFu<v:ClEt=uziff
x=1€Cs,and D |t =y iff y =1 € Ds. This settles
both (¢) and (i1).

CseCEu<vandDpEu>v:Let CEu=ux
with 2 € Cr and C = v = y with y € Cj, so that by
induction, D = u = w with w € Dy and D v = 2
with z € Dy (I,J € {{0,1},{2,3},{4,5}}).

In this case by Proposition 7, it holds that either
r,y € Cpo1y and w,z € Dyg 1y, or x,y € Cra3 and
w,z € Dyg 3y, or 7,y € Cyysy and w,z € Dyy 5. For
part (i), we have CEt=ziff z =1€ C5. f w,z €
Doy, then D =t =o' Vo =w'Vz=w with w' €
Dyy5y; and if w,z € Dyy5y, then D =t = v/ Vo =
w'V z = z with z € Dyy 5y. This settles (i).

For part (i), we have C =t = z with x = 1 €
Cs and, D Et = if 2,y € Cr and w,z € Dy for
Ie {{0,1},{2,3}}, or D =t = z if 2,y € Cy5 and
w,z € Dyy5,. We prove that w' ¢ infix(C,D) in the
first case, and z ¢ infix(C,D) in the second case; both
imply that 1 ¢ infix(C,D) by (I7). This settles (i).

Assume for a contradiction w’ € infix(C,D), with
w' € Dy. By (I2), w € infix(C,D). Then, D = w = u
implies C = w = wu inductively. Then, C E w = u =
x <y=wv Asy € Cr, we have C E y < ¢/, then
CEw<y < ge <l so that y € infix(C,D) by
(S2). Then, C = y = v implies D = y = v inductively.
Then, C E w = 2 < y with w,y € infix(C,D) implies
DEuw=w=z<y=z=v, contradicting D = u > v.

Assume for a contradiction z € infix(C, D), with z €
Dy. Then, D = z = v implies C &= z = v inductively.
As y € Cyy5y, we have C |= 3’ < y. Then C |= gc <
lc <2 <y=wv=2zand z € infix(C,D), so that
xz € infix(C,D) by (S3). Then, C = = = u implies
D E « = w inductively. Then, C =z < y with z,y €
infix(C,D) implies D = u = z < y = v, a contradiction.

Case CEu>vand D | u < wv: Swap C and D in
the previous case.

Case CEu>vandDpEu>uv:Llet CEu=2x
with € Cr and C v = y with y € C}j, so that by
induction, D |F v = w with w € Dy and D v = 2
with z € Dy (I,J € {{0,1},{2,3},{4,5}}). By (7), we
have CEt=v'Vvand Dt =u' V.
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For part (i), by Proposition 7 and Fact 1 we have:
Crt=2"VyeCuysyandD Et=wVze Dys
if I ={0,1;CEt=a2'"Vye Cpsyand D |t =
w'Vz€ Dppgy if I ={2,3}; ClEt=2a"VyeCyand
DEt=w'VvzeDyif I ={4,5}.

For part (ii), we have CEt =u' Vv and D =t =
WVu.IfC,DEt=vVv=uv and v € infix(C,D), or
C,DEt=4Vv=wvandv € infix(C,D), we are done.

FCEt=vVvv=u,DEt=u4Vuv=uw and
D | v > «/, we claim that v’ ¢ infix(C,D). Assume
for a contradiction that «' € infix(C,D). Note that in
this case I = {4,5} and J = {0,1}. Then, D = «/ <
v < gp < Ip, and v € infix(C,D) by (I1). But C |
v<u and D | v > v with v/,v € infix(C,D) is a
contradiction. Analogously, if D =t =v and C =t =
u’ > v, then v ¢ infix(C,D), because otherwise C =
v < v < ge < g, so that v’ € infix(C,D), impossible
because C Ev <v and D v > .

FCEt=vand D =t =14 > v, we reason along
the lines of the previous case swapping C and D.

This settles (4i).

Case t = u - v: We distinguish four cases.

Case CEu<vandDpEu<v:CEt=uziff
x=0€Cy,and D=t =y iff y=0 € Dy. This settles
both (i) and (41).

Casse CEu<vandDEu>v:Let CEu=x
with x € C; and C v = y with y € Cj, so that by
induction, D | v = w with w € Dy and D v = 2
with z € Dy (I,J € {{0,1},{2,3},{4,5}}).

For part (), by Proposition 7, the pair (I, J) is ei-
ther ({0,1},{4,5}) or ({4,5},{0,1}). By (6), we have
CEt=0and D Et=uAv. Then, D E t = u with
u € Dyo1y, or D =t = v with v € Dyg 1y, which settles

For part (ii), if 0 € infix(C, D), then 1 € infix(C, D),
then C = D, impossible. Conversely, we show that if
DEt=wu >0 then u ¢ infix(C,D), and if D =t =
v > 0 then v ¢ infix(C, D).

Assume for a contradiction that D =0 < v = u A
v =t and u € infix(C,D). From part (i), we have u €
Dyp1y and v € D45y, so that C = u < v' < gc < g,
which implies v' € infix(C,D), a contradiction since
CEu<v and D Eu > v with u,v’ € infix(C, D).

Next assume for a contradiction that D E 0 < v =
uAv =t and v € infix(C,D). From part (i), we have
v € Dyo1y and u € Dyy 5y, so that D v <o’ < gc <
lc, which implies v’ € infix(C, D), a contradiction since
CEu<v and D | u > v with u,v’ € infix(C, D).

Case CEu>v and D |=u <v': Swap C and D in
the previous case.

Cse CEru>vandDEFu>v:Let CEu==x
with 2 € Cr and C = v = y with y € Cy, so that by

induction, D F v = w with w € Dy and D F v = 2
with 2 € Dy (I,J € {{0,1},{2,3},{4,51}). We have
CeEt=uAvand D Et=uAwv by (6).

By Proposition 7 and Fact 1, we have: C | ¢t =
2Ay € CrandD =t =wAz € DrifI € {{0,1},{2,3}};
andCEt=zAyeCryandD=t=wAz€ Dy if
I ={4,5}, which settles part (7).

For part (i), if C,D |= ¢t = w with v € infix(C,D),
or C,D | t = v with v € infix(C, D), the claim holds.
fFCEt=wand D =t =v < u, we claim that
v ¢ infix(C,D). Otherwise, assume v € infix(C,D) for
a contradiction. If I, J € {{0,1},{2,3}}, then D =v <
u < gp < Ip, then u € infix(C,D), a contradiction
since CEu <wvand D= wu > v If I = {4,5}, then
CEgp <Ilp <u <w, then u € infix(C,D), again a
contradiction. The case CEt=vand DEt=u<wv
is symmetric. This settles part (i7).

4 Free Algebra

In this section, we describe the free n-generated WNM-
algebra F,,.

Definition 4 Let

Ac ] ¢ (15)

CE’CTL
be such that a € A iff, for all C ~ D in /,;:

(1) C | mel(a) < me(a) it D E mp(a)’ < mp(a);
(#) If z € infix(C,D), then C = n¢(a) =z iff D =

m(a) = x.

Proposition 8 A in (15) is a subuniverse of the
(A Vs z1,. ooy @) -reduct of [[oee, C.

Proof Let B denote the (A, V,z1,...,x,)-reduct of the
product [[oc C. Clearly 2B e Afori=1,...,n. Let
a,b € A. We show that a ABb € A (a similar argument
shows that a VB b € A). Note that for all E € K,,, we
have E |= 7z (a) = m(a ABb) or E |= mr(b) = mr(aABb).
Let C~Din IC,.

For part (i), we distinguish four cases. First, C |=
me(a) = mc(a ABb) and D = mp(a) = mp(a AB b). Since
a € A, we have that C = mc(aABb) < mc(anBb) iff D =
mp(anBb) < mp(aABb). Second, C = me(a) = mc(anBb)
and D |= mp(b) = mp(a ABb). If C | nc(a) < mc(a)
and D = mp(b)’ < mp(b), then C = 7c(a AB b)Y <
me(a ABb) and D = mp(a ABb) < mp(a ABb), and we
are done. Similarly, if C | nc(a) < me(a)’ and D |
m(b) < mp(b)’, we are done. The case C = mc(a) <
mc(a) and D | mp(b) < mp(b)’ is impossible, because
C E mc(b) < mela) < me(a) < me(b) implies D =
mp(b)’ < mp(b) since b € A. Similarly, the case C =
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mc(a) < me(a) and D = mp(b) < mp(b) is impossible.
The remaining two cases are similar.

For part (i), let « € infix(C,D) be such that C =
mc(a AB b) = x. We show that if C |= mc(a) = , then
D E mp(a AP b) = x; a symmetric argument shows that
if C = 7c(b) = x, then D |= mp(a AB b) = .

Assume C |= nc(a) = . Then D |= mp(a) = z since
a € A. If there exists y € infix(C,D) such that C
7c(b) =y, then since C = x < y implies D = o < y, we
have D |= mp(aABb) = z, and we are done. If there does
not exist y € infix(C, D) such that C |= mc(b) = y, then
C = mc(b)’ < mc(b) by (1), so that D = mp(b)’ < mp(b)
by part (7). Then D = mp(a) = x < wp(b) by (I1). Then
D E mp(a AB b) = z, and we are done. O

By Proposition 8, the (A, V,z1,...,x,)-structure

A= (A NE VA B e, (16)
with operations and constants inherited from the
(A sz, @ )-teduct of [[eex C, is a distributive
lattice. In this setting, we note that a € A is join irre-
ducible iff there exists C € K,, and ¢ € C such that a is
the least element in A such that C |= m¢(a) = ¢; in this
case, we say that a corresponds to ¢ and we write ag.
We prove the two key facts. Theorem 2 proves that
for every term t € T,, there exists a tuple a € A that
corresponds to t, and Corollary 1 in Section 4 proves
that for every tuple a € A there exists a term ¢t € T,
that corresponds to a.

Theorem 2 For all t € T,, there exists a € A such
that H(Celcn CEt=a.

Proof Let t € T,,. Let a = (t%)cex, € [lcex, C- Then
[lcex, C F t = a by definition. We claim that a € A.

Let C ~ D in K,,. Then by Theorem 1, C =t/ <t
iff D =t <t; and for all € infix(C,D), C |t =z iff
D E ¢t = x. The statement follows immediately because
C | ncla) = t° =t and D | mpla) = t© =t by
definition of a. O

We now prove the second key fact in a sequence of
lemmas.

Theorem 3 (Join Irreducible) Let a € A be join
irreducible. Then, there exists a term t, € T,, such that

HCE,Cn CEt,=a.

Lemma 1 LetC € K, letc € C such that C = ¢ < ¢,
and let af € A be the join irreducible element corre-
sponding to c. Then, there exists a term t& € T,, such

that [[cex, C = 16 = ag.

Proof (Proof of Lemma 1) See Section 4.1.

Lemma 2 Let C € K,,, let ¢ € C such that C = ¢ <
gc, and let af € A be the join irreducible element in A
corresponding to c. Then, there exists a term t¢ € T,
such that [[oex, C E 18 = ag.

Proof (Proof of Lemma 2) See Section 4.2.

Proof (Proof of Theorem 3) Immediate by Lemma 1
and Lemma 2, noticing that a € A is join irreducible
iff exactly one of the following two cases occurs: there
exists C € K,, and ¢ € C such that C | ¢ < ¢; or,
there exists C € K,, and ¢ € C such that C ¢ < gc.

Corollary 1 (Normal Forms) For all a € A, there
exists a term t € Ty, such that [[ce, CEE=a.

Proof Let a € A. Then there exist join irreducible
ai,...,ap € Asuch that [[ccpe, CERa=a1 V- Vay.
For t4,,...,tq, the terms given by Theorem 3, let ¢ =
tay Voo Vig,. Then, [[eee, CEt=0a. O

Using Theorem 2 and Corollary 1, expand the

(A, V, 21, ..., xy)-algebra A in (16) to a op-algebra,
A= (AN VA A SR 08 1A gl ot (17)
by putting:

1. ifa € Aissuchthat [[ccx C | 0 = a (respectively,
[lcex, CE 1 =a), then 0% = a (respectively, 14 =
a);

2. for all o € {-,—>} and a,b € A, if r,s € T, are

such that [[cee ClEr=aand [[oep, CEs=10
and ¢ € A is such that [[¢c C = ros =c, then
aotb=c

Theorem 4 (Free Algebra) The o,-algebra A in (17)
18 o -isomorphic to the free n-generated WNM-algebra
F,,.

Proof Let B denote the o,,-algebra [ [« i, C. Then A is
op-isomorphic to the o,-subalgebra of B generated by
m? for i =1,...,n, via the o,-isomorphism that sends
z toal fori=1,...,n. O

Ezample 10 (n =1) Fy is displayed in Figure 7.
Ezample 11 (n = 2) Fy is displayed in Appendix A.
4.1 Lemma 1

Definition 5 Define the binary operations,

r<1y=sy—z)=y Ar—y, (18)
r<sys=(y—x)— (y—x), (19)
r<uys=y—z) =y, (20)
r=y=(x—=yAy— ) (21)

where 7 € {1,2,4}.
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Fig. 7: [F1| = 1200.

Proposition 9 LetD € K,, and o € {<,=}. Then:

(i) if x,y € D1, then

1 if D
Doy if I=73<>y,
' Ny’ otherwise;
(1) if x,y € Do, then
1 ifDEzoy,
DExzoy=
Faory {0 otherwise;
(ii1) if x,y € Dy, then
1 if D
Dk oy = if Efwy,
x Ay otherwise.

Proof (Proof of Proposition 9) (i) Let xz,y € D;. If
DEz<y<y <z, thenDEz<;y= (V) =
YANl=y >y =1LiDEyYy=2<2 =4y, then
DEz<iy=1—=yAl=y =2'Ay;ifDEy<z<
<y ,thenDExz<yy=1—=y A Vy =2 Ny

IfDEz =y then Dz = y =12 = 1; if
DEz<y<y <2/;thenDpEz=y=(1A(EHV
)2 =) =2 Ay;ifDEy<az<a2 <y, then
DExz=1y=(a'Vy) Al)?2= ()2 =2 Ny

(fi) Let z,y e Do. D Ez<y<y’ =y =2a" =
2 then D Eax <ay=(y'Vz) = (¥ Va) =y -y =
LifDEy<z,thenDEz<3y=1—-1=1—-0=
0.

D Eax =y thenD | 2 = y =12 = 1; if
DEz<y<y' =y =z'"=2/then D Eax=2y=
AAYVD))2=W)2=0ifDEy<z<z’'=1" =
y' =y, thenDEz=2y=(('Vy)A1)2 = (2')? = 0.

(#7i) Let z,y € Dy. D E ¢/ <2/ < z < y, then
DEz<qy=(@'Ve)my=2—-y=LiDEy<uz,
then Dz <yy=1—-y=y=xAy.

IfDErs=y thenDEa=4y=12=1;if D |
r<ythenDEz=4y=(1Az)=22=2x=0Ay;
ifDEy<z, thenDEz=1y=WA1l)?2=y?=y=
zAy. 0O

Proposition 10 ForI € {{2,3},{4},{5},{6,7}}, there
exists a unary term oy such that, for alli =1,...,n and
allD € Ky,

Dk or(a) {1 if orbit(D, z;) € I,

0 otherwise.
Proof (Proof of Proposition 10) Let ¢ € {1,...,n} and
D € K,,. By direct computation,
1 if orbit(D, x;) € {2,3}

DEo T) S ol <gal= ’ T

= o (@) 2 0 otherwise,
1 if orbit(D, x;) = 5,
0 otherwise.
1 if orbit(D, z;) € {6, 7},

0 otherwise,

D |= ogsy (i) = 23 =2 ) = {

D |= og6,7y (%) = x) <o x; = {

and o4y (i) = (0g2,33(wi) V or53(wi) V og6,7y (i) are
the desired terms. 0O

We now prove Lemma 1. We want to show that if
CeK,,ce Cissuchthat C=1lc <c, and af € A is
join irreducible element in A corresponding to ¢, then
there exists a term t& € T, such that A = t& = ag.

Proof (Proof of Lemma 1) Let C € K,, and let ¢ € C
be such that C |= ic < ¢ = z where z € {0, 1, z;, 2}, 2/
i=1,...,n}. Let,

e = or(z;), (22)
I1e{{2,3},{4},{5},{6,7}} {¢|orbit(C,z;)ETl}
ec =rc /\ /\ T o2y, (23)
<>E{<v:} {(a:,y)eC’22|(C\:z<>y}
sc = /\ /\ /\ x op Y. (24)

ie{1,4} oc{<,=} {(=,y)€C?|Cl=zoy}

Observe preliminarily that, for all D € IC,,,

1 ifC~D,

0 otherwise.

]D)}:ec—{

Let
t«l: =ec N Sc.

We claim that the term,
c __ 1
t(c =2z A t(c,

satisfies the statement. Let af € A be the join ir-
reducible element in A corresponding to 1 € C. We
show that D = t& = mp(ag) for all D € K, so that
A = t& = af. The rest follows directly. Let D € K.

If D = C, by construction D = t& = 1 = mc(ad) =
mp(ag). Assume C # D.
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If C £ D, then D = tc = 0 = mp(ag) by the prelim-
inar observation. Assume C ~ D.

Let I = infix(C,D). Let C4; € bk(C) be the least
block in bk(C) not in I, and let Dy, € bk(ID) be the
least block in bk(D) not in I. If such pair Cy; and Dy,
does not exist, then C5 and D5 are in I, that is, 1 € I,
so that 0 € I by (I3), and therefore C = D. Clearly,
D k= y = mp(ag), where y € Dy ;. Then, it is sufficient
to show that D = ¢l = y.

If Cy; # Dy, then there exist © € Cy; \ Dyg,; and
y € Dy, (notice that by definition, Cy;, Dy ; # 0). By
(S1), C4 = Dy. Note that there exists Dy; < Dy ; such
that x € Dy jsothat D =y < . If y € Cy, since C =
y = x, the term ¢{. contains the conjunct y =4 x. Then,
DEt<(y=sz)=yAz=uy. Ify&Cy;, then there
exists Cy; < Cyy such that y € Cyp and C =z < y,
so that the term t(%: contains the conjunct x <4 y. Since
DEy<z wehave D E il < (x <q4y) =z Ay =y.
Since C [= t& =1, and Dy is the least block in bk(D)
not in 7. Assume for a contradiction that D = z =
tt < y. Since C =0 = (t¢)’ < t& = 1, by Theorem 1(7)
we have D | (1)’ < t¢, therefore, D E Ip < z < y
with z € T by (I1), so that by Theorem 1(i7) we have
CE z=t} But, C = z < x < 1, a contradiction. So,
D = y < tc, and therefore D =l = y.

If Cy; = Dy, but Dy; & I, by (I2) it is the case
that there exists ' € Dy N{x}, 2] |i=1,...,n} such
that if y € Dy ;; indeed, if z € {x; | i = 1,...,n} for
all z € D4,z’, then 04,1‘ = D4,i implies D4,i el Then,
the interval D; ; < --- < Dy is not a common infix to
C and D. In this case, there exist v,w € C7; = D7 such
that either C Fy <v=w<gc <lcand D F y <
v<w<gp<Ilp,orCEy<v<w<ge<Icand
DEy<v=w<gp=<Ip.

In the first case, the term ¢{ contains the conjunct
v =1 w. Since D = v < w, we have D =t} < (v =
w) = v Aw' = w < y'. In the second case, the term
tc contains the conjunct v <3 w. Since D | v = w
so that D = w’ < v/, we have D =t < (v <3 w) =
v Aw' =w <y Since C = t{ = 1, and and Dy is
the least block in bk(ID) not in I, we have D =y’ <t}
by Theorem 1. So, D =tl =v'. O

Ezample 12 Let aq,...,a9 € F} be the idempotent join
irreducible elements in [F1, depicted in Figure 8 from left
to right and top to bottom respectively. Let:

X

N
~

X

6 7

EN
v

2 4 2 4 2 4

Fig. 8: The 9 idempotent join irreducible elements in F1, re-
spectively a1,...,a9 € Fy from left to right, and top to bot-
tom.

t1 = ' Noga sy (),

ty = oppay(x) A (x <y 2”),
t3 = ogo,33(x) A (x =1 "),
ts = ogay (),

ts = 0{5}($)
te = oge,7(x) N (x <g 2"),

tr = oge7y(x) A (z =4 2"),

ts = x” Noggry () A (x <4 2"),

)
Tr =

to = x A og6,7} (z),

so that t; € T correspond to a; € F} as by Lemma 1,
that is,

Fi Eti = a;,
fori=1,...,9.

4.2 Lemma 2

We want to show that if C € K, ¢ € C is such that
C k= ¢ < gc, and af € A is the join irreducible element

in A corresponding to ¢, then there exists a term t¢ €
T, such that A |=t& = af.

Proof (Proof of Lemma 2) Let C € K,, and let ¢ € C be
such that C = ¢ < g¢. Note ¢ € Cy U Cy UCy U Cs. Let
a& € A be join irreducible element of A corresponding



Technical Report AC-TR-17-002

14

Stefano Aguzzoli et al.

to ¢ € C. We define t& € T, such that A = t& = ag.
Two cases.

Case 1: c € Cy3 U (s,

If ¢ € Cy, then let i € {1,...,n} be such that C |=
¢ = ;. Let e¢c € T,, be as in (23). Let,

l¢ = ec N x;.

If c € Cs, then let 7 € {1,...,n} be such that C =c =
x}. Let,

té = ec A ).
We claim,

A E & = ag.

Case 2: ¢ € Cy U (. Two subcases.

Subcase 2.1: C = ¢ = d’ for some d € Cy U Cs.
Without loss of generality, let d € C4UC5 be the largest
in C such that CEc=d.

For E € K, and e € F be such that E = Ig <
e, we let af € A be the join irreducible element of
A corresponding to e € F and, by Lemma 1, we let
tt, € T,, be such that A |= tf = af. We define

/!

8= [tdv \/ v\t |
C~D,d¢infix(C,D) CAD

and we claim,
A E & = ag.

We prove the claim. Note that C = t& = d' = ¢ by
construction. Assume for a contradiction that there ex-
ists D € K, such that D = mp(ad) < t&. If D £
C, then D = 0 = t& by construction; so, D ~ C.
If D ~ C and d ¢ infix(C,D), then D = 0 = &
by construction. So, D ~ C and d € infix(C,D). If
d’ = c € infix(C,D), then D = ¢ = t& by Theorem 1,
and D |= ¢ = mp(ad). So, d’ = ¢ ¢ infix(C, D). By (I2),
it is the case that for some i € {1,...,n}, C = d = a;
and C = d' = 2z, with 2} ¢ infix(C,D). Note that
ClEa; <zl andD  x; < 2} and 2} ¢ infix(C, D), be-
cause d = z; = 2! € infix(C, D) implies z} € infix(C, D)
by (I2). Clearly, C = () =2} = ¢, but C = d = z;,
a contradiction with the fact that d € C4 U C5 is the
largest in C such that C |= ¢ = d’. This settles the
claim.

Subcase 2.2: C = ¢ # d' for all d € Cy U Cs. Then,
there exists i € {1,...,n}suchthat C Ec=z; < 2 <
lc < z}. We define

£y \/ v \/ th | -

C~D, & ¢infix(C,D) CAD

"
tmi —
¢ =

and by the previous part we note that

zy  xf
AEtd =ag .

Then we define,
te =@ A

and we claim,
A ¢ = ag.

We prove the claim. We have C = t¢ = z; = ¢ by con-
struction. Assume for a contradiction that there exists
D € K, such that D = mp(ag) < t&. If D ~ C then
D =t =0, then D o C. If 2} ¢ infix(C, D), then D =
t& = 0, then € infix(C,D). Then z; € infix(C,D)
by (I2). Then D = t& = x; = ¢ by Theorem 1 and
D = mp(al) = ¢, contradiction. This settles the claim.

4.3 Poset Representation

In this section, we describe an explicit combinatorial
construction of the universe of the free n-generated
WNM-algebra F,,, which we call poset representation.
We recall some standard terminology and notation on
posets; the combinatorial notation (summations, coef-
ficients, et cetera) is standard.

A (finite) poset is a structure P = (P, <P) such that
P is a (finite) set and <F is a reflexive, antisymmetric,
and transitive binary relation on P. Let P = (P, <FP)
be a poset. We let P9 = (P,{(q,p) | p <¥ ¢}) denote
the poset dual to P. Let p,q € P. We say that p and
q are comparable (in P) if p <P ¢ or ¢ <P p, and in-
comparable otherwise, and we write p || ¢. An antichain
in P is a set of elements in P pairwise incomparable in
P. An antichain @ in P is mazimal if there does not
exist an antichain in P that includes @ properly. We
let maxant(P) denote the set of maximal antichains in
the poset P.

Let 1 denote the one element poset (unique up to
isomorphism). Let P and Q be posets with PN Q =
0. We let P + Q denote the horizontal sum of P and
Q, that is, the poset P + Q = (P U Q, <P*+Q) where
p <P+Q ¢ if and only if either p,q € P and p <F ¢, or
p,q € Q and p <9 g. We let P & Q denote the vertical
sum of P and Q, that is, the poset P  Q = (P U
Q, <P®Q) where p <P®Q ¢ if and only if either p,q € P
and p <P ¢, or p,qg € Q and p <Q ¢, or p € P and
q € Q. In the following, we always assume that posets
involved in horizontal and vertical sums are disjoint, by
taking isomorphic copies of operands when necessary.
Moreover, for all n € N, we freely write n instead of
((---1e1)®---®1)®1), where 1 occurs n times, and
we freely write nP instead of ((- - - (P+P)+- - -+P)+P),
where P occurs n times.

The class of series-parallel posets is the smallest
class of posets that contains 1 and is closed under hor-
izontal and vertical sums.
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We define recursively a map poset: N — FSP, from
the set N of natural numbers to the class FSP of finite
series-parallel posets. For all n € N, there exists a bi-
jection 7: A — maxant(poset(n)), between the set A
in (15), that is, by Theorem 4, the universe of the free
n-generated WNM-algebra F,,, and the set of maximal
antichains in poset(n).

Definition 6 (poset: N — FSP) Let n € N. Then,

n
poset() = 3> ()X

a,b,ce{0}UN,
a+b+tc=n
Y. ® Zae if b =0,
b
Xape = LY @D Zoc) +
i=1
+ (Yg,c Giela Za,c)) otherwise;
1 ifa=c=0,
a—1c—1 o fe 3
> (%) (]) (Siy +8i,)+
=0 j=0
Y, . ={c1
SRR POICRET
j:
a—1
() (Sic+ S;c) otherwise;
1=0
1 ifa=c=0,
a—1c—1 o fe B
2 () (g) (Tij + Ti,j) +
1=0 5=0
Za,c = (el ¢
j;) (J) (Ta»j + Ta+7j> +
a—1
() (Tie +T7,) otherwise;
1=0
Si,j =16 Yi,j7
+ 2 ifi=35=0,
Si; = .
’ S:;j+Y,;; otherwise;
i—1

S;;=(1®Si,)+ (;) ((1 ®Si,)+ (1@ s,;j)) :

k=0

Tij =102,
T+ — 3 ifi=45=0,
i 1 &b (Tivj —+ ZiJ) otherwise;

i-1 .
T, =Ti;+ Z (;) (Tk:,j + T,;j) :
k=0

Theorem 5 There is a bijective correspondence between
the universe of F,, and the set

maxant(poset(n)) .

Actually, poset(n) is built together with a corre-
spondence mapping each chain in C,, to a maximal
chain of poset(n) (see Fig. 10, for the case n = 2).
This makes then easy to equip maxant(poset(n)) with
a structure of WNM-algebra, mimicking the operations
of each chain of KC,, over its image in poset(n). The re-
sulting WNM-algebra constitutes then an isomorphic
representation of F,,. Furthermore, a recurrence com-
puting the cardinality of IF,, can be easily deduced from
Definition 6.

In this paper we do not prove Theorem 5. The proof,
which will be a lengthy and complex but purely com-
binatorial argument, will be the focus of a future work.
However, we invite the reader to check that poset(1)
and poset(2) actually correspond to those posets given
in the corresponding examples (see Fig. 7, Fig. 9 and
Fig. 10). We finally remark that the poset in Fig. 10
has been first (and thus, independently) generated by
a brute-force algorithm. Subsequently, the correctness
of the output of the computation of poset(n) has been
checked with a brute-force algorithm for all n < 5.

Ezample 13 (n = 1) The Hasse diagram of poset(1) is
displayed in Figure 9.

Fig. 9: poset(1).

Ezample 14 (n = 2) The Hasse diagram in Appendix A
is poset(2).
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e
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“we—O0—0 | —euw
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~
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w

S

X —0
N
w

41 53

42

45 55

N
S

37 38

30 70
31 29 33 71 69
32 34 39 72
40
I
[ A L
29 32 39
30 31 33 34

Fig. 10: poset(2). |[F2| = |maxant(poset(2))| =

(1AL

70 71 73 74 45

18 25 27

U
16
54 5 6
44 5 19
9
73
U

9
S

49 59

24 27 28

21 26 28
23 24
21 18

23 25 26

48 58 65 67

51 61 66 68
63 64

G e—o
*—O

67 68

62 50 61 58 63 65 66

12,632, 396, 375, 864, 721, 690, 604, 339, 200, 000,000 ~ 1.26324 - 1034. In the

actual Hasse diagram, each point immediately below the dotted line edges each point immediately above the dotted line.

A The 2-generated free WNM-algebra

In the following list, an item of the form,

3>2:Cy3=0<y<y’zz’ <y2/ <1

represents a WNM-chain generated by = and y, and specifies
that C43 = @ > y, orbit(Cas,x) = 3, and orbit(Cas,y) = 2.
In this format, the set,

ICZZ{(CZIZ:1727774}7

is as follows:

2<2:
2<2:
2<3:
2<3:
2 < 4:
2 < b
2 < 6:
2 < 6:
2 < 6:
2<7:
2<T:
2< 7
3<2:
3 <3
3 < 4:
3 <5
3 <6:
3 < 6:
3 <6:
3<T:
3<T:
3<T:
4 < 4:
4 <5:
4 < 6:

Ci=0<z<y<y'z’ <y <1
Co=0<z<a' <y<y'<y <z’ <1;
Cs=0<ax<ayy' <y <1;
Cia=0<az<a <yy’ <y <2’ <1;
Cs=0<z<a'<y<yy’' <2 <1;
Ce=0<z<a’<yyy’ <z’ <1
Cr=0<z<a’y <y<a'y <l
Cs=0<y' <z<a’'<a <y<y' <l
Co=0<z<a' <y <y<y’' <z <1
Cio=0<z<zy <z'yy’ <1;
Chi=0<y <z<a’' <2z <yy' <1
Cio=0<z<2" <y <yy’'" <2’ <1;
Cis=0<zz’ <y<y’' <y <2’ <1;
Cia=0<za’ <yy’" <y <z’ <1
Cis=0<zx' <y<vyy’' <z’ <1;
Cie=0<zz"” <yy'y' <2’ <1;
Cir=0<ary <y<ay’ <1,
Cis=0<y <zl <z’ <y<y' <1
Cio=0<azz’ <y <y<y' <2 <1
Coo =0 < zx'y < 2'yy” < 1;

Co1 =0<y <z2!’ <z’ <yy” <1
Coz=0<zz’ <y <yy"’ <z’ <1
Cos=0<z<y<azyy" <1,
Cos=0<z<2'z"yy’y"” < 1;

Cos =0<y <z<aa’ <y<y' <l

4<7:
5 < 6:
5<T:
6 < 6:
6 < 6:
6<T:
6<T:
7 < 6:
T<T:
2=2:
3=3:
4 =4
5=25:
6 = 6:
T=T
2> 2:
2> 2:
3> 2:
3> 2:
4> 2:
5> 2:
6> 2:
6> 2:
6> 2:
7> 2:
7> 2:
7> 2:
2> 3:
3> 3:
4> 3:
5> 3:
6> 3:
6> 3:
6> 3:
7> 3:
7> 3:
7> 3:
4> 4:

Cos=0<y <z <z <yy' <1;
Cor=0<y <zz'z" <y<y’ <1

Cos =0 <y <zz'z" <yy” <1
Coo=0<2y <z<y<z'y" <1
Cs3o=0<y' <’ <z<a’<y<y’ <1
Cs1=0<y <2’ <z<z’'<yy' <1
Cso=0< 2y <z <a'yy” <1;
Css=0<y <2’ <z’ <y<y' <1
Csa=0<y <2/ <zz <yy" <1

Css =0<ay <ay" <z'y <1

Cs6 =0 < zz''yy" <’y <1
Csr=0<zy<a'z'yy" <1;

Css = 0 < za'z"yy'y"” < 1;
Csg=0<2'y <zy<ay’ <1
Capo=0<2ay <azz'yy’ < 1;
Cy=0<y<z<ay’ <2y <1
Caa=0<y<y'<z<a’" <z’ <y <1,
Cazs =0<y<yza" <y'a’ <1
Cauu=0<y<y' <z’ <z’ <y <1
Cis=0<y<y'<e<a’a <y <1
Cie =0<y<y’' <za'z’ <y <1,
Car=0<y<ya’ <z <ya’ <1
Cis=0<a' <y<y'<y <z<z’<1
Cao=0<y<y'<d'<z<a’<y <1
Cso=0<y<y’s <yzz" <1
Cs1=0<a/' <y<y’' <y <zz’ <1
Cso=0<y<y’' <o’ <zz’" <y <1;
Coz=0<yy' <z<a’' <z’ <y <1
Csa=0<yy' <zz’" <z’ <y <1;

Css =0<yy’' <z<z'zl'<y <1,

Cs6 =0 < gy’ <azz'z" <y <1;
Csr=0<yy's’ <z <y’ <l
Css=0<2a' <yy' <y <z<a’ <1
Cso=0<yy’' <o’ <z<a’" <y <1;
Ceo =0 < yy'a’ <y'zz’ <1,
Cer=0<a' <yy’ <y <zz’ <1
Co2=0<yy’ <o/’ <zz'' <y <1,
Ces=0<y<z<yy’z'z" <1,
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5>4: Ces =0<y<yy'za'z’ <1;
6>4:Co5=0<2' <y<yy'<z<z’<1;
7T>4:Ce6=0< 2 <y<yy <zz'’ <1;
6>5:Cer=0<2a/ <yy'y’' <z <2’ <1;
7>5 Ces =0< a2 <yy'y'’ <zx <1;
6>6:Ceo=0<yr’ <y<z<y'z'<l;
6>6:Cro=0<2' <y <y<y'<z<z'’<l;
7>6:Cri=0<a2' <y <y<y’ <azx’ <1;
7>6:Cro=0<y'2' <y<yzz" <1;
6>7:Crs=0<2' <y <yy' <z<z'’<l;
T>T:Cnu=0<a2' <y <yy’ <zz"” <1.
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