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Abstract—Many graph problems seek subgraphs of minimum
weight that satisfy a set of constraints. Examples include the
minimum spanning tree problem (MSTP), the degree-constrained
minimum spanning tree problem (d-MSTP), and the traveling
salesman problem (TSP). Low-weight edges predominate in
optimum solutions to such problems, and the performance of evo-
lutionary algorithms (EAS) is often improved by biasing variation
operators to favor these edges. We investigate the impact of biased
edge-exchange mutation. In a large-scale empirical investigation,
we study the distributions of edges in optimum solutions of the
MSTP, the d-MSTP, and the TSP in terms of the edges’ weight-
based ranks. We approximate these distributions by exponential
functions and derive approximately optimal probabilities for
selecting edges to be incorporated into candidate solutions during
mutation. A theoretical analysis of the expected running time
of a (1+1)-EA on non-degenerate instances of the MSTP shows
that, when using the derived probabilities for edge-selection in
mutation, the (1+1)-EA is asymptotically as fast as Kruskal's
minimum spanning tree algorithm. In experiments on the MSTP,
d-MSTP, and the TSP, we compare the new edge-selection
strategy to four alternative methods. The results of a (1+1)-EA
on instances of the MSTP support our theory and indicate that
the new strategy is superior to the other methods in practice. On
instances of thed-MSTP, a more sophisticated EA with a larger
population and unbiased recombination performs better with the
new biased mutation than with alternate mutations. On the TSP,
the advantages of weight-biased mutation are generally smaller,
because the insertion of a specific new edge into a tour requires
the insertion of a second, dependent edge as well.

Index Terms—Biased operators, mutation, graph problems,
minimum spanning tree problems, traveling salesman problem

I. INTRODUCTION

N undirected graphG = (V,E) consists of a non-
empty setV of vertices and a seb’ of unordered pairs
of vertices, called edges. In a weighted undirected graph

function w : £ — R associates a numerical weight with

each edge ir’. Many problems on graphs seek a sulbsetf

G’s edges that satisfies a set of constraints and has minim
total weightw(S) = > _.qw(e) over all such subsets. The

constraints thatS must satisfy characterize each problem,
in these examples:

« S is a Hamiltonian tour, a cycle that visits each vertex ipn
G exactly once (the traveling salesman problem; TSP)

« S is a path inG that connects two specified vertices (th
shortest path problem).

S is a spanning tree (the unconstrained minimum span-
ning tree problem; MSTP).

S is a spanning tree in which the number of edges
incident on each vertex does not exceed a bodind 1

(the degree-constrained minimum spanning tree problem;
d-MSTP) [1], [2].

S is a spanning tree with at leadt leaves (the leaf-
constrained minimum spanning tree problem) [3], [4].

S augments a given subgraph so that the resulting net-
work is biconnected (the biconnectivity augmentation
problem) [5].

S is a Steiner tree that connects a specified subsétof
vertices.

Some of these problems, such as the unconstrained MSTP
and the identification of a shortest path between two vertices,
can be solved to optimality in polynomial time. Most, includ-
ing the remaining problems listed above, are NP-hard, so it is
unlikely that there can be polynomial-time algorithms that will
in general solve them exactly. In these cases, (meta-)heuristics,

including evolutionary algorithms (EAS), are often useful.

It is not surprising—and the following section verifies—
that low-weight edges predominate in solutions to problems
like these that seek constrained low-weight subgraphs. Thus,
any heuristic that builds candidate solutions to such problems
should favor edges of lower weight. Evolutionary algorithms
can apply this observation to constructing the solutions in their
initial populations and to their recombination and mutation
operators, which construct new solutions from existing ones.

Several researchers have examined such mechanisms [6],
[71, [8], [9]. Among them, Julstrom and Raidl studied weight-
biased crossover operators in EAs for the TSP anddthe
TP on complete graphs [10]; favoring low-weight edges
improved the performance of these algorithms. The present
authors investigated weight-biased mutation in these EAs and
detived probabilities for selecting edges that minimize the
expected time to include edges of optimum tours and trees

1.

This article extends in several ways our work on biased
utation in EAs for subset-selection problems on complete
raphs. The next section investigates empirically the distri-
utions of edges in optimum solutions of the MSTP, the

MSTP, and the TSP, in terms of the edges’ weight-based
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Section IV analyzes expected running times for a (1+1proken arbitrarily. Figure 1 plots the empirical probabilities—
EA using several different edge-selection strategies on tthe relative frequenciessx(r) with which an edge of rank
unconstrained MSTP. We show that, when the EA uses theappears in the optimum solution. Only the portions of the
approximately optimal mutation scheme, its expected runniegrves whereg(r) is visibly larger than zero are shown. Note
time on an average instance of the MSTP is asymptoticallyat the probabilitie®g(r) sum to|S|:

not worse than the time of Kruskal's well-known minimum m
spanning tree algorithm [12]. Section V describes a variety ZpE(’r) =19]. (1)
of other strategies with which mutation may select edges for =1

inclusion in new solutions, and Sect. VI describes experimentsag expected, optimum solutions consist mostly of edges of
with the (1+1)-EA for the MSTP that confirm the theoreticajoy rank; that is, of low weight. Moreover, for each kind of
results. problem and each fractioh € (0, (n — 1)/2], the probability
Sections VIl and VIl compare the edge-selection strategigs, ([k,]) that the edge of rankkn] appears in the optimum
listed in Sect. V in more sophisticated EAs for thMSTP  solution is approximately constant across all the problem sizes.
and the TSP, respectively. These EAs use larger populationsaple | documents further properties. For each problem type
and problem-specific recombination operators in addition i size, it lists the numbet of lowest-weight edges among
edge-exchange-based mutation. On dHASTP, theoretically \hich v = 50, 90, and 99 percent of the optimum solutions’
approximately optimal edge-selection increases the probabilfjges are found; i.eR is the smallest rank for which the

of finding optimum solutions and reduces the number of ite¢ummulated probabilities of the edges of that or lower rank
ations usually needed. On the TSP, the advantages of weigfifm to at least - |S|:

biased approaches are generally smaller because mutation that R
(heuristically) introduces one edge into a tour necessarily >~ 1S >
introduces a second edge as well. ;pE(r) 2 7-15]- )

Table | also lists the proportions = R/n of low-weight
Il. DISTRIBUTIONS OFEDGES INOPTIMUM SOLUTIONS  gdges in optimum solutions. For each kind of problem and
TO THEMSTP,d-MSTP,AND TSP each value ofy, these values are nearly constant.

It is intuitively reasonable that optimum low-weight trees, An effective heuristic mutation operator in EAs for graph
tours, and other Subgraphs in We|ghted graphs should C&HOblemS like those considered here should introduce edges
tain high proportions of low-weight edges. We confirm anflepending on the probabiliies with which they appear in
quantify this observation for the computationally easy MST@Ptimum solutions. Toward that end, we approximate the
and the NP-hard-MSTP and TSP on complete grapfis= empirical distributionspg(r) with closed-form expressions
(V,E). Let n = |V| be the number of vertices iy, m = PA(T). o _
|E| =n-(n—1)/2 be the number of edges, astbe the set I the graphs in Figure J,pE.(T) decr'eases apprpxmatgly
of edges in a solution, so thi§| = n — 1 for the MSTP and exponentially asr grows, particularly in the Euclidean in-
d-MSTP and|S| = n for the TSP. stances. Therefore, let

Our sample problem instances are of two kinds, uniform palr)=a” with0<a<1. 3)
and Euclidean. In the uniform instances, edge weights are
integers chosen at random and independently from the interV&€ basez should be chosen so that
[1,10000]. In the Euclidean instances, vertices are distinct i m . a—a™
points in the plane whose coordinates are random integers ZPA(T) - Za T 14
from the interval[1, 10 000], and edge weights are equal to the r=1 r=1
Euclidean distances between the points. We generated The terma™*! is negligible for problems of even moderate
instances of each type with = 20, 50, 100, 200, 500, andsize, so we neglect it to obtain
1000 vertices. For thé-MSTP, the degree bound was set m a 5]
to three and five in turn on the uniform instances. For the ZpA(T) ~ = ar . (5)
Euclidean instances, only the cade= 3 was considered r=1 l-a S +1
since for such instances there always exists an unconstraineigure 2 plotsp(r) = a” with a = |S|/(|S| + 1) for
minimum spanning tree (MST) of degree no more than fivethe 3-MSTP instances with 100 vertices. The graph illustrates

Kruskal's algorithm identified unconstrained MSTs for a'ihatpA(r) approximates the empirical probabilitigg () with
6000 instances. Exact algorithms for theMSTP and the high accuracy. To quantify this accuracy, we calculate the
TSP become infeasible on larger graphs, so on these prediative mean-square error
lems, only the instances with = 100 or fewer vertices m 9
were considered. The corresponding 3-MSTP, 5-MSTP, and RMSE — Zrzl(PTf(T) —pe(r)) . ©)

TSP instances were solved to optimality by branch-and-cut 2 rm1 pE(r)?
algorithms implemented using the ABACUS environment [13The RMSE allows better comparisons of approximation qual-
and CPLEX 8.1 as a linear programming solver. ity across different problem sizes than does the standard mean-

In each instance, sorting the edges into ascending ordersgtiare error. The latter never exceeds 1% on any case and
their weights assigns each a rank1l < r < m; ties are decreases rapidly with increasing problem size

+1

=[S (4)
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Fig. 1. The empirical probabilityz (r) that an edge appears in an optimum solution as a function of its rank, for the MSTP, 3-MSTP, 5-MSTP, and TSP
on uniform and Euclidean instances of size

Table Il lists theRMSEs for all the problem types and sizes; [1l. A PPROXIMATING OPTIMAL EDGE-SELECTION
they are always less than 9.9%. In genepal,r) approximates PROBABILITIES
pe(r) more accurately on Euclidean instances than on uniform . .
ones. The approximation is most accurate on the TSP, whil C.onsujer a ;ubset—sel_ecﬂon F?“’b'em on a gra{i_bh‘or
the largest errors occur on the unconstrained MSTP on unifolfich 5° C £ is the unique optimum solution. Uniformly
graphs. The approximation is conservative in that it typicall ndom e_dge-e_xchange m_utatmn chooses each edge tp include
underestimates the probabilitipg (r) of low-rank edges and ha SOIUt'O_n W't_h probabl!ltyl/m. we a.PP'V the an§|y5|s OT
slightly overestimates the probabilities of high-rank edges. S€Ct Il to identify non-uniform probabilities, associated with

the edges’ ranks, that are optimal in the following sense: Over

all edgese* in the optimum solutiors™, the average expected
number of edge-selections untit is chosen is minimal.

Let ¢(r) be the probability that an edge-selection scheme
chooses the edge whose rank is (1 < r < m). The number
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TABLE | 100 : : : : :
NUMBERS R OF LOWESFWEIGHT EDGES FOR EACH PROBLEM TYPE AND \ Pe(r) —
SIZE n AMONG WHICH v = 50%, 90%,AND 99% OF OPTIMUM 80 |\ Pa(n) —
SOLUTIONS EDGES ARE FOUND AND FRACTIONS: = R/n. \\\
Problem n v = 50% v =90% v =99% < 60 \\
R k| R k| R & w0l i
MSTP/unif. 20 10 0.5 23 1.1 40 2.0
50 25 05 59 1.2 109 2.2 20 + 4
100 50 05 120 1.2 224 2.2 _
200 101 05 242 1.2 458 2.3 0 1 1 e 1
500 || 251 05| 606 1.2| 1151 2.3 0 100 200 300 400 500 600
1000 || 501 0.5 1216 1.2| 2313 2.3 rank r of edge
MSTP/Euc. 20 12 0.6 33 1.6 62 3.1
50 31 06 89 1.8 165 3.3 Fig. 2. Approximation ofpg(r) by p4(r) = a” for the Euclidean 3-MSTP
100 63 06| 178 18| 319 32 onn =100 vertices.
200 || 128 0.6 356 1.8 623 3.1
500 || 319 0.6 882 1.8| 1496 3.0 TABLE Il

1000 || 642 0.6| 1753 1.8| 2913 29
3-MSTP/unif. 20 11 0.6 24 1.2 41 2.0
50 27 05 63 13| 113 23

RELATIVE MEAN -SQUARE ERRORS WHEN APPROXIMATING EMPIRICAL
PROBABILITIESpg () BY pa(r) = a” WITH a = |S]/(|S] + 1).

100 || 54 05| 126 13| 228 23 Problem RMSE [%]
3-MSTP/Euc.| 20| 12 06| 33 16| 63 31 n=20 50 100 200 500 1000
50 || 31 06| 89 1.8| 165 33 MSTP/uni. 9.86 9.34 926 928 933 038
100 || 63 06| 179 18| 324 3.2 MSTP/Euc. 166 098 093 090 098 1.02
5-MSTP/unif. | 20 || 10 05| 23 11| 40 20 3-MSTP/unif. 760 6.92 6.87 - - -
50| 25 05| 60 12| 110 22 3-MSTP/Euc. 1.78 099 0.84 - - -
100| 51 05| 120 12| 223 22 5-MSTP/unif. 942 911 9.17 - - -
5-MSTP/Euc.| 20| 12 06| 33 16| 63 3.1 5-MSTP/Euc. 179 1.00 0.85 - - -
50| 31 06| 89 18| 165 3.3 TSP/unif. 1.80 231 239 - - -
100| 63 06| 178 18| 323 3.2 TSP/EuC. 028 025 0.17 - - -
TSP/uni. 20| 16 08| 41 20| 67 34

50 40 08| 107 21| 183 3.7
100 80 08| 217 22| 373 37

TSP/Euc. 20 15 038 53 26| 107 53 BecauseZ:ll g(r) = 1, we can rep|acal(m) by 1 —
50 37 07 134 27| 297 59 Z?izl q(l) in (9) and write

100 73 07| 257 26| 587 59
L (& p(r) p(m)
EX(e*) = S (Z; ORI Zm_lq(i)> . (10)

of selections untik,. is chosen the first time has a geometric =1

distribution with the expected value To identify selection probabilitieg(r) that minimize the
1 expectationEX (e*), we partially differentiateEX (e*) with
EX(er) = ) () respect to each(r) and set these derivatives equal to zero:
Let p(r) be the probability that the edge. appears in  9EX (e 1 p(1) p(m)
the optimum solutionS™, and lete* be a specific edge from 5 1y (1) ‘ | q(l) (1= 37 Tq(i)? =0
S*. The following theorem establishes the probabilities with i=1 4
which edges should be selected frdfrto achieve a minimum 3EX 1 p(2) p(m) _0
waiting time for selecting:*. T 9q(2) \ | q(2) (1= ()2 B

Theorem 1:The expected numbeEX (e*) of edge-selec-
tions until a specific edge* € S is chosen for the first time

is minimized by the edge-selection probabilities OEX (e") _
@ dq(m —1)
ar) = = —. (®) 1 pm-1 p(m) _
2 V) IS ( (m =17 " (1 z;’:lq@)?) —he

Proof: The probability thate* has rankr is p(r)/|S|. This system ofn — 1 equations can be simplified to
The expected number of edge-selections uiitiis chosen for

the first time is the weighted sum (1) _ P2 _  _ pm-1)
|S| . q(1)?  q(2)? q(m — 1)
p(r p(r) p(m) p(m)
T 2 oy 9) = = . (12
Z (r) 18l z:: ) (1= g(0)? amy? 42
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Let o = p(r)/q(r)?. Then the interval [EX™(e*)/2, 2 - EX™(e*)] with overwhelming
probability.
q(r) = lﬂ (13) Consider the same expected value when edges are selected
) according to uniform probabilities: for alt = 1,...,m,
and since QU(T) = 1/m' SinCGZT,1 p(r) = |S|1

20l =1= 723 V(). (14 pxv(e |5|Zl/m %me:m. (20)

i=1 ’L:1

we conclude that Similarly, let edges’ probabilities be proportional pgr):

o - (i \/pu-)) and g(r) = Zn@ as) A= qP@: (TMS" ren
2 m p |S| m B
. EXP ‘S| Z /|S\ E7%217771. (22)

. . . That is, for both uniform anc(r)-proportional probabil-
A. EX(e") for Three Edge-Selection Strategies ities, EX (e*) = m, which is ©(n?), while for the optimal

The following corollary establishes the expected waitingrobabilities, EX *(e*) is O(n).
time until selecting an edge from the optimum solution when
approximatingp(r) as in Sect. II.

Corollary 1: Under the assumption that(r) is approxi-
mated well byp(r) = a” with a = |S|/(|S| + 1) according The preceding observations lead to the following result.
to Eqs (3) and (5) and when us|ng Correspond|ng approx| Theorem 2: Optlmal edge -selection probabllltleﬁr) that
mately optimal edge-selection probabilitigs(r), the average Minimize EX (e*) can be closely approximated by

B. Approximately Optimal Edge-Selection Probabilities

expected number of edge-selections until choosing an etge g r g
from the optimum solution is qa(r) =~ ( 151 ) [Sl+1 1. (22)
) 15[ +1 S|
X*(e") = ( S|+ VIS|+ 1) : (16) Proof: Replacingp(r) by the approximatiop 4 (r) = a”

in Eq. (8) of Theorem 1 yields a closed-form expression for

Thus, EX"(e”) is ©(|S]) and therefored(n). the optimal edge-selection probabilitieg (r):

Proof: The optimal edge-selection probabilitiegr)
from Theorem 1, when substituted into Eq. (9), yield the . _ palr) W Var

following expected number of edge-selections: S oVpai) S, Ja f‘la“\';f”“

s 1 & p(r) 1-va)a/?
EX*(e*) = |S|ZF/Z"’ = - m (23)

Again, a(m*+1/2 is negligible compared t¢/a, and we ignore

- 17) it. Again, we replace: wit + 1) according to (5);
(17) it. Agai | ith |5]/(S di 5
|S| r=1 thus
Using the approximatiom 4 (r ) " for p(r), we obtain (1—+/a)a"/? - (1
qa(r) =~ e “ %—1 =
e () - (S f
ISI RERNEEG ' _ ( 5] ) SIHL 1) ea
(18) 1S]+1 S|
Sincea(™*1/2 is orders of magnitude smaller thafz even -
for moderate problem sizes, we disregard it. Further, replacmg,:Ig 3 plots the probabilitiega(r), ¢ (r), and gp(r) for
a by [S]/(|S] + 1) according to (5), we obtain: instances of the 3-MSTP om = 100 vertices.
a
EX*(e") ~ ——r—s=
15| (1 = Va)? IV. EXPECTEDRUNNING TIMES OF A (1+1)-EAFOR THE
_ 1 _ MSTP UsING DIFFERENTEDGE-SELECTION STRATEGIES
2
(15| + 1) (1_ |s|ﬂ1) This section develops the expected times that a (1+1)-

EA requires to find an unconstrained MST on a complete
( 5] + |S|+1)2. (19) graphG = (V,E), ysiqg five Qifferent edge-selection and
replacement strategies in mutation.
[ ] Neumann and Wegener [15] investigated simple randomized
By Chernoff's bound [14], the probability of deviationslocal search (RLS) and an unbiased (1+1)-EA for the MSTP
from this expected value is exponentially small with respeon general (including incomplete) graphs. Their algorithms
to n; that is, the number of edge-selections required lies @ncoded candidate subgraphs as bit-strings that indicated the
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1 - - - - - ity ¢4 (r) from Sect. lll. Ife is already contained ifff, the
i gﬁgg - solution is not modified. Otherwise, an edges chosen
08 from the path that connectss vertices (as in UU) and
T 06} i replaced bye.
= « Biased-greedy edge-replacem¢B(5): The biased selec-
s 04+ . tion of an edgeec € E from BU is combined with the

greedy choice from UG of the edgé to be removed.

027 i While NA can be implemented so that its ting?, is ©(1),
0 : : : : the other methods run in linear time in the worst case, when
0 100 200 300 400 500 600 T is a path. The diameter of a random spanning tree=on
rank r of edge however, isO(y/n) with overwhelming probability [17], [18],
Fig. 3. Edge-selection probabilitiess (r) (approximately optimal)g (r) and thus, on average, these mutation variants run in Uﬁﬁs
(uniform), andgp () (proportional top 4 (r)) for instances of the 3-MSTP toc, tEU,, andtES, that are allO(y/n).
onn = 100 vertices. To identify the expected times the (1+1)-EA, with each

mutation operator, requires to find the MST on an average

instance of the MSTP, we begin by describing the expected
inclusion or exclusion of each edged# large penalties in the humber of edges that the EA initial tree and the MST have
fitness functions encouraged, first, the formation of connectégcommon.
subgraphs, then their pruning to trees. The neighbor operatokemma 1:Let G be a complete weighted graph. The num-
of the RLS algorithm flipped one or two randomly chosen bit§€r of edges in which a random spanning tree(érand a
The EAs mutation operator flipped each bit independentfpecified target tree differ is at least/3 with overwhelming
with probability 1/m (m = |E|). The expected times of Probability.

both algorithms to find MSTs wer@ (m? (log n +1og Wmax ), Prloof: Each.edge in appears in a random spanning
wheren = |V| and wm.y is the largest edge weight i6r. tree with probability

Neumann and Wegener also showed that MSTP instances exist n—1 9

for which their algorithms’ expected times afgn* logn). m S

We examine here a (1+1)-EA for the MSTP that encodes _ )
candidate solutions directly as edge-sets [8], which can B the n —1 edges in the target spanning tree, the expected
implemented efficiently by, for example, hash tables. Wa!mber that also appear in a random tree is then
assume that all edge weights in each graph are distinct, so 2 n—1 ) n—1
that each MST is unique. (n—1)— =2 , and  lim 2——=2. (25)

n n n—00

The structure of the (1+1)-EA is standard. Its initial solutiofy, s the expected number of edges in which a random
is an unbiased random spanning tree, generated via a ra”%ﬁnning tree differs from the target(is — 1) — (2 — o(n)) =

walk in thg target graph as described by Broder [16]. The 5 o(n), so by Chernoff's bound [14], there are at least
expected time of this step @(nlogn) for almost all graphs, 2n/3 such edges with overwhelming probability. -

including in particular complete graphs. Each iteration of the 14 gerive the total expected running time, we make use of

EA applies mutatior_1 to its current _solution to crea_lte e following observation based on two results of Neumann
offspring. The offspring replaces the incumbent solution if it Wegener [15].

represents a valid spanning tree of weight no greater than th?_emma 2:For a non-minimum spanning tré@ of weight

incumbent’s. o . w(T) and the MSTT™* of weightw(T™), there always exists a
In the EA, we compare the following five mutation strateget ofy, — 1 so-calledgood edge-exchanges ifi such that the

gies, in whichT" C E is the algorithm’s current spanning treegyerage weight decrease of these edge-exchanges is at least
« Naive edge-replacemerfNA): Edgese ¢ E — T and (w(T) —w(T*))/(n—1).

e’ € T are chosen uniformly at random;replacese’ in Proof: The proof is constructive. Let = |[T*—T|. There
T. This operator may yield solutions that are not spannirexists a bijectiony : 7* — T — T — T™* such thatx(e) lies on
trees; such solutions are never accepted. the cycle created by includinginto 7" and the weight ofy(e)

« Uniform-uniform edge-replacemefiiU): Again, an edge is not less than the weight ef[19]. The total weight decrease
e = (u,v) € E — T is chosen for inclusion at random.when all z edge-exchanges described by the bijeciiomre
The edge:’ to be removed is randomly chosen from thapplied toT" is w(T") — w(T™).
path inT" that connects: and v, so that the offspring is To be independent of the number of edgéshares with
always a spanning tree. T*, we extend the set of edge-exchanges that specifies

« Uniform-greedy edge-replacemeidG): UG-mutation is with n — z — 1 dummy exchanges specified by the bijection
identical to UU-mutation, except that the edgeto be «'(e) = e, Ye € T'NT*. These exchanges replace an edge
removed is always the edge of largest weight on the patiat is in bothT and 7™ by itself and so do not modify’
from v to v; ties are broken randomly. and w(T). From « and o’ together, we obtaim — 1 good

« Biased-uniform edge-replaceme(8U): An edgee € £ edge-exchanges with an average weight decrease of at least
is chosen according to the theoretically derived probabile(T") — w(T™))/(n — 1). [ |
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The next result establishes an upper bound on the expeatede. However, if we assume ttiatis non-degenerate, as it is

number of good edge-exchanges we must perform. with overwhelming probability, the diameter and the expected
Lemma 3:The expected number of good edge-exchangkmngth of the path ar®(,/n). Thus,

required to transform a random spanning tree into the MST is P "

Omlogn). panning PRV (") = pRY(e") = Q(1/ V). (31)

Proof: Neumann and Wegener [15] showed that statWhen the edge to be removed is greedily selected as in UG and
ing from a random spanning tree, the expected number BG, the maximum possible weight decrease is achieved; the
good edge-exchanges until the MST is foundig:(logn + (1+1)-EA either performs a good edge-exchange or an edge-
log wmax)), Wherewy,,x is the largest weight in the graph. exchange resulting in an even larger weight decrease, which

In the graphGG = (V, E), replace each edge weighte) by we may consider an alternate good edge-exchange. Therefore,
its rankr(e). A MST based on the ranks will also be a MST uG, BG, 1
based on the original weights. Thus we simplify Neumann and pr7(e") = pro(€") = 1. (32)
Wegener’s bound by replacing,,.x with the maximum rank Note thatpr(e”) < pr(e*) for all mutation variants. These
m, So that the expected number of good edge-exchanges uoliervations lead to the following result.
finding the MST isO(n(logn +logm)) = O(nlogn). W Theorem 3:Excluding preprocessing, the total expected
To obtain an upper bound for the expected optimizaime for the (1+1)-EA to find the MST for average case in-
tion time, we multiply the required number of good edgestances is bounded above depending on its mutation operator:
exchanges by the expected waiting time for each such ex-

Recall that the set of edges to be inserted byralt 1 EX(tygr) = O(n*logn) (34)
good edge-exchanges is identicalfio, and letp;(e*) be the EX(tier) = O(n°?logn) (35)
mearton. When choosing an edge unformly ot random from EX(ten) = Ol Jogn) (%)

' J g Y EX(t%¢r) = O(n*?logn) (37)

E —T, asin NA, UU, and UG, )
Proof: Since there are always— 1 good mutations, the

pr(er) =pr¥(e”) = pr(e’) = probability of performing a good mutation (or an even better
1 5 one) is bounded below b — 1) - p1(e*) - pr(e”). This yields
Tm—n+1 O(1/n%). (26)  the expected waiting time
When choosing the edge to be inserted according to the ap- EX(1) = O tmut (38)
proximately optimal edge-selection strategy, as in BU and BG, 1= n-pi(e*)-pr(e”) )’
1 for performing a good mutation. Therefore, an upper bound for
BU( %) — ,BG(o*) — o1 27 p gg___ _ ) pp _
pr(e7) =pr(e?) EX*(e¥) O/n)  @7) the total expected waiting time to find the MST when starting
according to corollary 1. from a random spanning tree is
Assume an edge* € T* has been selected for insertion EX (tyst) = O(EX (t1) - nlogn) =
into T, and an edge’ is to be selected for removal froffi. , )
If e* is already contained iff’, no matter which edge will -0 (W) ) (39)
be chosen for’, the treeT will remain unchanged: Either pi(e*) - pr(e”)

¢/ = e* and a (good) dummy edge-exchange is performeReplacingp:(e*), pr(e”’), andt,, by the specific complexi-

or the resulting edge set is not a spanning tree and thereftieg above yields the five results. [ ]

not accepted by the (1+1)-EA. In case of the NA-variant, the With BU and BG, the (1+1)-EA must begin by sorting the

probability of performing the dummy edge-exchange is graph’s edges and determining their ranks. This takes time that

is O(n?logn) and dominates the EAs running time for these

pr7(€7) =1/(n—1) = 6(1/n). (28) two (mutation) variants. Note that Kruskal's algorithm also has

In the other variants, the edge to be removed is alwayse*, time that is dominated by initial sorting of the edges and is

so that thereforeO(n? logn).

Uuu _ G o U _ G/ *\ __
pro(€) =pr(e") =pr (') =pr~(e") = 1.  (29) V. SELECTION STRATEGIES FOREDGE-INSERTION IN

If e* = (u,v) is not yet inT, there exists exactly one MUTATION
edgee” ¢ T* on the path connecting andv whose removal ~ More generally, assume an EA that seeks a constrained
results in a good edge-exchange. The probability of choosiggbgraph of minimum total weight in a complete gragh
this edge ag’ depends on the edge-exchange strategy. Whas is the goal in the problems listed in the introduction. The
choosing an edge uniformly fror' as in the NA-case, EA's mutation operator inserts a new edge into a feasible
NA/ 1 B solution and guarantees the offspring’s feasibility by applying
pr"(€") =1/(n—1) =O6(1/n). (30 3 problem-dependent repair such as the removal of another
When choosing an edge uniformly from the path connectiragige in case of the MSTP. In the experiments the next sections
u andv, as in UU and BU, the probability depends on théescribe, we compare the following strategies for selecting a
length of the path, which iss — 1 = O(n) in the worst new edge to be inserted.
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Uniform Edge-Selection (UNIF) Inverse-Weight-Proportional Edge-Selection (INVW)

This method corresponds to the edge-selection strategy usetdihe probability of each edgec E is inversely proportional
in the UU and UG mutation variants of Sect. IV. The new edge its weight w(e). Greffenstette used this technique for
is randomly chosen with probability;; (r) = 1/m from E. choosing edges during recombination in a genetic algorithm
for the TSP [6]. This selection can be implemented efficiently

Approximately Optimal Edge-Selection (OPTEX) by applying binary search to an array of cumulated weights

The new edge is selected according to the approximaté”f)‘i(ei) = 2jmwle)i=1..m.

optimal selection probabilitieg4(r), as in the BU and BG

mutation strategies of Sect. IV. VI. EMPIRICAL RESULTS FOR THE(1+1)-EAON THE

To perform this edge-selection efficiently in practice, we de- MSTP
rive a random edge-rariR € {1,2,...,m} from a uniformly To support the theoretical results from Sect. IV and to
distributed random number € [0,1). compare the approximately optimal edge-selection strategy to

In order to ensure thak has the approximate probabilitythe others presented in the previous section, we performed the
densityg.(r) of Theorem 2, we use the corresponding cumdollowing experiments with the (1+1)-EA.

lative distribution functionF (r): Fifty uniform instances and fifty Euclidean instances of
. , . the MSTP were randomly created for each size= 20,
_ N A N 50, 100, 200, 500, and 000. We applied the (1+1)-EA to
Fir) ;(M(Z) ;a (\/5 1) all these instances using each strategy for selecting a new
(r+1)/2 edge combined with both uniform and greedy selection of the
- M <1 _ 1) edge to be removed. For the normal-distribution-based edge-
1-va Va selection N, 8 was set to 0.75, 1, 1.5, 2, and 3. A run was
El z terminated when either the MST was found 10F iterations
=1-a?=1- < > (40) had been performed.
|51 +1 Table 11l lists the median numbers of iterations until termi-
The inverse ofF'(r) is nation. In addition, Table IV shows the corresponding error
21og(1 — F(r)) probabilities in percent for the hypothesis that on average

"= 5] —tog(|S] + 1) (41) OPTEX yields a smaller number of iterations than each of the
J & _ _ other edge-selection strategies. These error probabilities were
R can be calculated frof by settingF'(r) = in (41) and  determined by paired one-sided Wilcoxon rank-sum tests.

rounding: For all mutation variants, when choosing the edge to be
2log(1 — U) removed in a greedy way, the EA needs substantially fewer

= L ] J modm+1.  (42) jterations. When using OPTEX, it was always able to find

0g [S] —log(IS[ + 1) . PTEX, it was alw _
o . i the MST in fewer thanl0’ iterations; the increase in the

Finding the modulus and adding one ensures atill be a required number of iterations with respect to the problem size

valid edge rank. is only moderate. This supports the derived upper bounds
for the expected number of iterations 6¢f(n?logn) and
Proportional Edge-Selection (PROPP) O(n?®/?1ogn) for uniform random and greedy edge removal,

Each edge is selected with probability(r) = p(r)/|S| ~ respectively. o o
a”/|S|. This operator's implementation uses a uniform random AS_the small error probabilities from Table IV indicate,
number ¢/ transformed by the inverse of the distributioPPTEX speeds up the EA in comparison to the other edge-

function: selection strategies, in most cases with high statistical sig-
o , nificance. It always outperforms UNIF,sNand INVW with
F(r)= Z a g ( 5] ) ) (43) error probabilities less than 0.1%. On the smaller instances,
— |5 IST+1 PROPP, N.-5, N;, and N 5 were occasionally better than
This yields OPTEX, in particular on uniform instances. This sometimes
poorer performance of OPTEX on uniform instances can be
_ { log(1 —U) J mod m + 1 (44) explained by the error resulting from the approximation(r)
log|S| —log(]S| + 1) ' of the probabilitiey z (1) with which an edge of a certain rank
appears in the optimum solution. On uniform instanges’)
Normal-Distribution-Based Edge-Selections(N tends to underestimateg(r) for » < n and overestimate
This edge-selection strategy is based on normal distributiokg (") for 7 > n; note Figs. 1 and 2. _ _
as proposed in [20]. The rank of a selected edge is Generally, OPTEX is almost always superior on Euclidean
instances and on large uniform instances.
R=|N-B-n|]] modm+1, (45)
where N is a normally distributed random number with mean VII. EXPERIMENTS ON THE3-MSTP

zero and standard deviation ong.controls the bias towards We now evaluate biased mutation in more sophisticated EAs
low-cost edges. for two NP-hard problems, thd-MSTP and the TSP. We
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TABLE IlI
MEDIAN NUMBERS OF ITERATIONS REQUIRED TO FIND THEMST BY THE (1+1)-EA.

Mutation Uniform random choice of edge to be removed (U) Greedy choice of edge to be removed (G)

n=20 n=50 n=100 n=200 mn=500 m=1000 | n=20 n=50 nmn=100 n=200 n=>500 n=1000

Uniform random instances
UNIF 2008 24513 186378 1055184 > 107 > 107 544 5077 24566 112391 815387 3535240
OPTEX 359 2022 6561 24344 119389 396 044 90 322 853 2083 6340 14360
PROPP 290 1571 8099 25789 164687 499 716 60 268 740 2029 7764 18124
No.75 198 2921 48129 510473 > 107 > 107 47 433 4221 33599 1011781 3413491
N1 195 1631 9681 86262 755918 > 107 51 234 885 4797 48964 370644
Ni.5 321 1831 6881 27355 164353 5754p4 78 290 722 1909 6778 19572
N2 525 2339 7552 24988 129 466 445749 113 370 950 2128 6087 16 950
N3 598 3570 12272 37362 183666 564766 187 633 1503 3496 10021 20738
INVW 581 4412 18345 86950 446253 > 107 111 684 2132 6238 22821 59729
Euclidean instances
UNIF 1324 20294 106648 845683 9772113 > 107 536 4676 23945 107050 766805 3800496
OPTEX 292 1826 7933 23342 175904 643915 110 422 1094 2836 8774 19924
PROPP 301 5420 25388 108910 666924 2934556 106 557 1667 6122 24578 50717
No.75 2159 985295 > 107 > 107 > 107 > 107 432 90346 2453202 > 107 > 107 > 107
Ny 545 33516 413170 2894652 > 107 > 107 154 3509 33062 110399 1524522 > 107
N1i.5 373 4988 24649 161841 1411807 > 107 106 599 1859 8439 28952 112709
N2 401 2882 16379 64448 336576 1707227 121 452 1158 2997 9763 35700
N3 541 2981 11663 37254 227970 844947 206 624 1649 3759 10558 25222
INVW 790 6350 39911 181224 1785180 > 107 209 1455 5484 18841 93982 286671
TABLE IV

THE (1+1)-EAFOR THEMSTP: ERROR PROBABILITIESpPerr [%] OF THE HYPOTHESIS THAT ON AVERAGEOPTEXYIELDS A SMALLER NUMBER OF
ITERATIONS THAN THE OTHER MUTATION METHODS

Mutation Uniform random choice of edge to be removed (U) Greedy choice of edge to be removed (G)
n = 20 n=50 m=100 n=200 n=500 n=1000| n=20 n=50 n=100 n=200 n=>500 n=1000
Uniform random instances
UNIF 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
PROPP 82.3 97.2 0.2 26.0 0.0 0{3 100.0 99.7 98.0 38.3 0.0 0.0
No.75 100.0 0.1 0.0 0.0 0.0 0/0 100.0 5.5 0.0 0.0 0.0 0{0
N1 100.0 91.5 0.1 0.0 0.0 0/0 100.0 99.7 32.3 0.0 0.0 0[0
Ni5 63.7 78.3 15.1 5.0 0.0 0/0 97.6 88.8 99.7 67.8 4.8 0[0
N2 0.0 0.2 0.1 5.2 15.6 45 0.0 0.0 0.5 22.7 33.2 0{0
N3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
INVW 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Euclidean instances

UNIF 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
PROPP 8.3 0.0 0.0 0.0 0.0 0.0 52.1 0.0 0.0 0.0 0.0 0.0
No.75 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
N1 0.0 0.0 0.0 0.0 0.0 0.0 2.3 0.0 0.0 0.0 0.0 0.0
Ni5 0.3 0.0 0.0 0.0 0.0 0.p 80.2 0.0 1.0 0.0 0.0 0.0
N2 0.0 0.0 0.0 0.0 0.0 0.0 8.3 0.8 2.8 13.7 6.3 0.0
N3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
INVW 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

consider thed-MSTP first, with the maximum degre# set mutating the resulting tree.

to three. Mutation selects an edge to be included in a tree according
r%% one of Sect. Vs five strategies. To guarantee that offspring

The EA is the steady-state algorithm described in [20], and .. . . .
. . : satisfy the degree constraint, the following two special cases
it represents candidate spanning trees as sets of edges. Random X .
xtend the simple edge-exchange mutation from the uncon-

spanning tree generation based on Kruskal’s algorithm fills the
pgpulatign Wm? feasible initial solutions [21]. Tr?e EA selectéaralned MSTP.

parents for crossover in binary tournaments with replacement, If the insertion of the selected edge violates the degree
and crossover builds a random degree-constrained spanning constraint at both of its end-vertices, the edge is not

tree based on the union of the parents’ edge-sets. Only if nec- suitable for insertion and is therefore discarded; another
essary, edges not appearing in the parents are added in order edge is selected.

to satisfy the degree-constraints. Each (feasible) offspring ise If the new edge violates the degree constraint at one of
always generated by applying crossover to two parents, then its end-vertices, the edge to be removed must be the other



IEEE TRANSACTIONS ON EVOLUTIONARY COMPUTATION, VOL. 1, NO. 11, NOVEMBER 1111

TABLE V

RESULTS OF THEEA FOR THE3-MSTPWITH EACH MUTATION :

PERCENTAGE OF RUNS THAT FOUND OPTIMUM SOLUTION$%-hits) AND

AVERAGE NUMBERS OF ITERATIONS(iter).

HYPOTHESIS THAT ON AVERAGEOPTEXYIELDS SMALLER NUMBERS OF
ITERATIONS THAN THE OTHER MUTATION METHODS

TABLE VI
THE EA FOR THE3-MSTP: ERROR PROBABILITIESperr [%] OF THE

10

Mutation n = 50 n = 100 n = 200 Mutation|| Uniform random instances Euclidean instances
%-hits iter %-hits iter %-hits iter n=50 n=100 n=200|n =50 n=100 n =200

Uniform random instances UNIF 0.0 0.0 0.0 0.0 0.0 0.0
UNIF 54 173522 2 498396 0 1000000 PROPP 6.1 0.0 45.9 8.5 8.3 0.1
OPTEX 96 46265 64 281021 5 963850 No.75 7.0 0.0 394 0.0 0.0 0.0
PROPP 88 53203 46 325680 6 971200 N1 89.8 13.8 36.1 0.0 0.0 0.0
No.75 78 69740 48 350353 6 974948 N1.s 4.9 0.0 313 0.0 0.0 0.2
Ny 96 35979 60 284833 6 975521 N2 0.1 0.0 289 172 7.3 1.6
Nis 88 53781 40 342982 4 976387 N3 0.0 0.0 0.0 2.4 15.3 0.1
No 86 60941 32 398460 4 971030 INVW 0.0 0.0 0.0 0.0 0.0 0.0
Ns 76 83164 32 390116 0 1000000
INVW 76 83 127' ge 411267 0 1000000 TABLE VI

Euclidean instances RESULTS OF THEEA FOR THETSPWITH EACH MUTATION ON
UNIF 98 57900 66 360199 8 990999 EUCLIDEAN INSTANCES: PERCENTAGE OF RUNS THAT FOUND OPTIMUM
OPTEX 100 11698 100 49088 96 230771 i
PROPP 100 16877 88 118942 78 411953 SOLUTIONS (%-hits) AND AVERAGE NUMBERS OF ITERATIONS(iter).
No.75 48 149643 20 432160 6 967138 Mutation n =20 n = 40 n = 60
N1 68 96 968 46 314193 46 715735 %-hits iter %-hits iter %-hits iter
Nis 94 25005 82 166909 64 503273 UNIF 86 18349 30 150169 4 298993
N2 100 15007 90 921521 76 404871 OPTEX 88 14955 30 145812 10 276288
N3 98 16216/ 94 87970] 66 468987 PROPP 92 11213 18 165133 8 278601
INVW 98 24980 86 169252 46 824540 No.7s 84 19805 12 176786 4 294130
Ny 88 14756 14 172602 4 288515
Nis 90 14069 30 144882 6 282637
L . . . No 90 12720 36 130448 4 295192
edge incident to this vertex in the introduced cycle. N 88 13899 22 159152 6 283035
In all other cases, the edge to be removed is always chosemvw 86 16958 22 159466 4 289819

according to the U-variant; i.e., at random from all edges on
the induced cycle, excluding the newly inserted edge. The
grgedy yanant, which always removes the edg'e of h|gh¢0§t iterations than each other mutation method; again, these
weight, is not useful here; in preliminary experiments, this

aporoach almost alwavs led to bremature converaence at va}ues were calculated by paired one-sided Wilcoxon rank-
pp . staways pr ure converg PP tests. In most cases, these error probabilities are less than
locally optimum solutions. In the unconstrained MSTP, gree

. . . .1%, indicating high significance.
selection of the edge to be removed exploited a special feature 6, indicating high significance

of optimum solutions that is not in general present in hard
graph problems. Vil
Each offspring replaces the worst solution in the population The EA framework used for thé MSTP was also applied to
except when it is identical to an existing solution; duplicatehe TSP. The EA represented candidate tours as permutations
are discarded to maintain diversity. of the vertices. It applied unbiased random initialization, stan-
We considered 50 random Euclidean instances of siz#égrd edge recombination crossover (ERX) [22], and mutation
n = 50, 100, and 200. For all these instances, we determinbised according to the five edge-selection strategies.
optimum solutions by branch-and-cut, again using ABACUS In comparison to the-MSTP, incorporating specific edge-
[13] and CPLEX 8.1. The population size was,, and the selection techniques into mutation in an EA for the TSP
EA terminated if an optimum solution had been reached & more complex. A commonly used mutation operator for
the number of evaluations exceedgd00 . permutations is inversion. This operator can be modified to
We performed 50 runs on each instance with each mutatimelude a specific new edge selected by one of the above
variant. Table V shows, for each sizeand each operator, thestrategies: Invert the substring beginning after the selected
percentage of runs that identified optimum solutions and tkege’s first vertex and ending with the selected edge’s second
average number of evaluations over all runs. vertex. For example, l1ef’ = (a,b,¢,d, e, f,g,h) be the tour
In all but the uniform case witm = 200, OPTEX solved to be mutated, and lét, f) be the edge selected for insertion.
the largest number of instances to optimality. In the lattdthe mutated tour i%a, b, ¢, f,e,d, g, h).
case, PROPP, N5, and N solved one more instance. With Note, however, that mutation for the TSP necessarily in-
respect to average numbers of required iterations, OPTEKides a second edge in addition to the selected one (in the
again outperformed the other mutation variants in every caseove example the eddd, g)). This second edge cannot be
but one. For uniform instances of size = 50, N; gave chosen according to the edge-selection strategy, but depends
better results. Table VI shows error probabilities for then the first edge and the current tour. Furthermore, two edges
hypotheses that on average, OPTEX vyields smaller numbérat directly depend on the pair of inserted edges are removed

E XPERIMENTS ON THETSP
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TABLE VIII
THE EA FOR THETSP: ERROR PROBABILITIESperr [%] OF THE
HYPOTHESIS THAT ON AVERAGEOPTEXNEEDS A SMALLER NUMBER OF
ITERATIONS THAN THE OTHER MUTATION METHODS

Mutation [n =20 n=40 n =60 ]

and indicate that the new approximately optimal edge-selection
scheme is in practice superior to the other methods.

We further considered EAs with larger populations and re-
combination operators without specific biases for two NP-hard
graph problems, the 3-MSTP and the TSP. With approximately

UNIF 00 305 108 optimal edge-selection probabilities, the EA for the 3-MSTP
PROPP 93.5 15.1 38.8 . o . ; A .

No. 7 93.8 24 111 identified optimum solutions significantly more often and with
Ny 98.1 59 133 fewer iterations. On the TSP, however, mutation that introduces
N5 97.3 68.6 26.0 one new edge introduces a second edge as well. While the first
N2 67.9 87.3 11.1 edge may be chosen according to specific probabilities, the
N3 10.8 19.1 24.6 second edge depends on the first edge and on the current tour,
INVW 187 191 117 and two strongly dependent edges are removed. These side-

effects overwhelm the differences between the various edge-
selection strategies.
((¢,d) and(f, g) in the example). These side-effects strongly More generally, we conclude that for various problems,
influence the performance of biased mutation. a detailed study of probabilities with which features ap-
The experiments were performed on 50 random Euclidepaar in optimum or nearly optimum solutions may allow
instances of each size = 20, 40, and 60, using a populationthe derivation of theoretically well-justified biasing schemes.
of 2n tours. The EA halted when it reached an optimuriMutation operators that are biased in this way are likely to
solution or performed 000 n evaluations. find (near-)optimum solutions more often and more quickly.
Results are listed in Tables VII and VIII. In contrasWhile we focused here on certain subset-selection problems on
to the d-MSTP, these experiments did not in general shographs, the basic idea is generally applicable. Future work will
significant differences among the edge-selection methods. Tdomsider biased recombination operators and other application
only exception with high statistical significance is that OPTEX¥reas.
performs better than unbiased mutation wheg: 20.
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