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Abstract. Optimal minwise independent families of permutations are
combinatorial structures designed to realize a large set of highly symmet-
ric monotonicity patterns while using as few permutations as possible.
Such families play a central role in efficient Jaccard similarity estima-
tion and related applications in document analysis and machine learn-
ing. While practical variants often tolerate slight relaxations of their
attributes, we focus on the computational construction of minwise in-
dependent families in their pure form. We introduce a constraint-based
framework that (i) provides a direct SAT encoding of the underlying
combinatorial conditions and (ii) extends a heuristic by Mathon and van
Trung to guide the search within this constrained space. Our results
show that this hybrid approach is effective in discovering new, provably
optimal families and yields substantial speed-ups compared to previous
methods. The framework also offers structural insights into these com-
binatorial objects and supports them with certified optimality proofs.

Keywords: Minwise independence - SAT solving - Heuristic search -
Symmetry breaking - Certified optimality

1 Introduction

A family # of permutations on a finite universe U is (k-restricted) minwise inde-
pendent, if it ensures that a random permutation 7 drawn from .# and applied
to any X C U (of cardinality at most k) exhibits perfect fairness in the sense
that each element x* € X has the same chance of being mapped to the minimum
of the values in {m(x) : x € X}. These families are a crucial ingredient of the
well-known MinHash algorithm [4], which was proposed in the 1990s to rapidly
estimate the similarity between documents in large World Wide Web page collec-
tions. Since then, these structures have inspired thousands of subsequent studies
in the broader field of big data and machine learning [35]. More precisely, minwise
independence is strongly linked to established techniques such as b-bit minwise
hashing [22], one-permutation hashing [23], and locality-sensitive hashing [I4],
which are used in applications including spam detection [22], dimensionality re-
duction [35], derandomization [28], and computational geometry [28].

This work was partially supported by the program VGSCO of the Austrian Science
Fund (FWF) [10.55776/W1260-N35].

This document is a preprint accepted for PPSN2026 — version dated June 3, 2026.


https://orcid.org/0000-0001-7528-0834
https://orcid.org/0000-0002-3293-177X

2 E. Iurlano and G. R. Raidl

At a technical level, minwise independence is used to accurately approxi-
mate the pairwise Jaccard similarity between high-dimensional data based on
precomputed sketches [5] associated with the data points, i.e., subsets of a large,
finite universe U. The Jaccard similarity r(A4,B) := |A N B|/|A U B| of two
sets A, B C U can be estimated by repeatedly subjecting A and B to random
permutations of U and computing a simple statistic on the results [5].

The main challenge in this sampling approach is that, for large-scale universes
U, it is difficult to draw a permutation of U (even approximately) uniformly at
random: The combinatorial explosion of the symmetric permutation group on n
elements makes it impossible even for state-of-the-art pseudo random number
generators (PRNG) to guarantee full sampling of its elements before reaching
the PRNG’s period-length [26]; this applies in particular to the PRNG Mersenne
Twister [20] being the standardﬂ of the C++ programming language. Therefore,
Broder et al. [5] introduced minwise independent families of permutations that
can be generated with far fewer members than the full symmetric group on U,
yet any random permutation drawn from such a smaller family serves as an
equivalent replacement for a random permutation. The impact in the field of
big data is largely influenced by relaxed and approximate forms of such families,
which accept a certain degree of inaccuracy for practical purposes. Often, certain
families of practical hash functions are employed as a compromise; see Broder
et al. [5] and subsequent work.

Optimality-achieving algorithms or constructions for these families are known
only for specific parameter choices [I7]. Therefore, providing a general framework
for finding and studying provably optimal representatives (at computationally
tractable scales) adds valuable insight into their nature. Indeed, constructive
approaches for generating minwise independent families [32] and related struc-
tures often benefit from knowledge of optimal behavior on smaller scales as they
are designed in a recursive [I9J32], product-type [7], replicative [34], or extensi-
ble [I3] manner. Such a tool may also help to disprove or empirically support
conjectures on minwise independence that might be inferable by analogy from
open conjectures in related fields [21129].

For related structures [I32429)] the development of exact computational ap-
proaches has been initiated. Notably, in computational (non-)existence proofs,
their proposed algorithms exhibit long runtimes even for small parameter val-
ues [I3I29]. This raises questions about the existence of better performing al-
ternatives. On the other hand, the aforementioned works have the disadvantage
that no verification across diverse and independent software platforms for their
claims of optimality is available, which would be important to enhance trust.

Our contribution. We propose a framework to address questions on the
existence and structural decomposability of minwise independent families of a
postulated size, thereby providing insights on (optimal) such representatives with
specific characteristics. The framework relies on a reduction to the Boolean sat-
isfiability problem, i.e., a SAT encoding, which is then solved with a modern
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SAT solver. To manage the high-dimensional search space, our encoding em-
ploys problem-specific symmetry breaking whereas to accelerate heuristic solu-
tion finding, we adapt a group-theoretic decomposition strategy to our setting;
originally, it was proposed for a similar structure [24J29] and implemented as a
backtracking algorithm. For parameter instances that allow direct comparison
with [29], we observe a dramatic speed-up in terms of computation time by a
factor of up to 2.09 x 10°. Using our SAT framework, we can also detect non-
existence and subsequently certify it with independent software. Furthermore,
the framework supports flexible customization and the integration of additional
assumptions for further studies. As a byproduct of potentially broader interest,
we provide pure-SAT evaluations (without resorting to bitvector arithmetic) of
certain permutation attributes arising from symbolic permutation emulation.

The paper is structured as follows. Relevant terminology and related work are
reported in Sect. [[.IHT.2] The SAT encoding is derived in Sect. 2] and extended
to subgroup-parametrized encodings in Sect. Experimental evaluations are
reported in Sect. [f] and concluding remarks in Sect.

1.1 Preliminaries

In the following, we provide the most relevant definitions and properties con-
cerning minwise independence and the methodology we develop later.

Let [n] := {1,...,n} and denote by S,, the symmetric group of all n! per-
mutations of [n]. Let us introduce sets of semiordered patterns SOP(n,j) :=
{(s1,...,8;) €[n)) 185 <s3<--<s;and s1 & {s2,...,8;}} for 1 <j < n.
In the following we always assume that appearing families are indexed by [d] for
some d € N. We refer to the number d of (not necessarily distinct) members of
a family as its size.

Following [5], we say that a finite non-empty family % = (mq,...,mq) of
permutations m; € S,, i = 1,...,d is k-restricted minwise independent if for
each j € [k], for each X C [n] with |X| = j, and each z* in X,

1
Pr |7(z*) = min7(z) ’ 7 is drawn uniformly at random from % | = —. (1)
reX J

It will be convenient to consider an equivalent replacement for given by
) . d
{i € [d] : mi(s1) = min{mi(s1), mi(s2), ..., mi(s;)}}H = 7 (2)

for each j € [k] and each (s1, s2,...,5;) € SOP(n, 7). This implies that d must be
a multiple of lem ([k]), the least common multiple of the numbers 1,2, ..., k. We
call a k-restricted minwise independent family .# = (m,...,mq) C S, optimal
or minimally-sized if no k-restricted minwise independent family ¢4 C S,, has
fewer than d members.

Ezample 1. Let F := (m1,...,m6) C Sy be the family formed by the following
six permutations in Fig. I} No matter which d x j submatrix of j < 3 columns we
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Fig. 1. A 3-restricted minwise independent and optimal family. Each row corresponds
to a permutation: a (throughout the row) unique value is assigned to each column-
position.

select together with an attribute of “speciality” for one of its columns, the number
of rows of this submatrix in which this special column entry is row-wise the
smallest is invariant of the submatrix-choice and subsequent speciality-choice.
More precisely, notice that for (2,1,4) € SOP(4, 3), we have 2 = |{m3,75}| = 6/3
and 7m3(2) = 1 = min{1,4,3} = min{ns(2),m3(1),7m3(4)} as well as 75(2) =
1 = min{1,2,3} = min{nr5(2),75(1),75(4)}. A respective observation can be
made for all 12 elements in SOP(4, 3), all 12 elements in SOP(4, 2), and all four
elements in SOP(4, 1). Optimality follows from the fact that the family size must
be a multiple of lem (1,2, 3) = 6, and 6 itself already suffices.

Let us denote by S, ; the set of injective functions o : [k] — [n], henceforth
called k-subpermutations. The latter are used to strengthen the requirements of
k-restricted minwise independent families towards k-rankwise independent fam-
ilies [32] satisfying for each subpermutation o € Sy,

{ield:m(o(1) < <milo(k)} = %- (3)

In the sequel, we recall some concepts from group theory. Let G be a (not
necessarily commutative) group with operation o : G x G — G, neutral element
e € G, and inversion (-)~! : G — G. For each subgroup H of G—a subset of G
closed under the group operations—a left-coset is a set of the form gH := {goh :
h € H} for an arbitrary g € G. Similarly, right-cosets Hg := {hog: h € H}
can be considered for any g € G. We focus on subgroups of the symmetric group
Sn, where o is function composition. We use the standard function composition
convention fog:= f(g()), i.e., f is applied to the output of g.

1.2 Related work

In their foundational work, Broder et al. [5] proposed an exponential-size con-
struction of k-restricted minwise independent families for £k = n. Subsequently,
Itoh et al. [I7] gave a provably optimal constant-factor improvement for this
case, and Tarui et al. [32] derived polynomial-size asymptotic upper bounds for
the cases k € {3,4} via finite-geometric methods. Error-tolerant approximate
versions of biased-distribution settings were also examined in [5]. The work [17]
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also introduced the concept of rankwise independence, identified it as a proper
special case of minwise independence, and provided the subsequent useful obser-
vations. In contrast, MatouSek and Stojakovié [25] studied slight relaxations.

Remark 1. Tarui et al. [32] observed that for j < 3 is equivalent to (3) with
k = 3, and consequently 3-restricted minwise independence coincides with 3-
rankwise independence. Itoh et al. [T7), p. 141] give a transformation that turns
a k-restricted min- (or rankwise) independent family .# C S, into one in S; of
the same size, for any n < n. By contrapositive, non-existence of k-restricted
minwise independent families .% C S; of d members implies non-existence for
such families .# C S,, with larger n > 7, provided |.Z| = d.

Asymptotic bounds on the size of optimal k-restricted minwise independent
families appear in [2II7JI8]. Upper bounds for optimal rankwise independent
families have also been derived [I5I20] as well as lower bounds [2].

It was recently recognized [I9] that requirement “up to isomorphy” ex-
actly characterizes perfect sequence covering arrays [34]. For the latter, several
construction [12J2TJ34] and search approaches [I3124]29] have been proposed as
alternatives to the ones addressing mainly the asymptotics [2I32] of rankwise
independence. The enumerative strategies of Mathon and van Trung [24] and
Na et al. [29] are based on the assumption that families are unions of cosets in
Sp; both works motivate our SAT-based adaptation of their group-decomposition
approach. For minwise independence, the following theorem seems to be the first
result proving the existence of a minwise independent family by a particular de-
composition into (non-trivial) right-cosets. Although originally stated without
group-theoretic language, the result is rephrased here to match our framework;
see Sect. 3l

Theorem 1 (adapted from [3]). Let k > 3 be odd and .7 = (61,...,04) C S,
be k-restricted minwise independent. With G = {v1,v2} = {id,o} denoting
the subgroup of S, containing the identity permutation and the order-reversing
permutation o : [n] — [n], i = n+1—1, we have that (yp 06, : £ € [2],m € [d])
is a (k + 1)-restricted minwise independent family of size 2d.

Another connection of minwise independence to group theory has been theoret-
ically studied within a more restrictive setting in [6].

Remark 2. While deriving the apparently best lower bound on the size of rank-
wise independent families, Bargachev [2] asked whether there is a “natural bi-
jection” between the class of permutations having k so-called waste indices and
the class of k-partial derangements. In passing we highlight that such a bijec-
tion follows from a slight adaptation and generalization of [36, Proposition 2.1]
which bijects on top of the cycle notation of permutations [9]; more details can
be found in the |electr0nic appendixllﬂ

2 lhttps://www.ac.tuwien.ac.at /files /resources/instances /minw-idp,/
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2 A SAT approach

In this section we provide an initial SAT encoding. In the upcoming Sect. [3 we
then refine the encoding into two more sophisticated ones, each constituting a
generalization.

The main idea relies on the natural approach to represent permutations via
their order-theoretic incidence structure already used, e.g., in [I]. In fact, if
m € S, is a permutation, it is uniquely determined by full knowledge on X™ =
(27 )i =1 € {0,1}™*™ capturing by z7; the information if 7(i) < 7(j) (1 in
the afﬁrmatlve case, otherwise 0). Note that X™ can be seen as the incidence
matrix of a strict total order on [n] representing the permutation. We can, in
fact, recover the j-th entry of the permutation via 7(j) = 1+ Y7, «7,. All
solutions for z7 ; subject to the following constraints (irreflexivity, asymmetry,
totality, and tran51t1V1ty) correspond to a permutation:

-z for L€ ld], i€ [n]; (4)

—x i Vol for b€ ld], i€ n], j€[n]; (5)
zibvall forleld, i€(n], je nl; (6)
GV ol vy, fore(d], i€ n], jeli+ 1], he ]\ {ij} (7)

These constraints are already stated in conjunctive normal form (CNF). Here
for two integers p and ¢, we denote by [p:q] := {p,p+1,...,q}. Constraints
7@ in fact are equivalent to x;; <+ —x; ; for ¢ < j; by substitution, it is hence
possible to rely exclusively on the strict upper-diagonal entries of X™ thereby
allowing us to omit 7

To encode property (2]) in the definition of minwise independence, we need to
impose specific cardinality constraints which are stated in —note that 7 <3
is intentionally excluded due to a more favorable replacement in @

d
Zl/\ ry! Sh] <d/j forje€[4:k], s€ SOP(n,j); (8)
=1
d [ 3
> [/\ ngh_l)ﬂ(h)] <d/3! foro e Sps. (9)
=1 Ln=

In fact, we avoid the higher upper bound d/3 (which in (8]) would result for j = 3)
and we can also relinquish the case j = 2—this is justified by the aforementioned
particularity that 3-restricted minwise independence is precisely 3-rankwise in-
dependence (see Remark .

Note that upper bounds instead of equalities appear in (8)—(9)), which provide
a considerable simplification in view of a conversion to CNF. These seemingly
weaker conditions are, however, equivalent to the ones with equalities: Any not
attained upper bound in f@ would imply a strict excess of the upper bound
for some other s’ € SOP(n, j) respectively o’ € S, s—infeasibility would be a
consequence; in fact, the number of patterns/subpermutation conditions met by
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a family .# is fixed. How the cardinality constraints are technically translated
into CNF is deferred to Sect. [l

Remark 3. If the interest is in modeling k-rankwise independence, we can simply
replace (8)—(9) with inequalities ijl /\Z:2 wg‘éhil) U(h)} < d/k! for o € Sy .

For symmetry breaking, for a permutation 7, we consider the binary string re-
sulting from X™ = (:czj)?,j:l by concatenating all side-diagonals of X™ lying
above the main diagonal to form a string, denoted by zeat[X7] 1= (#7411 ;4 1 =
2,...n,i=0,...,n—j).

It is then natural, without loss of generality, to enforce an ordering on X™¢,
¢ =1,...,d, defined through an ordering of their associated strings zcat[X™*].
With < denoting the lexicographical ordering relation on equal-length binary
strings, i.e., s189--+,8p =< titg .-ty iff Z,Ifil(th — 5,)2M=" > 0, we thus
require

2eat | X < zoae| X for £ € [d—1]. (10)

The identity permutation, whose upper diagonal part of the incidence matrix
consists of exclusively 1-entries, is hence the maximum element with respect to
this ordering. For m € S,,, the string zc.t[X ] is of length n(n — 1)/2. Therefore,
we might prefer the following weakened constraint depending on a user-defined
“accuracy” parameter L € [0:n(n — 1)/2] (denoting for a string s the substring
consisting of the first L entries of s by sp;..1):

Zeat [ X ™ 11.0) 2 Zeat[ X ™) for L€ [d—1]. (11)

In [30, entry A036604] one can look up A(n), the minimum number of (dynami-
cally choosable) pairwise comparisons needed to uniquely determine a strict total
order on [n]; see also the follow-up paper [31]. In the following we regard the
choice L := A(n) as a meaningful guideline but we could also choose a different
value for L, if an alternative trade-off between symmetry breaking and lower
complexity of the encoding is preferred. Finally, in this setting we can without
loss of generality add the following constraint as we preserve minwise inde-
pendence by composing each permutation in the family with m; ! and afterwards
bringing the transformed family into lexicographic order.

m =id; ie., unit clauses 7} forie€[n], j€[i+1:n] (12)

3 Incorporating a group-theoretic decomposition

This section emulates in SAT the group-theoretic heuristic of Mathon and van
Trung [24] (see also [29]) on top of the encoding in Sect.

As the approaches in the latter two works are—up to isomorphy, see [19]—
applied to rankwise independence it is a natural question if they are a useful
approach when rankwise independence is now relaxed towards minwise inde-
pendence: Clearly, this decomposition property is inherited by the relaxation,
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but according to asymptotic results a minwise independent family obtained this
way could in general be far from optimal [I7I8]. Therefore, it is a priori unclear
whether this approach can be successful for the search of (near-)optimal minwise
independent representatives, too.

Moreover, let us anticipate that it is currently unknown whether solutions
always carry the underlying structure which will be postulated in what follows.
Hence, this section provides a heuristic; a negative answer here does not entail
non-existence in the full search space.

Let us address the required steps for answering this question: In the spirit
of [24)29] we will hence assume that our families (7, ..., m4) with m; € S,, such
that lem ([k]) is a divisor of d have the following underlying structure: There is
a subgroup G = {71, ...,7,} of S, whose order ¢ = |G| is a divisor of d and for
which there are “offsets” 0y, ...,0,4//c| € Sp such that

F = (71, ., 7a) = (00 0 Ym) (e,m)eld/ |Gl x[|1C1- (13)

Condition models the coincidence of (71, ..., 74) with a union of d/|G| (not
necessarily distinct) left-cosets of a subgroup G of S,. By fixing a non-trivial
subgroup G of S, the number of decision variables is reduced, as every choice
for an offset §; automatically fixes a larger set of size |G| of permutations in #.
Note that we will always assume that by default v; := id in our enumeration of
G.

An encoding in our current setting consists of the following parts: Variables
X0 = (xf’fr) i,re[n]x[n], for £ =1,...,d/|G|, with permutation constraints pre-
cisely as in 7, cardinality constraints

d/|G| |G| J ,
[/\ x'Yl;nr(sl)v'Ym(Sh)‘| < d/j for j € [4:k]7 s € SOP(”?j)? (14)
=1 m=1 Lh=2
d/|G| |G| 3 .
[/\ xvfn(a(h—l)),ym(g(h))] <d/3! for o € Sy 3; (15)
=1 m=1 [h=2

and lexicographical symmetry breaking as in ,
Zcat [0€+1][1“L] = Zeat [95][1..L] for £ € [d/‘G‘ - 1] . (16)

Fixing the trivial subgroup solely consisting of the identity permutation
{r1} = {id} of S,, we recover precisely the original, non-heuristic model (@)-
(9), (11). Thus, we derived a generalization parameterized by the group G.

Apart from left-cosets, one can just as well look at right-cosets based on the
same motivation. This was also analyzed in [29] and the underlying assumption
here translates to

F = (m1,..,7a) = (Ym © 00) (e,m)eld/ | x (1G]] (17)

In the framework of SAT, this needs a more elaborate modeling approach: Al-
though we notice that v, o0, = (6, ' o 7,;1)71, leading to the idea of using 6, '
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directly as a new decision variable, there is then no direct way to recover via an
encoding in CNF the incidence matrix of the inverse of a permutation (when the
latter is itself specified by its incidence matrix). In fact we now face the difficulty
of applying a fixed permutation given as parameter (via G) to a symbolically
represented permutation (specified by decision variables) and afterwards access-
ing its incidence matrix. This considerably differs from the left-coset approach
where the need is to access the incidence matrix of a symbolic permutation in
entries pre-permuted by fixed permutations passed as parameters.

We circumvent this issue by encoding the offsets 8,,, as permutation matrices
T% = (t%)n._, € {0,1}"*™ whose bi-stochasticity we enforce via

\”/ tf; for £ € [d/q], i € [n]; (18)
j=1

—|t?fj vV —\t?fr for ¢ € [d/q], i €[n], {j,r} € ([Z}) (19)
\/ tf; for ¢ €[d/q], j€[n]. (20)
i=1

Cardinality-2 subsets of [n] are denoted as ([Z]). The first two clause families
together enforce exactly one 1-entry per row, hence exactly n such entries in total;
demanding in addition at least one 1-entry per column then already forces 7% to
be a permutation matrix keeping the encoding more compact. The subsequent
constraint encodes the incidence matrix of ~,, o 0, for any fixed v, and
a symbolic 6, inside the fresh variables J:ZZ“‘OHZ, (i,7) € [n]°. The formulation

depends on the permutation matrix 7% of ,:

2] ((tzfnw);;l =< (tifnm);;l) for ¢ € [d/q], m € [q], (i,r) € [n]>.
(21)

Regarding 7 note that firstly, row ¢ is a lexicographical successor of row r of
the permutation matrix of an arbitrary permutation 7 iff m(i) < 7 (r); secondly,
the permutation matrix of ,, o f; can be recovered from 7% by applying the
permutation -y, to its rows.

The main task to be addressed here is accessing the truth value of mZ’;}oez,
storing as a Boolean whether the i-th and the r-th row are in ascending lexico-
graphic ordering. A case distinction for the value of xZTOQZ shows that imposing
the subsequent lexicographical ordering on the tuples that suitably link z7m°%
to T%-entries precisely ensures such a behavior for xZﬁoe" :

Relations (23)-(24) are satisfied for ¢ € [d/q], m € [q], (i,r) € )% (22)

m 00 0 0 0 0
@27 e o bma) (0 @ 0 b ) (23)

0 0 m 00 0 0
(0,7t (s oo sl ) @I s T, ) (24)



10 E. Iurlano and G. R. Raidl

The implementation of < in SAT is deferred to Sect. [d] What remains are the
analogous cardinality constraints, now stated as

/|G| |G| [ j
> [/\ ﬂme] < dJj forje [4:k], s € SOP(n,):; (25)
(=1 m=1 [Lh=2

/|G| |G| T 3

Z Z l/\ xzy(nhO_f?zl)J(h)] <d/3! foro € S,3, (26)

=1 m=1 [Lh=2

without loss of generality, we require

Zcat [X’Y1092+1}[1:L] j Zcat [X’Yloee][lzL] for £ € [d/q - 1] . (27)

The question is now, which subgroups are promising choices, and how many
of them should be tested. Potentially, for each ¢ dividing n! and d, there can
exist a subgroup of S,, of order ¢ that is fruitful for the coset approach. In [29]
it is shown for their problem setting that for the left-coset approach, a single
representative per conjugacy class C1(G) := {(G)yp~! : ¢ € S, } is sufficient to
be considered, as it reflects the behavior of all groups serving as representatives
of this class. For the right-coset approach in [29], all subgroups of a given order
have to be examined, where, however, without loss of generality one can assume
the first offset #; to be the identity permutation. We incorporate these insights
from [29] into our experimental setup too, for reducing the number of inspected
groups, respectively tightening the search space.

4 Computational experiments

We use Julia in version 1.11.1 for generating strict total order constraints. The
cardinality constraints are obtained by calling the library PySAT in version 0.1.7.-
dev15 [16]. The latter not only provides an interface to different SAT solvers,
but also contains conversion routines to bring the encountered cardinality con-
straints ,,, into pure CNF: Seven encodings are available and we
pick the one recommended by the default strategy of PySAT. For accessing the
set of all (conjugacy classes of) subgroups of a given symmetric group S,,, we fall
back on the Julia-package Oscar in version 1.2.0-dev [8], having an interface to
GAP [IT]—the access time is negligible and therefore not reported. In the litera-
ture, formulations for enforcing that for two binary vectors a = (ay,...,a,) and
b= (bi,...,b,) the lexicographic ordering a =< b applies (needed for the symme-
try breaking in Sect. , have been proposed. However, as these are unsupported
by PySAT, we opted for a custom implementation of the “AND Encoding using
Common Subexpression Elimination” from [I0], which depends on fresh variables
xi,i=1,...,7 =1, and less than 6(r — 1) clauses.

We choose for our experimental evaluation the SAT solver Glucose in ver-
sion 4.2.1 which is frequently used for combinatorial problems. The time limit
of the solver is set to 3600 seconds per instance if not stated otherwise. Selected
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Table 1. Runtimes in seconds for both approaches where £k = 3. Both approaches
were run without postulated decomposition into cosets. A slightly faster CPU (Inte1®
Xeon® E5-2680 with 2.70GHz) is used by the authors of [29]. The symbol “/” indicates
an inconclusive experiment (with unreported time measurement in [29]).

(d,n) ‘Solver run on 7,‘A1g0rithm 1 of [29”Representative exists?
(12,6 0.00591 s 3.0s yes
(12,7) 0.01146 s 2400.0 s yes
(12,8) 2.03096 s / no

non-existence results are independently verified by running the SAT solver in
proof-logging modality such that a proof in the DRAT (Deletion Resolution
Asymmetric Tautology [33]) file format is generated which is subsequently certi-
fied by the software drat-trim [33]. The experiments have been run on a cluster
with an Intel® Xeon® E5-2640 v4 CPU with 2.40GHz and 160GB RAM on a
single thread.

To first motivate competitiveness of our approach via a SAT encoding, we
carried out the initial experiment (see Table [1)) for & = 3 which is the only pa-
rameter allowing a comparison with existing literature results—this, given the
particular isomorphy mentioned in Sect. It can be noted that our proposed
encoding can be solved in a fraction of time: The solving time on the smallest
instance is smaller by three orders of magnitude, the medium instance by five
orders (more precisely, the latter, by a factor of 2.09 x 10°). Most remarkably,
the largest instance (12, 8) which requires to return non-existence as answer can
be solved by the SAT solver in just two seconds while the computation was
inconclusive apparently even after hours (although the authors do not explic-
itly report their maximum runtime; presumably, it would require days or weeks
of computation time given the fact that it is a non-existence result). These
observations demonstrate the SAT solver’s excellent comparative performance,
apparently forming a preferable method for such a task. We next transfer to this
SAT setting the heuristic decomposition strategy into cosets of S,,.

For the subsequent, we decided not to examine the case k = 3 whose prop-
erties can be deduced from the considerations in the works [12129] for n < 8.
The search for optimality when n = 9—the smallest open case unanswerable
by those works—was inconclusive in our setting despite a week of computation
time. Therefore, we begin a systematic series of experiments starting with £ = 4
relying on almost a month of cumulative computation time: Table |2] presents
computational results as follows.
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Table 2: Results for k& = 4; 3600s time limit given for each run of the SAT solver.
Asterisks followed by numbers indicate the count of inconclusive experiments, i.e., the
solver hit the time limit, for the right-coset approach.

sg sg-feas sg-infeas
#texst | # avg_t[s] # avg_t[s]
(d,n)||G|||L| R |L|R IL R L| R L R
(12,4)[12][1] 1 [1[1]21-107%2.3- 1070 O /
6|1 4 |00 / / 1| 4 |3.7-107%2.4-107*
43| 7 |2/2]22-107%2.9-107%|1| 5 [1.2-1073|3.6-1073
31| 4 |1/4(3.3-107%[1.3-1073| 0] © / /
2102 9 |1/3]5.7-107%[1.2-1073|1| 6 [1.1-1073|6.6-1072
11| / |1]/]12-1073 / 0| / / /
(12,5)[12][ 2] 15 o]0 / 2115 [8.9-10"%1.8-107°
6 (/3|30 |1/0[2.1-1073 / 2|30 [2.8-10731.2-1073
43|35 |0/0 / / 3|35 [1.0-1072(4.8-1073
31|10 |1/02.7-1073 / 0| 10 / 2.8-10°
21/2] 25 (1/2|2.8-1072(6.1-1073| 1| 23 [1.5-1073|2.1-107!
11| / |1]/|41-1073 / 0| / / /
(24,6)[24[6] 90 [2]8]2.9-1073[2.6 1034 82 [1.2-10 2[1.5-10°°
*2 1121|4150 (2|4 [4.0-1073{1.2-1072| 2| 144 |3.2-1073|2.4 - 10*
8 || 7255 2|32|1.4-1072(6.7-1072| 5| 223 (8.9-10"%|1.1-107*
*27 | 6 || 6280 [3/30/2.6-1072|2.5-10° |3 |223(6.0-10"2(8.5- 10"
*38 | 4 || 7|255(5(72/3.6-1072(6.8-10° | 2| 145 [2.0-10" |2.5-102
*15 | 3|/ 2| 40 |1]14]9.1-1072(4.6-10% |1 | 11 [6.2-10"'|4.4- 102
*38 | 2 (/3| 75 |2/35/9.8-1071|9.0-10% |1| 2 [3.3-10° [2.0-10°
11| / |1]/|85-107" / 0| / / /
(24,7)] 24 [[14]1435]0] 0 / 14[1435|1.9-10 2[1.5-10"°
12(|13]1715|2| 0 |2.6 - 1072 / 11(1715/1.7-1071{1.2 - 10°
*3 | 8 || 7[1575/0| 0 / / 7(1572(1.4-1071(3.8 - 107!
*30 | 6 || 8(1645|3| 0 (5.4 - 1072 / 5|1615(8.6 - 1072/2.8 - 10*
*532 | 4 || 7/1295(3| 3 |2.7-1071(4.0- 10" | 4| 760|2.4-10" [4.1-10?
*151 | 3 || 2175 |1] 0 |6.1-10° / 1] 24 {2.0-10° |3.5-10?
*230 | 2 || 3|231(2]1|1.4-10" [41-10%° |1| O [5.9-10 /
1[1] / |1]/]3.5-10 / 0| / / /

While the first two columns indicate the choice of parameters d, n, and
|G|, the remainder contains results for the left- (shaded background) and the
right-coset approach, respectively. Column sg provides information about the
number of conjugacy classes of subgroups of S,, of order |G| (#exst L). It also
shows how many subgroups of Sy, of order |G| exist (#exst R). The experiment
has been conducted for every existing subgroup, i.e., the number of considered
subgroups always coincides with #exst. The count of subgroups for which the
left- respectively right-coset leads to a feasible solution is displayed in sg-feas
#L/R. This information is accompanied by the average time (in seconds), which
the solver needed to find such a feasible solution (avg_t[s] L/R). The same
structure applies for the group of columns sg-infeas, which reports these counts
and time measurements for subgroups resulting in infeasibility. The right-coset
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approach is never run for |G| = 1, symbolized by the entry “/”, as this represents
the non-heuristic approach where we only employ the left-coset approach.
From the experiments in Table [2] we can derive the following observation.

Observation 1 For n € {4,5}, respectively n € {6,7}, there are optimal 4-
restricted minwise independent families of 12 members, respectively 24 members,
which are all coincident with a union of non-trivial cosets of S,. For n = 4,
respectively n = 6, a family being a coset of cardinality 12, respectively 24, can
be found.

Computer-aided proof. We have lem ([4]) = 12. Therefore the representatives
found in Table 2| are minimally-sized for n € {4,5}. In 0.04 seconds the solver
showed non-existence of a minwise independent family with 12 members for
n = 6; an accompanying solver run producing a proof-file of size 334 KB (in
binary encoded DRAT format) in 0.21 seconds is certified in 0.13 seconds by
drat-trim. The next smallest cardinality which is a multiple of 12, namely
d = 24, is therefore reported. For d = 24 and n € {6, 7} such representatives,
again being decomposable into cosets, indeed exist; see Table O

It is noteworthy that, consistently across Table [ for every subgroup or-
der considered, infeasibility on the left-coset side implies infeasibility on the
right-coset side. In contrast, for several subgroup orders, for which the left-coset
approach was fruitful, the right-coset approach was not successful. Moreover, the
more complex SAT encoding for the right-coset approach increases the runtime
by one to two orders of magnitude in comparison to the left-coset approach for
feasible but also infeasible instances. Due to these two observations we conclude
that in particular for higher values of d and n one should rather focus on the
left-coset approach: If one faces a fixed and limited margin of computation time,
this allows examining more instances (which also seem the more promising ones).

Observation 2 There is no 4-restricted minwise independent family F C Sy
consisting of 24 members.

Computer-aided proof. The associated SAT instance turned out to be unsatis-
fiable after 64.7 hours of computation time; since unsatisfiability was already
suspected, full lexicographical accuracy L := n(n — 1)/2 — 1 was chosen here.
Additionally, we ran the solver in proof-logging modality, which after 184.5
hours returned a 28.3 GB long proof (in binary encoded DRAT format). It
took drat-trim 59.3 hours to validate the latter. O

Proposition 1. k-restricted minwise independent families % C S, with d =
|-Z|, which coincide with a union of left-cosets of Sy, exist for constellations

(d,n, k: |G]) € {(60,6,6;6), (60, 6,5; 6), (60, 5,5 60), (48, 8,4; 24)}.

Proof. Certificates for this assertion can be found in the supplementary material
of the aforementioned [electronic appendix], where some Julia routines are also
deposited.
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We also remark that for k € {5,6} we have lem ([5]) = lem ([6]) = 60 and thus
the respective instances in Proposition[I]are even optimal. We highlight subopti-
mality for (d,n, k) = (48, 8,4), as we can construct an instance with constellation
(d,n,k) = (36,8,4) by applying Theorem |1| to the 3-restricted minwise indepen-
dent family deducible from .# C Sg of 18 members in [29, Proposition 4.6]—due
to Observation [2] the end product is even optimal. However, although we can
obtain this insight, even with runtimes up to 48 hours, the solver was not able
to find any respective family counting 36 members via decomposition into left-
cosets. Finally, we point out the particular situation occurring for (d, k) = (12,4),
see Table 2| where for n = 4 no decomposition into left-cosets of cardinality 6 is
possible, while this is the case for n = 5, which intuitively is a stronger constraint
setting. This, apparently, is explainable by the structurally different order-6 sub-
groups present in S compared with those in Sy. At the same time it is notable
that for |G| = 12 the left-coset approach worked for n = 4 but not for n = 5.

5 Conclusion

We have developed SAT encodings that are well suited for examining the ex-
istence and structural decomposability of (near-)optimal k-restricted minwise
independent families .# C S,, for computationally tractable values of n and k.
In addition to discovering several previously unknown minwise independent fam-
ilies, our results reveal the following key insight: All computed (near-)optimal
representatives of these families indeed carry the aforementioned group-theoretic
structure. A further benefit of the decomposition is that it dramatically reduces
running times, making the search for feasible representatives possible where a
purely non-heuristic approach would be prohibitively expensive. Collecting fur-
ther empirical evidence, or even obtaining a generally valid result, affirming the
decomposability of optima into unions of non-trivial cosets seems an interesting
challenge.

The following aspects offer interesting directions for further work. In Obser-
vations [I] and [2| the partial replacement of cardinality constraints with parity
constraints (using a solver featuring exclusive-or) or other weakened forms might
offer a useful strategy for finding shorter computational non-existence proofs.
They might be convertible into considerably shorter Lean proofs [27]. Further
experimentation with the cardinality constraints, e.g., by using solvers with built-
in cardinality propagators or by employing integer linear programming, seems a
worthwhile alternative to study.

Disclosure of Interests. The authors have no competing interests.
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the corresponding paper.
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Fig. A1l. Subgroups G (respectively G) of order 12 (respectively 6) allow generating
12 permutations carrying 4-restricted minwise independence via a search for just one
(respectively two) offset permutations. Only one twelfth (respectively one sixth) of the
decision variables is required.

Denote by BLX" (respectively B].<") all binary m X n matrices in which the
i-th row is a lexicographic predecessor (respectively successor) of the (i 4+ 1)-th

one, for i € [m — 1J.

Lemma A1. For an arbitrary Boolean matriz A = (aij) (i j)e[2]x[n] € 10 1}2xn
consider the following system of membership-constraints involving the Boolean
Masc € {0,1}:

m a a A
asc 11 412 in c Bgsxc(l—i-n)7 (A].)
1 a21 422 ... don
0 =—ap —arz ... —ary, 2% (1
+n
€ B2 (+m), (A2)
Masc 7021 7A22 ... A2p

(i) We have A € BZX™ iff masc = 1 is a solution for (A1])-(A2).
(i) We have A € Bi:sz iff Mase = 0 is a solution for (A1)—(A2).

Proof. The leading columns of (Al) and are (mi“) and (m‘i_c), respec-
tively. For each value of mas. € {0,1}, exactly one of these columns equals (°)
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and so decides the comparison at the leftmost bit (the corresponding condition
thus holds unconditionally), while the other equals (zzz) and ties, reducing the
condition to a lexicographic comparison of the remaining n bits.

At mas. = 1 the active reduction is a;. < as., i.e., A € B2X". At mase = 0
the active reduction is —a;. < —as., equivalently A € Bigé. Each reduction is an

iff, yielding (i) and . O

Lemma A2. A binary n X n matrixz is bi-stochastic iff each row has precisely
one l-entry and each column has at most one 1-entry.

Proof. Apply the pigeonhole principle to the columns. O
Lemma A3. Let =, be any total order on S, withid =, m, for all ™ € S,,.

(i) Let T € S, be any permutation. A family F = (m1,...,mq) is k-restricted

minwise independent iff F = (myo7,...,mq0T) has this property.
(ii) There exists a k-restricted minwise independent family F = (m1,...,7q4)
iff there exists a k-restricted minwise independent family F = (7i,...,m7q)

that fulfills 7 = id and T ¥, 7y, fori=1,...,d — 1.

Proof. Let us first address (). For an arbitrary X C [n] and z* € X, after
denoting y* := 7(z*) and Y := {7(z) : © € X}, we obtain k-restricted minwise
independence of % from the fact that

i€ ldl:mior(e”) =minmor(x)}| = {i € ld: m(y") = minm(y)}

_ L1
yiooxr

due to k-restricted minwise independence of .%.

Concerning , setting 7 = m !, the property holds according to for
the family .7 := (momyt,...,mgomy ) when its members indexed 2, ..., d are
rearranged into a chain with respect to >,. O

The lexicographic “AND” encoding with common subexpression
elimination

For two equal-length bit-vectors ¢ = (ay,...,a,) and b = (by, ..., b,) (interpreted
as binary numbers with decreasing significance), we encode the lexicographic
comparison a < b following the “AND Encoding using Common Subexpression
Elimination” of [10], since the dedicated ordering constraints are unsupported
by PySAT. The encoding introduces fresh auxiliary variables z;, i = 1,...,r — 1,
where x; is constrained to indicate that the two prefixes of length ¢ coincide.
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These variables are then suitably linked in [10]; we give a translation to a ready
list of clauses:

—T1 V bl \Y a1, T V a1 V _|b1, X1 V —a1 \Y _|b1, X1 V al \Y b1,

xi\/—\xiﬂ, iZl,...,T—Q,

“Zip1 Vi1 Vaipr, t=1,...,r—2
41 \/ai+1 \/_‘bi+17 1= 1,...,’)"—2,

Tiv1 Vb1 Voaip Vo, i=1,...,r—2
Tiv1 Vb1 Va1 Vox, i=1,...,r—2
—2; Vbit1V-aiy, 1=1,...,r—1.

Lemma A4 (analogue of [29]). Let G,G’ < S,, be conjugate subgroups, say
G' = Gyt for some b € S, and let d be a multiple of |G| = |G'|. Then a
k-restricted minwise independent family of size d that is a union of left-cosets
of G exists if and only if such a family that is a union of left-cosets of G’
exists. Consequently, for the left-coset approach it suffices to examine a single
representative per conjugacy class CI(G) = {¢Gy~t 1 € S,} of subgroups of
Sh.

Proof. As G and G’ play symmetric roles (indeed G' = ~1G"v), it suffices to
prove one implication. Assume there are offsets 07,...,¢/ /6l € Sy, such that
F' = (0,07 )eelasiap, v eq is k-restricted minwise independent. Every o' € G’
is of the form «' = 1oyot~! with v € G, and v + Ypoyoyp~! is a bijection from
G onto G’'. Right-composing every member of .%’ with the fixed permutation
1) preserves k-restricted minwise independence by Lemma (with 7 :=¥);
the resulting members read

(Geovoyory o= (hop)oy,  Leld/|G]], v€G.

Hence, taking the offsets 6 := 60} 0, the family (6707)¢ca/|c)], e is a union of
left-cosets of GG, has the same size d, and is k-restricted minwise independent. [J

Remark A5. A rough estimate of the size of the encoding in Sect. 2 can be ob-
tained by the following observations: The d incidence matrices are represented by
dn(n—1)/2 = dO(n?) decision variables. A number of d(})3! +d Y i< (?)] =
dO(n*) additional variables signals occurrences of a semiordered pattern in each
of the d permutations (assuming k is fixed); these have to be linked to the
summands in (8)—(9). The number of constraints is dominated by the count of
cardinality constraints to be installed for all of the latter summands, i.e., by
O(n*) arithmetic inequalities, which enforce that at most d/j variables out of
a set of d variables shall attain the Boolean value 1; here a linear amount of
auxiliary fresh variables to realize each counting constraint must typically be
introduced; we refer to Sect. 4 for more specific information on how we realize
such constraints. Given the latter magnitude of constraints, the count of dO(n?)
transitivity-ensuring clauses, see (7), is negligible in comparison. A number of
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d — 1 lexicographical comparisons have to be modeled; as we see in Sect. 4
their realization asks to introduce a number of auxiliary variables as large as
the length of the binary strings representing the upper diagonal matrix, i.e.,
at most (d — 1)O(n?) where the extremal case refers to the use of accuracy
L=nn-1)/2-1.

Theorem A6 (Overview of available bounds). Let n > k >3, % C S, be
k-restricted minwise independent, and 9 C S,, be k-rankwise independent. Then,
with the subfactorial defined as z — 1z := (2!) - Z;ZO(—l)j/j!, the following
estimates apply:

(1) |Z| > max{n,lcm ([k])}; see [2,17].
(i) |.F| < n(+A/ )k lem ([k —1]); see [17].
(iii) |4| > Z}iéﬂ li(") =: E(n,k) for even k, otherwise, when k is odd, |4| >
E(n, k) +Tk/2] (3 2)); see [2].
(iv) There is some constant C' > 0 (independent of n and k), for which |¥| <
(Cn)CF; see [20]. There is some constant D > 0 (independent of n and k),
for which |9| < (Dn)3*%; see [15].

Bijecting derangements onto non-waste permutations

The computational effort for generating non-existence proofs underlines the value
of combinatorial lower bounds. The following explains in detail how to settle the
challenge of Bargachev [2, p. 6] to construct a natural bijection between two
classes of permutations that he exploited to obtain the tightest-known lower
bound in [2, Theorem 2| on the size of k-rankwise independent families. The
class of permutations having k waste indices, denoted as Wst(n, k) C S,, (later
defined) is the object of study. Bargachev’s approach [2] relies on a technical
solution of a recurrence relation for proving the coincidence of the cardinality
of Wst(n, k) with the count of k-partial derangements in S,,. The latter are
defined as permutations with exactly k € [0: n] fixed points, whose class we
henceforth denote as Derang(n,k) C S,,. However, Bargachev emphasizes the
lack of a known natural bijection @ : Derang(n, k) — Wst(n, k), even for k = 0.
By a natural bijection a structure-preserving mapping between two sets clearly
explaining why both sets have the same cardinality is meant; the correspondence
shall arise directly from the inherent properties of the elements.

We fill this gap by more generally giving such a bijection for arbitrary k, with
a remarkably succinct description.

Remark A7. The cardinality |Derang(n, k)| admits a folklore closed form involv-
ing selecting the k fixed positions in (Z) ways and deranging the remaining n — k
elements:

n—=k j
|Derang(n, k)| =!(n — k) <Z) = Z—: Z (__1) .

per i

The same subfactorial already occurs in Theorem .
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Let m € Sy,. An index j € [n] is waste [2] if either the special case j = n with
m(n) =min{n(¢) : £ =1,...,n} = 1 applies, or alternatively, if j < n with

min{r(¢): £ =1,...,j} =n(j) and =(j) >=(j+1). (A3)

Denote by Wst(n, k) C S, the set of all permutations possessing precisely k €
[0:n] waste indices; non-waste permutations refer to Wst(n, 0).

We now mimic and generalize the approach in [36, Proposition 2.1] relying
on the cycle notation of permutations; see also [9].

Theorem A8. Forn € N and k € [0:n] a natural bijection @ : Derang(n, k) —
Wst(n, k) exists.

Proof. Let us define the transformed &(mw) of m € Derang(n,k) C S, as the
result of the following procedure: Write down 7 in cycle notation where each
cycle is formally represented by a tuple; as there is a certain degree of freedom
which member of the cycle is encountered at the first entry of the tuple, let us
require that the smallest member of the cycle populates the respective first entry.
Afterwards, the cycle-representing tuples, as a whole, are rearranged from left to
right such that their respective first entries (“leaders”) decrease; see Example
The final output ¢() is then defined as the permutation which maps j € [n] to
the j-th entry in the string corresponding to the ordered concatenation of these
tuples.

Now observe well-definedness, as @(m) is an element of Wst(n, k): By the
assumption 7 € Derang(n, k), there are precisely k length-1 cycles in the cycle
notation of 7. In the concatenated object, each position of a length-1 cycle is a
waste index: Note that the minimization in but also the second, decreasing,
behavior in hold true due to the decreasing ordering of the cycles’ leaders.
On the other hand, in cycles of length at least two, by construction, cycle-entries
appearing not in the first position cannot be minimizers in ; also the first
entries of the cycles never meet the second condition of decrease in . No
additional waste-indices originate from cycles of length at least two and therefore
&(7) € Wst(n, k).

For bijectivity of @ we show that its inverse is given by ¥ : Wst(n, k) —
Derang(n, k). Given 7 € Wst(n, k), an entry 7; (and, by extension, its position j €
[n]) is called a left-to-right minimum of 7—briefly, an LR-minimum—when 7; <
Tm for every m < j; equivalently, when j satisfies the minimization-condition
in . Let j1 < jo < --+ < jg enumerate the LR-minima of 7. Segment 7 at
these positions,

(Tjrs -3 Tja—1)s (Tjaseo s Tjg—1)s o ooy (Tjr ooy Tn)s (A4)

and define ¥(7) € S,, as the permutation whose cycle decomposition reads these
blocks as cycles.

Because 7j; is an LR-minimum and no LR-minimum lies strictly between j;
and jij41, 7, is strictly smaller than every other entry of its block; moreover,
the LR-minima are themselves strictly decreasing, 75, > --- > 7;,. These are
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precisely the two normalizations under which @ writes cycles (smallest member
first; leaders in decreasing order), so applying @ to ¥(7) recovers the original
concatenation, i.e., ®(¥(7)) = 7. A waste index j < n of 7 is itself an LR-
minimum whose successor 7,11 < 7; is again an LR-minimum, so the block at j
is the singleton (7;); for j = n the last block is (7,,) = (1) by the special clause
of the waste-index definition. Thus the k waste indices of 7 produce exactly k
length-1 cycles in ¥(7), giving ¥(7) € Derang(n, k).

Conversely, for any m € Derang(n, k) the cycle starts of 7 are precisely the LR~
minima of @(mw)—each cycle begins with its minimum, and the cycles preceding
it have strictly larger leaders. Applying the segmentation procedure to @(m)
therefore recovers the cycle decomposition of 7, i.e., ¥(®(7)) = 7. Hence @ is a
bijection. O

Ezample A9. Let p = (1,5,3,4,6,2,8,7,9), and thus p € Derang(9,4). Then, its
cycle notation, respectively @(p) constructed in Theorem is given by

— (9)(78)(4)(3)(256)(1), respectively B(p) = (9,7,8,4,3,2,5,6, 1),
where the cycles’ leaders obey the decreasing order.

Remark A10. Theorem automatically implies the validity of [2, Lemma 4]
affirming that when the concept of waste indices is naturally lifted to subpermu-
tations from S,, ., (compare [2, p. 3—4]), then for each fixed subset X C [n] with
|X| = m, we have |{o € S, 1, : 0 has codomain X and no waste index}| = lm.

Computationally obtained exemplars

More information on the source code is available onlind3

The following are the certifying instances for Observation 1 and Proposition 1.
Readers interested in inspecting these objects can find them below as Julia lists
together with a standalone feasibility checker in Listing [A2}—the latter can be
used as follows:

= [apply_perm(offset,g) for offset in theta for g in G]
k=5; is_mw_indep(F, k)

Listing A1l. Certifiers

#d,n,k; 1G|=60,6,6;6

0= [[2,4,5,3,6,1],[2,5,
[5,4,1,2,3,6],[4,3,

G = [[1,2,3,4,5,6],(5,4,

.g,_.;_.

,4,6,31,[4,6,1,3,2,51,[2,6,1,5,
,5,6,21,06,5,2,3,4,1],[4,3,2,5,
,3,6,1] 3,4,2,1,51,[4,5,6,1,

bRw
wok
Now

,2,1,4,5,61,
,3,2,1,5,41] # |0[=10
1,5,6,3,4],(3,6,1,5,4,2]] # |G|=6

#d,n,k; |G1=60,6,5;6

6= [[4,5,6,1,2,3],[3,4,5,2,6,11,[1,3,6,2,5,4],[1,3,6,4,2,5],(2,4,6,3,1,5] ,
(1,2,6,5,4,3],[2,5,3,6,1,41,[3,6,4,5,1,2],[2,3,1,6,4,5],[2,5,3,1,6,41] # [0|=10

G = [[1,2,3,4,5,61,[5,4,2,3,6,11,[6,3,4,2,1,51,[4,5,6,1,2,3],[2,1,5,6,3,41,[3,6,1,5,4,2]1] # [C|=6

#d,n,k; |G|=60,5,5;60
0= [[1,4,3,2,5]] # \o =
G = [[1,2,3,4,5],[1,4,
[1,5,3,2,41,[1,2,
[2,1,5,4,3],[2,4,

,51,01,4,3,5,21,(1,5,4,3,2],[1,3,5,4,2],
,41,[1,5,2,4,31,(1,4,5,2,3],[1,2,4,5,3],
,31,02,4,5,3,11,[2,3,4,5,11,[2,5,3,4,1]

rob
D w e
“ra
ST
nww
SRS
rob

3 lhttps://www.ac.tuwien.ac.at /files /resources/instances /minw-idp,/
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[2,3,5,1,4],[2,1,3,5,4],[2,5,1,3,4],[2,3,1,4,5],[2,4,3,1,5],[2,1,4,3,5],
[4,1,2,5,3],[4,5,1,2,31,[4,2,5,1,3], [4,5,2,3,11, [4,3,5,2,1], [4,2,3,5,1],
(4,3,2,1,51,(4,1,3,2,5]1,[4,2,1,3,5], [4,3,1,5,2], [4,5,3,1,2], [4,1,5,3,2],
(5,1,4,2,31,(5,2,1,4,31,(5,4,2,1,31, [5,2,4,3,11, [5,3,2,4,1]1, [5,4,3,2,1],
(5,3,4,1,2],(5,1,3,4,2],[5,4,1,3,2],(5,3,1,2,4],[5,2,3,1,4], [5,1,2,3,4],
[3,2,4,1,5],[3,1,2,4,5],[3,4,1,2,5],[3,1,4,5,2],(3,5,1,4,2], [3,4,5,1,2],
[3,5,4,2,11,(3,2,5,4,11,(3,4,2,5,1],[3,5,2,1,4],(3,1,5,2,4],[3,2,1,5,41] # |G|=60

#d,n,k; |GI=36,8,4;2 swapped G and @ indicate the only right-coset case considered here

G = [[1,2,3,4,5,6,7,8],[8,7,6,5,4,3,2,111 # |G|=2

0= [[1,2,3,4,5,6,7,8],(8,5,6,7,2,3,4,11,[1,6,7,3,2,4,8,5],
[5,2,4,8,6,7,3,11,[1,4,6,5,8,3,2,71,[7,8,3,2,4,6,5,11,
[5,1,8,7,3,4,2,61,(6,3,4,2,1,8,7,5],[5,1,8,3,6,4,7,2],
[2,6,4,7,1,8,3,5],[2,6,1,5,8,4,7,3],[3,8,4,7,6,1,5,2],
[6,2,1,5,4,3,8,71,(7,4,3,8,2,1,5,61,[5,7,1,3,6,4,2,8],
[8.6,4,2,7,1,3,51,[4,3,8,1,7,6,2,51,[5,7,6,2,3,8,1,41] # |0[=18, inferred from Na et al. 2023, Proposition 4.6(iii)

#d,n,k; |G|=48,8,4;24

6= [I[s5,8,7,2,3,6,1,41,(6,5,1,4,2,3,8,711 # |0|=2

G = [[1,2,3,4,5,6,7,8],[1,5,7,2,4,3,6,8],[1,4,6,5,2,7,3,8],[8,7,4,3,6,5,2,1],
(8,6,2,7,3,4,5,11,[8,3,5,6,7,2,4,11,(3,6,8,1,2,7,5,4],(3,2,5,6,1,8,7,4],
[3,1,7,2,6,5,8,41,[4,5,1,8,7,2,6,3],[4,7,6,5,8,1,2,3], [4,8,2,7,5,6,1,3],
[6,4,2,7,1,8,3,51,[6,1,3,4,7,2,8,5],[6,7,8,1,4,3,2,5, [5,3,7,2,8,1,4,6],
[5,8,4,8,2,7,1,61,(5,2,1,8,3,4,7,6],[2,8,5,6,4,3,1,7], [2,4,1,8,6,5,3,7],
[2,6,3,4,8,1,5,71,(7,1,6,5,3,4,8,2],(7,3,8,1,5,6,4,2],[7,5,4,3,1,8,6,2]11 # |G|=24

#d,n,k; 1G=24,7,4;12

6= [[7,2,5,6,3,4,11,(7,6,4,3,1,5,2]1] # [0[=2

G = [[1,2,3,4,5,6,7],[1,2,8,5,4,7,6],[3,2,1,5,4,6,7],[3,2,1,4,5,7,6],
[6,2,7,3,1,5,41,[6,2,7,1,3,4,51,[7,2,6,1,3,5,41,[7,2,6,3,1,4,5],
(5,2,4,7,6,1,31,[5,2,4,6,7,3,11,[4,2,5,6,7,1,3],[4,2,5,7,6,3,111 # |G|=12

#d,n,k; 1GI=24,6,4;24

0= [[2,3,5,1,6,411 # |0]=1

¢ = [[1,2,3,4,5,61,[2,1,3,4,6,5],[5,6,3,4,1,2],[6,5,3,4,2,11,[1,2,4,3,6,5],[2,1,4,3,5,6],
(6,5,4,3,1,21,(5,6,4,3,2,1],[3,4,5,6,1,2], [4,3,5,6,2,1],[1,2,5,6,3,4],[2,1,5,6,4,3],
[3,4,6,5,2,11,[4,3,6,5,1,2],[2,1,6,5,3,4],[1,2,6,5,4,3],[5,6,1,2,3,4],[6,5,1,2,4,3],
[3,4,1,2,5,6],[4,3,1,2,6,5],[5,6,2,1,4,3],[6,5,2,1,3,4],(4,3,2,1,5,6],[3,4,2,1,6,5]] # [G|=24

#d,n,k;|G|=12,5,4;6
6 = [[1,4,2,3,51,[5,2,4,3,1]1]1 # [0]=2
G = [[1,2,3,4,5],[1,3,2,5,4],[2,3,1,4,5],[2,1,3,5,4],[3,1,2,4,51,[3,2,1,5,4]] # |G|=6

#d,n,k; 1GI=12,4,4;12

= [[1,3,4,2]] # [0]=1

= [01,2,3,4],[1,3,4,2],[1,4,2,3],(4,3,2,1],(4,2,1,3], [4,1,3,2],
[3,4,1,21,(3,1,2,4],[3,2,4,11,[2,1,4,31,(2,4,3,1],[2,3,1,4]1] # |G[=12

Qo

Listing A2. Feasibility checker
using Combinatorics

Returns the composition of two permutations ‘outer and ‘innmer‘ which both are passed as lists
function apply_perm(outer, inner)

return [outer[inner[j]] for j in 1:length(inner)]
end

Returns the union over all k in ‘k_range® of all sets of semiordered patterns SOP(n,k).

function gen_SOP_n_k_range(k_range, n)

sop = [1
for j in k_range
tmp_cll = []

for cmb_j in combinations(1l:n, j)
for idx in 1:length(cmb_j)
copy_cmb_j = copy(cmb_j)
el = cmb_j[idx]
deleteat! (copy_cmb_j, idx)
push! (tmp_cll, tuple([el; sort(copy_cmb_j)]...))
end
end
sort! (tmp_cll)
append! (SOP, tmp_cl1)
end

return SOP
end

Checks if the family ‘F¢ is ‘k‘-restricted minwise independent.
function is_mw_indep(F, k)
SOP = gen_SOP_n_k_range(2:k, length(F[1]))
unmet = []
is_valid = true
for sop in SOP
counter = 0
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for 1 in 1:length(F)
if all([F[1][sop[1]] < F[1][sop[jl] for j in 2:length(sop)])
counter += 1
end
end
if counter != div(length(F), length(sop))
push! (unmet, (sop, counter))
is_valid = false
end
end
is_valid == false & println("unmet multiplicity:
return is_valid

", unmet)

end
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