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QEO#_#RUTh_½o�`aThVXThZE[bO#_1l½QSz|Y1_#T{oao�`aQE[ � m\oaQ«ÀÎT{`�[gThZST�j�oâNiQEQS`�QEz|Y#T;Û�T{O1ZS`�Q?[g`aj»QSTh`�_ d z|Ynl#`�T�mà�UThZgNiRUT � `aQE[|NP_#z{T
Û�T{O#ZE`�QE[S`�zKpXm � Û\x\� d _Ô��N�è�À-NiZSl�§�Ç�]`a[gY�zÕt £ {±RUT{_#Ni_#_�[�¿�ÀÎT{oaz|Y#T Á T{QEQSThZSTr±ZSRUT Á _#`�QEQSTfNio�Q\l#`�TÞ � Û
oa`�ThVXThZE[{¿DN Á ThZÂNiO#z|YÝ]T{Y#Z�&�Th`a[ÌÈ{O#]�¦<`�_#l1T{_Bl#`aT{QET{QÐr±ZSRUT Á _#`aQSQSThQ Á Th_ É [g`aRi[ � r±Q Á T{_#QET{_�z�t�w�{ Á `aTh[STh[
Th`�_#Th_ � T{_1Th[g`aQSz|Y#Th_½m�o�R d ZE`a[SY#]�O#QbNP_�¿1ÀÎT{o�z|Y1T{Z«��`aT{oaT�Ni_#l#ThZST�Û�ThO#ZS`aQE[g`ajiTh_½NiO1QSQE[S`�z|Y�[ �

Ù-Th`�] f�gjikgjl�mDl�}Ag�r;l�w���w�v*nqpCr;ikikgji�s�tCvxwxwBpsÞ � Ç y x � Z dUÁ oaT{] `�Q?[fTh`�_ìÙÚNiO#] RUThQSO#z|Y�[{¿ Á T{`
ÀÎT{oaz|Y#T{]Ïl#`�T«RUZ É Å [ST\r±_�[SVXThZS_�O#_#RÂÈ8À-Th`�T{Z-¬3_ d [gTh_k]`�_#`a]kNPo#`�Q?[ ��� ThZÚr±`�_#RUN Á ThRUZgNPe#Yk`aQE[ÎT{`�_fT{O#j�oa`�l#`Õ§
QEz|Y#T{Z � ZgNie#Y �U� ThZ � O#ZSz|Y1]fThQSQSThZFT{`�_1T{QFÙÚNiO1]@j�Ni_#_Âl#T8Ñ _#`aT{ZE[±ÀÎT{ZEl#T{_fNioaQHN�xDl1T{Z±oâ�P_#RUQE[ST � VØNil d l1T{Z
NiO1z|YßNio�Q Á x3l#T{Z � VØNil¶]`a[�l#Th_B]fTh`�Q?[gT{_¶¬�Ni_�[gT{_ �<� `aT{QETkm\O�VXR�N Á T{_#Q?[gT{oao�O#_1RÊÑ _#l1Th[ Á T{`a] � T{QE`�RU_
� d _ c-d ]fe#O�[gT{ZE_#Th[SÈhÀÎT{ZEjiT{_~m�_�À-Th_#l#O#_#R �

r±`�_�À-Th`a[gThZSThQHj�oâNiQEQS`�QEz|Y#T{Q±¼3e�[g`�]`�ThZSO#_1RUQSe#Z dUÁ oaT{]�`aQE[Dl NiQ/tav�r;�;w��j��gji�s!n5r;��wx��l�r;i��?v��;����w�lCp y Ç � x
z u�{ � Û�`aT{ZÎQ d oao�Th`�_#T3�«T{`aQSThZ d O1[ST¾T{ZEZSThz|Y#_#Th[«ÀÎT{ZEl#T{_�¿ ]`a[.ÀÎT{o�z|Y1T{Z«Nioao�T�¬�_ d [gTh_�T{`�_1T{Q«Í�T8[gÈ8À-ThZSjiThQ�RiT8§
_ NPOfTh`�_#]fNio Á T{QEO#z|Y�[-ÀÎT{ZEl#T{_»O1_#lkl#`aT«��Th`�QET{j d QE[gTh_»l N Á T{` ]`�_1`�]fNio�QE`�_#l � m\o�QF�«T{`aQSThj d Q?[gT{_fÀ«`�ZSlÐ`a]
Í d ZS]fNioaVØNPo�oàl#`�TÌÈ{O#ZEW#z|j�RUT{oaT{Ri[ST�ÔT{RUQ?[gZET{z|jiT�UThZEÀÎT{_#l#T8[ � r±`�_#T ¥&É QEO#_#RKl#T{Q y Ç � QE[gTho�o�[3QS`az|YÔQ d ]f`�[
NioaQ � ThZS]�O�[|NP[S` d _KW Á T{Z�Nioao�T N ¬3_ d [ST{_nl#T{Q�r±`�_1R�N Á T{RUZSNie#Y#Th_nl#NiZ �

� NiQH¦<`�_#l1T{_ÂT{`a_#T{Q±Ç�e Ni_#_ Á NPO#]fThQ±]f`�[�]f`a_#`�]fNio�Th_�¬ d ]]�O#_#`aj�NP[g` d _#QSj d QE[ST{_ÌVXW1ZHT{`a_#T{_ � ZgNPe#Y#T{_Á T{`.RUT{RiT Á T{_#Th_Ý¬ d ]]�O#_#`aj�NP[g` d _#Q Á T{l1W#ZEVX_#`aQSQET{_×ÈhÀ«`�QEz|Y#T{_ Nioao�Th_ � NUNiZSTh_¶� d _Ý¬�_ d [gTh_¶À«O#ZSl1Tk� d _
Û�O p?t  �ªP¡ x»NioaQ���p �4gjl�m�l �?��l�l�m�ikg~¡¢r;�4g~��i�nqpCr;ikikgji�s_tav�wxwh�?v��;����w�l p¹¼ c Ç y � x�l#ThÑ _1`�T{Z?[ßp d V®[
NiO1z|YÔNPo�Q£f�gjikgjl�mDl��?��l�l�mDikg~¡¢r;��g~��i¤�?�¥���¦nqpCr;ikikgji�s§tCvxwxw£�?vx�;����w�l Á ThÈ{Th`�z|Y#_#T8[Æx � Û�`�ThZ¾Q d o�o<_�O#_
Th`�_ßÇ/e Ni_#_ Á NiO1]RiThVXO#_#l1T{_BÀÎT{ZSl1T{_�¿Dl#T{QEQST{_ ¬3_ d [ST{_Ô]f`�[;]`�_1`�]fNio�Th]ïm�O1V®ÀÚNP_#lßj d ]]�O#_1`�È{`aT{ZET{_
j É _#_#Th_ ��� NiQ�¼ c Ç y � À«O#ZSl1T�� d _�¨ d Y#_#Q d _ßp�t  �ª u�xÎNio�Q«Í � § QSz|Y�À«`�ThZS`aR Á ThÀ«`aT{QSTh_ �

IKJ~© ªhZC«@¬HdR"®¯S!R[°!N!b�]DbL«KN
� NPQ�¼¾e1[S`�]�O#] c-d ]]�O#_#`az�NP[S` d _×Ç�e#Ni_#_#`a_#R y ZET{T � Z dUÁ oaT{] `aQE[�T{`a_BÇ�O Á e#Z diÁ o�Th] l#T{Z�RUTh_#T{ZET{o�oFNPo�Q
Í�Th[0À d ZSj � ThQS`�Ri_ � Z diÁ o�Th] Á ThQSz|Y#ZE`�T Á T{_1T{_ � ZSO#e1e�T/zÕt�{ � $ d _kl#`aT{QSTh] RUT{_1T{ZSTho�oaT{_ � Z dUÁ oaT{]�QE`�_#lfNio�oaT
QEe�ThÈ{`�Tho�oaT{ZSTh_Ðm\O1VXR�N Á Th_#QE[ST{o�oaO#_#RUTh_kN Á RUT{oaT{`�[gTh[ � ¦<W#Z±l#NiQÚ¼ c Ç y � À«`aZSlT{`a_kr±ZSRiT Á _#`aQSRUZSNie#YRUT{QEO#z|Y�[�¿
l#ThZ«T{`�_1T{_ÊÇ�e Ni_1_ Á NiO#]�l NiZEQE[ST{o�o�[ �

��p ��gjl�m�l �?��l�l�mDikg~¡¢r;��g~��i¤nqpCr;ikikgji�s±tav�wxw*�?v��;����w�l p¹¼ c Ç y � x�� � T{RUT Á Th_ìQET{`«T{`a_#T
ÞÊTh_#RUTk� d _ N ¬3_ d [gTh_�p n0, n1, ..., nN

x3O#_#lßl1`�T � `�Q?[|Ni_#ÈhT{_*pXl#`�Q?[|Ni_#zhT{Qgx du,v
VXW#Z

Th`�_#T�$FT{Z Á `�_1l#O#_#RfÈhÀ«`�QEz|Y#T{_ÐÖEThÀÎT{`�oaQ«ÈhÀÎT{`D¬�_ d [gTh_½Q d À«`aT;l#ThZ\¬ d ]]�O#_#`ajPN�[g` d _#Q Á T8§
l NPZEV�pØZET{í�O#`aZST{]T{_�[|x ru,v

ÈhÀ«`�QEz|Y#T{_×Nioao�Th_ � NiNiZSTh_ �&� T{QEO#z|Y�[�`�QE[�T{`a_qÇ�e NP_#_ Á NiO#]n¿Á T{`�ÀÎT{oaz|Y#T{]�l#`aT�¬ d ]]�O#_1`�j�NP[g` d _#QEj d Q?[gT{_�]`�_1`�]fNio�QE`�_#l �

¦ d ZE]kNio�À«`�ZElÊl NPQ\¼ c Ç y § � Z dUÁ oaT{]JÀ«`aT�V d o�Ri[bl1ThÑ _#`aT{Z?[���Ç�T{` G = (V, E) T{`a_ÊO1_#RUT{ZE`�z|Y�[gT8[gThZ � ZgNie1Y
]`a[\l#T{Z3m�_#È�NiY1o<� d _×¬3_ d [ST{_ n = |V | O#_#l×l#T{Z3m�_#È�NiY1o<� d _×¬�Ni_�[gTh_ m = |E|

��� ThZ�¬ d ]]�O#_1`�§
j�NP[S` d _#Q Á Thl NiZ?V<l#ThZ�Th`�_#ÈhT{oa_#T{_Ê¬3_ d [gTh_ÊQET{`à]`a[«T{`a_#T{Z n × n Ù-Thl NiZEVXQE]kN�[gZS`ÕÃ×pXZST{í�O#`aZSTh]fTh_�[�]fNP[gZE`�Ã#x

w



R = (ru,v)
RUThRUT Á T{_�¿#À dUÁ T{` ru,v

l1T{_ÊÙ-T{l NPZEVHÈ8À-Th`�ThZ�¬3_ d [gT{_ u O#_1l v l#ThÑ#_#`�ThZE[ � r±`a_#T n × n r±_�[E§
VXThZS_�O#_#RUQE]kN�[gZS`ÕÃ6pØl#`aQE[|NP_#z{T»]fNP[SZS`�Ã#x D = (du,v)

Á ThQE[g`a]f];[�l#`aT»r±_�[SVXT{ZE_�O#_#RUTh_(È8À-Th`�T{Z�¬�_ d [gTh_ uO#_1l v
Á ÈhÀ � l#`aT ¥ �P_#RUT3l#ThZ�¬�Ni_�[ST (u, v)

�
r±`�_½ÙÚNiO#] T = (V, E ′) ¿#À dUÁ T{` E ′ ⊆ E O#_#l |E ′| = |V | − 1 RU`aoa[�¿1`�QE[�Th`�_~Ç/e Ni_#_ Á NiO1]�� d _ GQ d VXT{ZE_ÊThZ«Nio�oaT3¬3_ d [gTh_Êl1T{Q«m\O#QER�Ni_#RiQSRUZSNie#Y#Th_Ê�UThZ Á `a_#l#T8[�O1_#lÊVXZET{`�� d _h&�è/j�o�Th_Ê`aQE[ �
¬ d QE[gTh_Êl1T{Z�¬ d ]]�O#_1`�j�NP[g` d _ Cu,v

ÈhÀÎT{`�ThZ\¬3_ d [gT{_ u O#_#l v QS`a_#lKl#O#ZEz|Y½l#`aT�¦îO1_#j�[g` d _

Cu,v = f(D, R)

l#T8Ñ _#`aT{ZE[ � &�`�T{o&`aQE[�T{Q�_�O#_�¿îT{`a_#T{_½ÙÚNiO#] T = (V, E ′) ]`a[ E ′ ⊆ E È{OÊÑ#_#l#T{_�¿�À dUÁ T{`�l#`�T � T{QgNP]Ì[E§
QEO#]f]T3l#ThZ�¬ d QE[ST{_n]f`a_#`�]fNioî`�Q?[��

min
G′

∑

u,v∈V

Cu,v.

^0_�l#ThZ � ZgN�Ã�`�Q-`�QE[Úl#`�T3¬ d QE[ST{_1VXO1_#j�[g` d _ Cu,v
_#`az|Y�[«`a]f]T{Z.T{`a_#T¾oa`�_#T{NiZST\¦îO1_#j�[g` d _�¿1l NÌ�/`aT{o�T¾¬ d Q?[gT{_

� d _½l#ThZ\m�O#QEÀ-NiY#o�l#T{Z�¬�Ni_�[gTh_~N Á Y �P_#RUT{_ � r±_�[gQEz|Y#T{`al#Th[¾]kNi_nQS`az|YÊVXW#Z�l#Th_½m\O�V Á NiO�Th`�_#ThZ%$FThZ Á `a_�§
l#O1_#R#¿1Ri` Á [-T{QÚ�/`�Tho�T3¼¾e1[S` d _1T{_[�#Ç d o�o�T{`a_#T¾QEz|Y#_#T{oao�ThZST!$FThZ Á `a_#l#O#_#RÂ]`a[-]fThY#ZÚ¬�Nie#NiÈ{`�[|�P[Î�UT{Z?À-Th_#l#T8[
ÀÎT{ZEl#T{_�¿îÀÎT{o�z|Y1T�l Ni_#_nÀ«`�Thl#T{ZEO#]�Th[0À-NiQ�[ST{O#ZET{Z\`aQE[x²;m Á ÀÎT{oaz|Y#T{Z\r±_�[EVXT{ZE_/O1_#R»`�Q?[\Th`�_#T ¥ T{`�[gO#_#RÈ{O
[ST{O#ThZ d l#T{Z.R�NiZ±[ST{z|Y#_#`aQSz|Y�O#_ Á ZSNiO#z|Y Á NiZ�²\�¶Th`a[gThZST�m\QEe�Thj�[ST\QE`�_#l ¥ Th`a[SO#_#RUQERUT Á W1Y#ZSTh_�¿ y NiZE`aVXTi¿/ÞnT{_�§
RUTh_#ZgN Á NP[S[STi¿PTh[gz � Û�`aT{Z�À«`�ZSl�ÖEThl d z|YTh`�_Ì�iT{ZET{`�_�VØNiz|Y�[gT{Q.¬ d QE[ST{_#] d l1T{o�o Á T8[gZSNiz|Y�[gTh[{¿iÀÎT{o�z|Y1T{QF`�_�l1`�T{QET{Z
m�Z Á T{`a[��UThZEÀÎT{_#l1Th[ÐÀ«`�ZEl[� � `�T»¬ d QE[ST{_ßTh`�_#ThZ£$FT{Z Á `�_1l#O#_#R�È8À-Th`�ThZÂ¬3_ d [gTh_ u O#_#l v ThZSRUT Á Th_ßQS`az|Y
QEz|Y#o�`az|Y�[NPO#QÐl#T{] � Z d l#O1j�[Ðl1T{Zr±_�[EVXT{ZE_/O1_#R¶O#_1l l1T{]�ThZEV d ZEl#T{ZEo�`�z|Y1T{_ ¬ d ]]�O#_1`�j�NP[g` d _#Q Á Thl NiZEV �
¦ d ZE]kNio4�

cost(T ) =
∑

u,v∈V



ru,v

∑

(i,j)∈Pu,v(T )

di,j





À dUÁ Th` Pu,v(T ) l#ThZ�pØT{`a_#È{`aRUTÚO#_1lfQ d ]f`�[FNiO#z|Yfl#T{ZFj�W#ZEÈ{T{Q?[gT�x � VØNilÈhÀ«`aQSz|Y#Th_kl#Th_k¬3_ d [ST{_ u O#_1l
v `�]JÙ-NiO#] T QSTh` �

&�`�Tho�`�Q?[«T{Q«_�O#_�¿ Th`�_#Th_�Ç�e#Ni_#_ Á NiO#] T È{OKÑ _#l#Th_�¿îl#T{QEQSTh_�¬ d QE[gTh_ cost(T ) ]`�_#`a]kNPo�QE`�_#l �
m\oaQ\ÙÎT{`�QEe#`�Tho&QSTh`DY#`aT{Z�l#`�T�Ù-ThZSThz|Y#_�O#_#R�l#ThZ¾¬ d QE[gTh_½Th`�_#ThQ � Z dUÁ o�T{]Q«]f`�[�wk¬3_ d [ST{_n� d _~ÙÎT{ZSZ?è

Ni_1RUThVXW#Y1ZE[��

� `aQE[|NP_#z{ThQ D =





















0 3 6 5 9 7
0 0 3 2 4 8
0 0 0 3 7 2
0 0 0 0 9 2
0 0 0 0 0 1
0 0 0 0 0 0





















��Thí/O1`�ZSTh]fTh_�[gQ R =





















0 5 13 12 8 9
0 0 7 4 2 6
0 0 0 3 10 15
0 0 0 0 11 7
0 0 0 0 0 12
0 0 0 0 0 0





















� ThZ\Ç/e Ni_#_ Á NiO1]³�
� `aT�¬ d Q?[gT{_Êl#T{Q�Ç�e#Ni_#_ Á NiO#]T{Q�`�_Km Á#Á `�oal#O#_#R�t Á Th[SZgNiRUTh_[�

cost(T ) = r12(d12) + r13(d12 + d24 + d46 + d63) + r14(d12 + d24) + ... + r46(d46) + r56(d56)

= 5(3) + 13(3 + 2 + 2 + 2) + 12(3 + 2) + ... + 7(2) + 12(1)

= 534

� `aTÂ¬ d QE[gTh_~T{ZERUT Á T{_qQS`az|Y~Q d ]`a[¾NiO#Q¾l1T{Z�Ç�O#]]TÌl#ThZ!$FT{Z Á `�_#l1O#_#RUTh_ÔNPo�o�ThZ\¬3_ d [gT{_~]`a[ST{`a_ Ni_#l#ThZ
W Á T{Z«l#Th_ÂÖET8À-Th`�oa`�RUTh_ � VØNPlÊ`a]�Ç�e NP_#_ Á NiO#]ápsÇ�O#]]fT3l1T{Z � `�Q?[|Ni_1È{T{_nl#ThZ�Th`�_#ÈhT{oa_#T{_Ê¬�Ni_�[gT{_ x �

ª



2

5

6

1

4

32

1

3

2
2

m Á1Á `�oal#O#_#RKtq�îÇ/e Ni_#_ Á NiO1]�]f`�[«wÐ¬�_ d [gTh_

IKJ�´ µ±¬£R[Za¶�bdcae?]¤·U¬£R[ZOSUbdR¸P�R-b�]DR[ZCR-Nº¹¸\@»!b�]DR-
¬�Nie#`�[gTho ¢ T{ZEoâ�iO�[gT{Z?[bl#`aT3RUZSO#_1l#Qg�P[SÈ{oa`�z|Y#T3m�Z Á T{`a[SQEÀÎT{`aQST3T{`a_#T{Q � T{_1Th[g`aQSz|Y#Th_Êm�o�R d ZS`a[SY#]�O#Q � ^0_n¬�Nie#`Õ§
[ST{o ¤ À«`�ZElÔNPO1V Á `�QSY1T{ZS`aRUTÂm\Z Á Th`a[ST{_ÔNiO1VÎl#`�ThQST{] � T Á `�T8[�T{`�_1RUT{R�NP_#RUT{_ � ^0]Ë¬�Nie#`�[gT{o ¡ ThZEV d oaRi[�T{`a_#T
� T{RUTh_�W Á ThZSQ?[gT{oao�O#_1R��iT{ZEQSz|Y#`aT{l#Th_#T{ZÎm\_#QS�P[gÈhT�ÈhO#Z � NiZEQE[gTho�oaO#_#R¾� d _kÙÚ�PO#]fTh_ � ¬�Nie#`�[gTho £ QE[ST{o�o�[±T{`a_#T{_
_#ThO#T{_ � Th_#Th[S`�QSz|Y1T{_�m�o�R d ZE`a[SY#]�O#QÚVXW#Z�l NiQ\¼ c Ç y � � d Z � ^0_Êl#T{_ÊÀ-Th`a[gThZSTh_~¬�Nie#`a[ST{oa_KV d o�Ri[«l#`aTÌÙÎT8§
QEz|Y#ZSTh` Á O#_1R�l#T{ZÎ^0]fe1o�T{]T{_�[S`�T{ZEO#_#R»ps¬�Nie#`�[gT{oîwUx.O#_#lkl#`�T�T8Ã�e�T{ZS`a]fTh_�[gT{oao�Th_»r±ZSRUT Á _#`aQSQSTÂps¬�Nie#`�[gT{o ª x �

¼ ½ ú«ó�úÚ÷àýhøàþ±ôKú¿¾�öÀ>/Á�ûDýÆ÷�ô'Â ú«ó

� `aT{QET{Qb¬�Nie#`�[gTho Á T{QEz|Y#ZSTh` Á [«l#`aT\RUZEO#_#l#oaT{RUTh_#l#T¾m�Z Á T{`�[gQEÀÎT{`aQST¾Th`�_#ThQ � T{_#T8[g`�QEz|Y#T{_�m�o�R d ZS`a[SY#]�O#Q.O#_#l
ThZSoâ�PO1[gThZE[«l#`aT3`�_Kl#`�ThQSTh]Y&�O#QgNP]f]T{_#Y#Ni_#R��UThZEÀÎT{_#l1Th[gTh_qÙ-T{RiZS`að�T3O#_#l½ÞÊT8[gY d l#T{_ �

� T{_#T8[g`�QEz|Y#T�m\o�R d ZS`�[gY#]T{_�À«O#ZEl#T{_� d _�¨ � Û � Û d o�o�Ni_#l6z ¢ w�{î`�_Ðl#Th_ ªi¨ T{ZG¨UNiY#ZET{_fT{_�[0À«`�z|jPT{oa[ÎO#_#l
À«O#ZEl#T{_(QSTh`a[gl1T{]�ÀÎT{`�[gT{ZET{_�[0À«`�z|jPT{o�[»O#_#lÝVXW#ZÐQSe�T{Èh`�Tho�o�T � Z dUÁ o�Th]fT�`a]fe1o�T{]T{_�[S`�T{Z?[ �D� `�ThQSTKm\Z?[l#T{Z� Z diÁ o�Th]fo É QSO#_1R Á NPQS`�ThZE[-NiO1Vàl#ThZ-_ N�[gW#ZEo�`�z|Y1T{_�rH� d o�O1[S` d _ �/� N Á Th`�À«O#ZEl#T{_KNPO#z|Y�l#`�T�Ù-ThÈ{T{`az|Y#_�O#_#RUTh_
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_#ThZgNP[S` d _KNPO#QSRUThQSO#z|Y�[�À-ThZSl#Th_ ��� `�ThQ�RiT{QSz|Y1`�T{Y�[�]T{`�Q?[«e�ThZò&�O1VØNioao�QgNPO#QEÀ-NiY#o�l1T{Z«^0_#l#`���`al#O#Th_ÊNPO#Q«l#T{Z
Nij�[SO#T{oao�T{_ �Dd e#O1oâNP[S` d _ � }�]CN Á T{Zbl#Th] � ZS`a_#È{`ae�l#T{ZÚ_#NP[gW#ZEo�`az|Y#T{_�m�O#QSoaT{QST�ÈhOnTh_�[gQSe1ZST{z|Y1T{_�¿î]�W#QEQSTh_
^0_#l1`a�/`�l#O1T{_�]`a[ Á T{QSQET{ZET{Z�¦<`�[g_#T Å T{Y1T{Z Á ÈhÀ � Y#�iO1Ñ RUThZ3NioaQ\r±oa[ST{ZE_�Y#T{ZSNi_#RUThÈ d RiT{_½ÀÎT{ZEl#T{_×NioaQ�^0_#l1`�§
�/`�l1O#T{_K]`a[ÚQEz|Y#o�Thz|Y�[gT{Z�¦<`�[g_#T Å#�#� `�T�Ç�Tho�T{j�[S` d _»[SZST{` Á [bQ d ]f`�[Úl#`aT¾^0_#l#`��/`�l#O#Th_K`�_K�«`�z|Y�[gO#_1R Á T{QEQSThZST{Z
¥&É QEO#_#RUTh_ �

r±QFT8Ã�`�Q?[g`�ThZSTh_Ð�iT{ZEQSz|Y#`aT{l#Th_#T\m�_#Qg�P[SÈ{TbVXW#Z±l#`aT�Ç�T{oaT{j�[g` d _�¿i� d _l#T{_#Th_fTh`�_#Tbj�oaT{`�_1Tbm\O#Q?ÀÚNiY1o _ Niz|Y�§
V d oaRUT{_1l»� d ZERUT{Q?[gT{oaoa[bÀ«`aZSl[�

• ¦<`a[S_#T{QEQ?§ � Z d e d ZE[g` d _ NioÕ§?Ç�Tho�Thzh[g` d _[�"¨iThl#T{QÐ^0_#l1`a�/`�l#O1O#]�ThZSY �io�[ÂT{`a_#T»�¶NiY#ZSQEz|Y#T{`a_#o�`az|Y#jiTh`a[Âe1Z d §
e d Z?[g` d _ NioUÈhO�QSTh`�_#ThZ<¦<`�[g_#T Å ¿vO#]ÓVXW#Z�l#`�TÎ�«T{j d ] Á `�_#NP[g` d _�NiO#QSRiThÀ-�iY#oa[<È{O�À-ThZSl#Th_ � Ç�Tho�Thj�[S` d _1Q?§
À-NiY#ZEQSz|Y#Th`�_#oa`�z|Y#jPT{`�[ ps

VXW#Zb^0_#l#`��/`�l#O#O1] i
Á Th` �Dd e1O#oâNP[S` d _1QSRUZ É Å T n �

ps(i) =
f(i)

∑n
j=1 f(j)

t ¨



� Th[gThZS]`�_#`aQE[S`�QSz|Y1T;¦D`a[g_1T Å § � Z d e d ZE[S` d _ NPo�§?Ç/T{o�Thzh[S` d _fÈ{O#Z���Thl#O#j�[g` d _½l1T{Q�QE[ d z|Y NiQ?[g`aQSz|Y#Th_q¦îThY�§
oaT{ZEQ��¥¨iThl#T{Q�^0_#l#`��/`�l#O#O1] À«`�ZEl�T{_�[gQEe#ZSThz|Y#T{_#lÌQST{`a_#T{Zà¦D`a[g_1T Å �UThZE�/`�ThoaVØ�io�[g`aRi[ �<� `�T±ÈhO;ThZEÀ-NiZE[ST{_#l#T
m�_#È�NPY#o&Ni_ÊÍ\Niz|Y1j d ]]fTh_Kl#T{Q«^0_#l#`��/`�l#O#O1]fQ i À«`aZSl�À«`�T¾V d oaRi[ Á T{ZET{z|Y#_#T8[�� e(i) = ps(i) · n =

f(i)
∑n

j=1
f(j)

· n
� Í�O#_qÀ«`�ZElkÖET{l#ThQ�^0_1l#`a�/`�l1O#O#] be(i)c ]kNio��UThZE�/`�ThoaVØ�io�[g`�RP[ � }�] l#`aT �Dd e1O#oâNP[S` d _

ÈhOk�UThZE� d o�oaQE[|�P_#l#`�RiT{_fÀÎT{ZEl#T{_Kl#`aT�^0_1l#`a�/`�l1O#T{_»]`a[.l#Th_»RUZ É Å [gTh_k�ÔT{ZE[ST{_ e(i)−be(i)c ÖET8À-Th`�oaQTh`�_#]fNio�QET{o�Thj�[g`�ThZE[ÚpØl#T8[gThZS]`�_#`aQE[g`azFQgNi]e#o�`a_#R�x � m\O#Q<l#`�ThQST{] ��d�d o�ÀÎT{ZEl#T{_Ðl Ni_1_Ìl#`aTÚr±oa[ST{ZS_�[ST{`�oaT
VXW1Zbl#`�T��«T{j d ] Á `a_ NP[g` d _�È{O�VØ�io�oa`�RÂNiO1QSRUT8ÀÚ�iY1oa[ �

• ��Ni_1j�Ç�Tho�Thzh[g` d _[� � `�TÌ^0_#l#`a�/`al#O#T{_�ÀÎT{ZEl#T{_qTh_�[SQSe#ZET{z|Y#Th_#l¶`aY#ZSThZ3¦<`�[g_#T Å Q d ZE[g`aT{Z?[3O#_#l�VXW#Z\l#`�T
Ç/T{o�Thj�[g` d _qÀ«`aZSlq_�O#Z�l#`�T ��d QS`�[g` d _×`a_#_#ThZSY Nio Á l#`�ThQSThZÌ�«T{`aY#T{_1V d o�RUT�Y1T{ZgNP_#RUT{È d RUTh_ ��� `�ThQST�$.N�§
ZE`âNi_�[ST�Th`�RU_1Th[�QS`�z|YÊVXW#Z ��d e#O#o�NP[g` d _#Th_�¿ Á Th`�ÀÎT{oaz|Y#T{Z�l#`�TA$FT{Z?[gTh`�o�O1_#Rfl1T{Z�¦<`a[S_#T Å ÀÎT{Z?[gT�VXW#Z�l1`�T
¦D`a[g_1T Å § � Z d e d ZE[S` d _ NPo�§?Ç/T{o�Thzh[S` d _Ðe#Z dUÁ o�Th]kN�[g`�QEz|Y�`�Q?[ �

•
y d O1ZS_ Ni]T{_�[3Ç�T{oaT{zh[S` d _��&Þ½Ni_~ThZSY �Poa[¾l1`�T�r±o�[gT{ZE_�[gT{`ao�T;l Nil#O#ZEz|Y�¿�l#N Å ]kNP_ k ^0_#l#`���`al#O#Th_~È{O�§
VØ�Po�o�`aR¾NiO1QEÀ-�iY#oa[.O#_1lkl N�� d _�ÖET{_1T{Q.]f`�[±l#T{Z Á T{QE[ST{_k¦<`a[S_#T Å _#`a]f]Ì[ �U� `aT{QETò$.NiZE`âNi_�[STbjPNP_#_kQET{Y#Z
T8éÈ{`�Th_�[�`a]fe1o�T{]T{_�[S`�T{Z?[-ÀÎT{ZEl#T{_ÊO#_#lnT{`�Ri_#Th[«QE`�z|YKVXW#ZbRUZ diÅ T �Dd e1O#oâNP[S` d _1T{_ �

r±`�_ÂÀ«`az|Y�[S`�RUThZ±m\QEe�Thj�[ Á T{` l#ThZF^0]fe#oaT{]T{_�[g`aT{ZEO#_#R3l#ThZ-Ç/T{o�Thj�[g` d _`aQE[±l1`�T�Ç/[ST{O#ThZSO#_#R;l#T{QÎÇ�Tho�Thj�[S` d _1Q?§
l#ZEO#z|jiThQ�pØÙ-Th� d ZSÈhO#RUO#_1RRiO1[gThZb^0_#l#`a�/`al#O#T{_ x � ^0Q?[«l#T{Z�Ç/T{o�Thj�[g` d _#QSl#ZEO#z|j»ÈhOnY d z|Y�¿�À-ThZSl#Th_ÊRUO�[gT¾^0_#l1`�§
�/`�l1O#T{_~ÈhO×Q?[|NiZEj Á Th� d ZSÈhO#Ri[ ��� `�ThQ¾VXW#Y#ZE[¾È{OqT{`a_#T{Z¾ZSNiQSz|Y1T{_�$FT{ZS]T{Y1ZSO#_#R�l1`�T{QET{Z�Ç�O1e�ThZS`�_1l#`a�/`�l1O#T{_
O#_1l(l#ThZfm�o�R d ZS`a[SY#]�O#QÌj d _��UThZSRU`aT{Z?[f� d ZSÈhT{`a[S`�RqRUThRUT{_(T{`�_Ýo d j�Nio�ThQ¼3e�[g`�]ÌO#] � ^0QE[fl#T{ZfÇ�Tho�Thj�[S` d _1Q?§
l#ZEO#z|j�À«`�Thl#T{ZEO#]�È{OÊ_#`�Thl#ZS`aR#¿1�UThZS]T{Y#ZET{_�QE`�z|YÊRUO1[gT�^0_#l#`��/`�l#O#Th_½_�O#Z�QSThY#Z�o�Ni_#RUQSNi]JO#_1l½QSz|Y1o�T{z|Y�[ST
¥&É QEO#_#RUTh_ Á oaT{` Á T{_(`�_ l#T{Z �Dd e#O#oâN�[g` d _(ThZSY Nio�[gTh_ � ^0_ìl#`aT{QSTh] ¦�NPo�oÚj d _��UT{ZERU`�ThZE[kl#T{Zm\oaR d ZS`�[gY#]ÌO#Q
_#`az|Y�[ d l#ThZ«_/O1Z�QET{Y#Z«o�Ni_#RUQSNi] �

^0_ìl1`�T{QET{] &�O#QSNi]]fTh_#Y Ni_#R×QSTh`«l NiQ6n[¡¢r;��gji�sßThZEÀ-�iY#_�[ÜBT{`a_¤$FThZEVØNiY#ZET{_(È{O#] m�_#e NiQEQST{_ìl#T{Z
�ÔT{Z?[gT~l#ThZne1Z dUÁ oaT{]QSe�T{Èh`aÑ QEz|Y#T{_ Ù-ThÀÎT{Z?[gO#_1RUQEVXO#_1j�[S` d _ Ni_�l#`aTqÙ-T{l#W1ZEVX_#`aQSQSTql#ThZnÇ�T{oaT{j�[g` d _ �b� `�T
Ù-T8À-ThZE[SO#_#RUQ?VXO#_#j�[g` d _ g(i) oa`�ThVXThZE[ÐVXW#ZfT{`�_(^0_#l#`���`al#O#O#] i �¶ThZE[ST½`�_(T{`a_#T{] Ù-ThZST{`az|Y�¿-l1T{Z»NP_ìl NiQ
� Z diÁ o�Th] Ni_#RiT{e N Å [;`aQE[{¿�À-Tho�z|Y#T¾ÖET{l d z|Y×_#`�z|Y�[�O#_#]`a[E[gTho Á NiZ�VXW#Z3l#`�TÇ/T{o�Thj�[g` d _q�iT{Z?À-Th_#l#Th[ÌÀ-ThZSl#Th_
j É _#_#Th_ � Ù-T{`aQSe#`aT{oaQEÀÎT{`�QETKj É _#_�[ST{_ _#T{R�N�[g`a�iTnrFZERUT Á _#`�QEQSTKRUW#o�[g`�RiT d l#T{ZÂR�NPZ Á ThQSQSThZST ¥&É QSO#_1RUT{_ÝVXW#Z
Th`�_ Á ThQE[S`�]]Ì[gThQ � Z dUÁ o�Th]�l NiZEQE[ST{o�oaT{_ � ^0_fl#`aT{QET{] ¦îNio�o�À«`�ZSlÐl#`aT�¦<`a[S_#T Å VXO1_#j�[g` d _ f(i) = scale(g(i))�iT{ZEÀÎT{_1l#Th[ � f(i) o�`�T8VXT{Z?[Î_�O#_f�¶ThZE[gTP¿�l1`�T«VXW#ZÎl1`�T\Ç�T{oaT{j�[g` d _kRUThT{`aRU_#Th[ÎQS`a_#l[��^0_#l#`��/`�l#O#O1] i `�Q?[ Á T{QEQSThZNioaQÚ^0_#l#`��/`�l#O#O1] j ¿#À-Th_#_ f(i) > f(j) Ri`�oa[ �ÞÊ`�[�Û�`aoaVXTÌl1T{Q;Ç�z�NPo�`�_1R�jPNP_#_qQ d ]`a[«Ü Á T{`aQSe#`aT{oaQEÀÎT{`�QET�l#O#ZEz|YÔTh`�_#TÂQEz|Y�ÀÚ�iz|Y1T{ZST�p d l#T{Z3Q?[|�iZEjiThZSTvx� ThÀ«`az|Y�[SO#_#RßY É Y#T{ZET{Z�¦<`�[g_#T Å ÀÎT{ZE[STnÜìr±`�_CB#O Å NiO1V�l#NiQK¬ d _��iT{ZSRiT{_#È8�UT{ZEY Nio�[gT{_*l#ThQ»m\oaR d ZS`�[gY#]ÌO#Q
RUTh_ d ]]fTh_»À-ThZSl#Th_ �

	[óô	[óï� �»µöõ���´ ä � ·à³1å � ��·
ÞÊ`�[S[ST{o�QK�«T{j d ] Á `a_ NP[S` d _ëÀÎT{ZSl1T{_ _�O#_ _#T{O#T×^0_#l#`��/`�l#O#Th_�NPO#QÊl1T{_�QET{oaT{j�[g`aT{ZE[ST{_�rFo�[gThZS_*T{ZSÈhT{O#RP[ �
Û�`�T{Z Á Th`�Q d oao�] É RUo�`az|Y#QE[��/`aT{o/r±Z Á ]fNP[gThZS`�NioUl#ThZ<r±oa[ST{ZE_�[ST{`ao�TFNi_;l#`�T.Í\NPz|Y#j d ]]T{_�W Á ThZSRUT Á Th_ÌÀÎT{ZSl1T{_ �
� `aTb�«T{j d ] Á `�_#NP[g` d _ÌÀ«`�ZEl Á Th` � m\QH]T{`aQE[FNioaQHe#ZE`�]f�iZSThZH¼¾e�T{ZgN�[ d ZHRiT{QSThY#T{_�¿�O#]@_#ThO#T ¥&É QSO#_1RUT{_ÐÈ{O
ThZSÈ{ThO#RUTh_ � � `aT3��Thj d ] Á `�_ N�[g` d _#QEÀ-NiY#ZEQSz|Y#Th`�_#oa`�z|Y#jPT{`a[ pc

o�T{RP[-VXT{Q?[�¿#]`a[.ÀÎT{o�z|Y1T{Zb�BNPY#ZSQEz|Y#T{`a_#o�`az|Y#jiTh`a[
Th`�_#Tf��Thj d ] Á `�_ N�[g` d _Ôl#O1ZSz|Y#RUT8VXW#Y#Z?[ d l1T{Z�l NiQÌQET{oaT{j�[g`aT{ZE[STk^0_#l1`a�/`�l#O1O#]ËO#_��UThZg�i_#l1T{ZE[Ð`a_Ôl1`�Tk_1T{O#T
��d e#O#o�NP[g` d _�W Á T{ZS_ d ]f]T{_�À«`aZSl �

m Á1Á `�oal#O#_#R ¢ ÈhT{`�RP[&T{`a_#TF��Thj d ] Á `�_ N�[g` d _3Ni]�Th`�_1VØNPz|Y#T{_�Ù-Th`�QSe1`�T{oPT{`a_#T{QàÙ-`a_ �iZ�§?Ç/[SZS`�_1RP§ c Y#Z d ] d Q d ]Q �
� N Á Th`ÎÀ«`�ZElBT{`a_ Á T{o�`aT Á `aRUT{Z c Z d QSQ d �iT{Z�§ � O#_#j�[RUThÀ-�iY#o�[�O#_1lßl#`�TfT{_�[gQ?[|Ni_#l1T{_#Th_ y T{`ao�Tkl1T{Z Á T{`al#T{_
r±oa[ST{ZE_�[ST{`ao�TÐp dUÁ Th_îxÚ_#T{OnÈ{O1QgNi]]fTh_#RUThQSTh[SÈh[ÌpØO1_�[ST{_îx �

tUt



1   0   1   0   1   1   1   0 1   1   0   1   1   1   0   1

1   1   0   0   1   1   1   01   0   1   1   1   1   0   1

m Á1Á `�oal#O#_#R ¢ �&t8§0e d `�_�[ÚzhZ d QEQ d �UThZ
1   0   1   0   1   1   1   0

1   0   0   0   1   1   1   0

m Á1Á `�oal#O#_#R ¤ �îÞnO1[|NP[S` d _

� ThZ\�«T{j d ] Á `a_ NP[g` d _#Q d e�ThZgNP[ d Zb]�O Å VXW#Z<ÖET{l#T;j d _1j/ZETh[ST � Z dUÁ o�T{]QE[ST{oao�O#_#RÐ`a]fe#oaT{]T{_�[g`aT{Z?[ÚÀ-ThZ?§
l#Th_ � � N Á Th`&`�QE[ÚQSe�T{È{`aT{oao�l NiZSNiO1VDÈ{OnNiz|Y�[gTh_�¿ l N Å Th`�_nÍ\NPz|Y#j d ]]T3l NiQ«r±Z Á ]fNP[ST{ZS`�Nio�QST{`a_#T{Z«r±o�[gT{ZE_�§
[ST{`�oaT¾W Á T{ZE_#`�]]Ì[«O#_#ln_#ThO½j d ] Á `�_1`�T{Z?[ � Í�T{OÊY#`�_#ÈhO#RUThj d ]]fTh_#l#ThQ � T{_1]kNP[ST{ZE`âNioFpØr±`�RUTh_#QSz|Y N�V®[gT{_ x8¿
l NPQÎ_#`az|Y�[Î� d _»l#Th_�r±oa[gThZS_fT{ZSThZ Á [.À«`�ZEl�¿�Q d oaoa[ST�] É RUoa`�z|Y#Q?[FRUT{ZE`�_#R�RUThY Nioa[ST{_ÐÀ-ThZSl#Th_ �#� `�T{QET{Q � ZE`�_#Èh`�e
À«`aZSl ¥ d j�Nioa`a[g�P[.RUT{_ NP_#_�[bO#_#l»`aQE[ Á Th`�l#Th_nÇ�e Ni_1_ Á NiO#]Â§��«T{e#ZS�iQSTh_�[gNP[g` d _#Th_»`�]Ï¬�Nie#`�[gT{o ¡ l1Th[|NP`�o�`aT{Z?[
Á T{QEz|Y#ZS`aT Á T{_ �

	[óô	[ó � ÷Ò°àåv³�å � ��·
� `aT�ÞÊO1[gNP[g` d _»À«`�ZEl Á Th` � m\Qb]T{`�Q?[«NioaQÚQSThj/O1_#l �iZET{Z�¼¾e�ThZgNP[ d ZbNi_#RiT{QSThY#T{_nO#_#lKl#`aT{_�[«l NiÈhO�¿#_#ThO#T{Qd l#T{ZÚ�iT{ZEo d ZET{_#RUThR�Ni_#RiT{_#ThQ\r±Z Á ]kNP[ST{ZE`âNio�À«`aT{l#ThZ«`�_Kl#`�T ��d e#O#o�NP[g` d _KT{`a_#È{O Á ZS`�_1RUT{_ �#� N Á T{`&À«`�ZElnTh`�_
ÈhO1VØ�io�oa`�RNiO#QERUThÀ-�iY#o�[gThQ � T{_½�iT{Zg�P_#l#T{Z?[ ��� `�T�ÞÊO1[|N�[g` d _ÊÀ«`�ZEl½`a]�Nio�oaRUT{]T{`a_#T{_nQSThoa[gTh_~Ni_#RiThÀÎT{_#l#T8[ �
Û��iO1Ñ RÌÀ«`aZSlfl#`�T¾ÞÊO1[|N�[g` d _#QEÀ-NiY#ZEQSz|Y#Th`�_#oa`�z|Y#jPT{`a[ pm

Q d RUT8ÀÚ�PY#oa[{¿�l N Å `�]Ïr±ZEÀ-NiZ?[gO#_#RiQEVØNioao�Th`�_#T¾ÞÊO�§
[gNP[g` d _~e#Z d�c Y#Z d ] d Q d ] l#O1ZSz|Y#RUT8VXW#Y#Z?[;À«`aZSl[� pm = 1

n

Á Th`±T{`a_#T{Z c Y#Z d ] d Q d ]oâ�i_1RUTKpØm�_#È�NPY#oFl#T{Z� T{_#T�xÎ� d _ n
�

m Á1Á `�oal#O#_#R ¤ ÈhT{`�RP[kTh`�_#T½ÞÊO1[gNP[g` d _6Ni_1Y Ni_#l(T{`�_1T{Q»ÙÎ`�_ �iZ�§?Ç/[SZS`a_#RP§ c Y1Z d ] d Q d ]fQÀ�Hr±`�_ È{O1VØ�Po�o�`aR
NiO1QSRUT8ÀÚ�iY1oa[gThQ � Th_Bp4ø�ÙÎ`a[ÆxFÀ«`�ZSl��iT{Zg�P_#l#T{Z?[ �

	[óô	[ó�# , µ�æ�´ � ·à³1å � ��·
� NPQ�m Á#Á ZEO#z|Y#j�ZS`�[gT{ZE`�O#] Á ThQE[g`a]f];[&l#T{_ù&�T{`�[ge#O1_#j�[�¿�À-Ni_#_�l#T{Z�m\oaR d ZS`�[gY#]ÌO#Q�[ST{ZS]`�_1`�T{ZET{_3Q d o�o � m\O1z|Y
Y#`aT{Z�Ri` Á [ÂThQÐ]fThY#ZSThZSTnÞ É Rio�`�z|Y1jiT{`�[gTh_�¿<� d _(l#Th_#T{_ Y#`aT{ZÂ_�O#ZÂT{`a_#`�RiT»RUT{_#Ni_#_�[ÐÀ-ThZSl#Th_ìQ d o�o�Th_ �H� `�T
y T{ZE]f`a_ NP[g` d _»l#ThQ�m�o�R d ZS`a[SY#]�O#QÎj�Ni_#_nT{ZEV d o�RUTh_

• _ Niz|Ynm Á o�NiO1V�T{`a_#T{Z Á T{QE[S`�]]Ì[gTh_�m\_#È{NiY#o�Ni_ � T{_#ThZgNP[S` d _#Th_ �

• Q dUÁ NPo�lÂQS`az|Yfl#NiQ Á ThQE[gT«^0_#l1`a�/`�l#O1O#]�_ Niz|YT{`a_#T{Z Á T{Q?[g`a]f]Ì[ST{_Ðm\_1È�NiY#oîNP_ � T{_1T{ZgN�[g` d _#T{_Ð_#`az|Y�[
]T{Y1ZÚÀ-Th`a[gThZb�UT{Z Á ThQSQET{ZE[\Y NP[ �

• Q dUÁ NPo�l�l#`aT �Dd e1O#oâNP[S` d _ d l#ThZbT{`a_ Á ThQE[g`a]f];[gT{ZÎm\_�[gTh`�o�_�O#Zb_ d z|YnNiO#Qb`al#T{_�[S`�QSz|Y1T{_K^0_#l#`���`al#O#Th_
Á T{Q?[gThY�[ �

t ¢



• _ Niz|Ynm Á o�NiO1V�T{`a_#T{Z Á T{QE[S`�]]Ì[gTh_'&�T{`�[gQSe#Ni_#_#T �
� `aT;�¶NiY#o�l#T{Q y T{ZE]f`a_ NP[S` d _#QEj�ZS`a[ST{ZE`�O#]Qb`�Q?[3N Á Y#�i_#RU`aRf� d _~l#T{Z¾RiT{RUT Á Th_#T{_ � Z dUÁ o�T{]QE[ST{oao�O#_#RO#_#l
Q d o�o�[gT¾]`a[«ÙÎT{l Niz|Y�[�RUThÀ-�iY#o�[ Á ÈhÀ � `a]fe1o�T{]T{_�[S`�T{Z?[-ÀÎT{ZEl#T{_ �

ú û ý{øàô�úÚûDýÀ>�ú ¾�û�ü~úbýÆ÷àú«ó

��`aT3T{`�_1R�Ni_#RUQ-T{ZEÀ-�iY#_�[�À«O#ZSl1T{_ Á T{ZET{`�[gQbTh[So�`az|Y#T3m\Z Á Th`a[gTh_KÈ{Onl#`�ThQST{]CO#]ÐVØNi_#RUZET{`�z|Y1T{_ y Y#T{]fNÐe#O�§
Á oa`�Èh`�T{Z?[ ��� NiQÚÛ�NiO#e1[Se#Z dUÁ o�T{] Q?[gTho�oa[.l#ThZÎTÆÃ�e d _1T{_�[g`aT{o�oîRUZ dUÅ T\Ç�O#z|Y#ZSNiO#]ÏQ d oaz|Y#T{Z.j d ]fe#oaT8Ã�T{Z.m\O�VXR�N�§
Á T{_#Q?[gTho�o�O1_#RUT{_½l NiZ ��� T{_#ThZST{oao Á `aTh[ST{_�QE`�z|Y~ÈhÀÎT{`@&�`�T{o�Ñ _#l#O1_#RUQEÀÎT{RiTÂNi_[� � `�TÂÇ�O#z|Y#TÂl#ThQ�¼¾e1[g`a]�O#]Q
l#O1ZSz|YÔNiO1VXÈ��PY#o�Th_#l#T�$FT{Z?VØNiY#ZSTh_~À«`�TÂÈ{O1]áÙ-T{`aQSe#`aT{o±Ù-ZSNi_#z|Y�§0Ni_#l�§0Ù d O#_1l d l#ThZ � è/_ Ni]`�z � Z d RiZgNi]Â§
]`�_#RÌO#_#l½Y1T{O#ZE`�QE[S`�QEz|Y#T;Ç�O#z|Y NioaR d ZE`a[gY1]fTh_ �

r±ZSQ?[gT{ZET;�iT{ZSQEO#z|Y#Th_~l#T{_ÊRUT{QSNi]Ì[gTh_ ¥&É QEO#_#RUQEZgNiO1]�È{O½l1O#ZSz|Y1V d ZSQE[ST{_�O1_#l½R�NPZgNi_�[g`aT{ZET{_Kl Nil#O1ZSz|Y�¿
l N Å l#`�T Á ThQE[ST ¥&É QSO#_1R~NiO#z|YBÀ«`aZSj�o�`az|YBRUThVXO1_#l#T{_BÀ«`aZSl � ÞÊ`�[�Û�`�oaVXTl#ThZÂÙ-T{ZET{z|Y#_�O#_1Rq� d _ßO#_�[gThZSTh_
O#_1l dUÁ T{ZET{_kÇ�z|Y#ZSNi_#jiTh_k�UThZSQEO#z|Y�[Ú]fNi_Ðl N Á T{`¹¿i] É Rio�`�z|Y1QE[±RUZ dUÅ T y T{`ao�Tbl#ThQ-Ç/O#z|Y#ZgNPO#]fThQÎQ d VXZEW#YÐÀ«`�T
] É RUoa`�z|YÔNiO#QSÈhO#QSz|Y1o�`�T Å T{_�¿Hl Ni]`a[;l#T{ZÂÇ�O#z|Y NiO�V®ÀÚNi_1l(l NPl#O#ZSz|Yß]`�_1`�]`�T{Z?[3À«`�ZEl �H� `aT{Q�`aQE[;À«`�z|Y�[g`aR#¿
l NÐVXW#Z«RUZ É Å T{ZET � Z diÁ o�Th]fQ?[gT{oao�O#_1RUT{_nl#T{Z\Ç�O#z|Y1ZgNiO#]�TÆÃ1e d _#Th_�[g`�Tho�oàRUZ É Å T{Z«À«`�ZElÊO1_#l�l#ThZ Á T{_ É [g`�RP[gT
�«T{z|Y#Th_ NiO1V®À-Ni_#lkÈ{O#] m�O#QEÀÎT{Z?[gT{_»Nio�oaT{ZH] É RUoa`�z|Y#Th_ ¥&É QEO#_#RUTh_kl#ZSNi]fNP[g`aQSz|YNi_#Q?[gT{`aRi[ � ��`aT Á Th`îNio�oaT{_
Í � § QSz|Y�À«`�ThZS`aRUT{_ � Z diÁ o�Th]fTh_~`�QE[\l#`�ThQ¾T{`a_�À«`�z|Y�[g`aRUT{Z � O#_#j�[�¿�l1T{_#_ Á T{`<RiZ dUÅ Th_~^0_#QE[gNi_#ÈhT{_×jPNP_#_~T{Q
Q d _#QE[�QET{Y#Z«oâNP_#RUT3l NiO1T{ZS_�¿ Á `�Qbl#`aT Á ThQE[gT ¥&É QEO#_#RRUThVXO#_1l#T{_KÀ«`�ZEl �

Û�ThO#ZS`aQE[S`�jiTh_ÂY#`�_1RUT{RUTh_Ì�UThZSQEO#z|Y#T{_�¿�`�_#_#ThZSY NPo Á l#ThQFÇ�O#z|Y1ZgNiO#]T{Q±Èh`�Tho�RUThZS`�z|Y�[STh[<NiO1Vîl#`aT Á T{QE[ST d l1T{Z
Ni_1_ �iY#ThZS_#l Á T{Q?[gT ¥&É QSO1_#RÂÈ{O�Q?[gT{O1T{ZS_ � Þ½Ni_»�iT{ZSQEO#z|Y�[�¿îQS`az|YKNiO1V1ÖETh_#T{_ y T{`�o�l#ThQ�Ç�O#z|Y#ZSNiO#]QbÈ{O Á T8§
QEz|Y#Zg�i_1jiT{_�¿i`�_�ÀÎT{o�z|Y1T{]Òl#`�T Á T{QE[ST ¥&É QEO#_#R\ÈhO;Ñ _1l#T{_�`aQE[ � rFQD`�Q?[<NPo�o�ThZSl#`a_#RUQ&_#`az|Y�[<RUT8ÀÚ�PY#ZSoaT{`�Q?[gT8[�¿�l N Å
l#`aT Á T{Q?[gT ¥&É QEO#_#RÂNPO#z|YkÀ«`�ZEj�o�`�z|YfRUThVXO1_#l#T{_fÀ«`�ZSl �1� ThZ-m�o�R d ZE`a[SY#]�O#QFQ d o�oa[ST±ÖEThl d z|Y»È{O#]`�_1l#T{Q?[ÚT{`a_#T
¥&É QEO#_#RÂe#ZS�iQSTh_�[S`�ThZST{_�¿#l#`�T\Ni_#_ �PY#T{ZE_#lKl#T{Z Á T{Q?[gTh_ ¥&É QEO#_#RÂTh_�[SQSe#ZE`�z|Y�[ � rF`a_»À-Th`a[ST{ZSThZÚÈ{O Á T�NPz|Y�[ST{_�§
l#ThZ±m\QEe�Thj�[.`aQE[Fl#`aTQ$FT{Z?À-Th_#l#O#_#R;T{`a_#T{Z±RUThT{`aRU_#Th[ST{_Û�ThO#ZS`aQE[S`�j ��� O1[gT«Û�T{O#ZE`�QE[S`�jPT{_Ðj É _1_#T{_QSz|Y#_1T{o�oaT{Z
ÈhO×Th`�_#ThZ ¥&É QSO1_#R�VXW#Y#ZSTh_ � F\_1l#T{Z?[�QS`�z|YkÖEThl d z|Y×l#`aT�&�`�Tho�QST8[gÈhO#_#R#¿�Q d ]�O Å l#`aTÐÛ�ThO#ZS`aQE[g`aj½NP_#RUT{e#N Å [
ÀÎT{ZEl#T{_�¿±l#Ni]f`�[�l#ThZÂm\oaR d ZS`�[gY#]ÌO#Q;ÀÎT{`�[gT{ZEY#`�_ßQ?[|N Á `�o Á o�T{` Á [ � ��`�ZElßT{`�_ � T{_1Th[g`aQSz|Y#ThZÂm\oaR d ZS`�[gY#]ÌO#Q
�iT{ZEÀÎT{_1l#Th[{¿.]ÌO Å ]kNi_ÊÖEThl d z|Y(l NPZgNiO1V�Niz|Y�[ST{_�¿Fl N Å Th`�_#T»ÈhO(Q?[|NiZEjiTnÛ�ThO#ZS`aQE[S`�j¶l1T{_Ým\oaR d ZS`�[gY#]ÌO#Q
_#`az|Y�[¾È{O½QSz|Y#_#Tho�oD`�_½Th`�_Êo d j�NioaT{Q\¼3e�[g`�]ÌO#]�l#Zg�P_#Ri[�O#_#l~T{Z�l Ni_#_½_#`�z|Y�[¾]T{Y1Z\`�_Êl#T{Z ¥ NiRUTÌ`aQE[{¿�l1`�T
Á T{Q?[gT ¥&É QSO#_1RÂÜ»NioaQ d l NiQ«RUo dUÁ NioaT3¼¾e1[g`a]�O#] Ü»ÈhOnÑ#_#l#T{_ �

´%JLI ý6bdN!þx\KcaeURìÿ¸R-TòZabd¶ö]Db��KR-N
r±`�_�VØNiz|Y#T�Û�T{O1ZS`�Q?[g`ajiT{_fj É _1_#T{_»ÈhO#] ¦<`a_#l#T{_T{`a_#T{Z.RUO1[ST{_fm\O#QER�Ni_#RUQ Á NiQE`�QFVXW#Z.ÀÎT{`�[gThZST\¼3e�[g`�]`�ThZSO#_/§
RUTh_��UT{Z?À-Th_#l#T8[\ÀÎT{ZSl1T{_ � Ç�`aT¾�UT{Z?V d o�RiT{_KT{`a_#T{_nW Á T{ZSQEz|Y NiO Á NiZSTh_½m\_1QgNP[SÈ�ÈhO#Z ¥&É QSO#_1RUQEÑ _1l#O#_#R#¿îQE`�_#l
NioaQ d NPo�QÂr±ZSRU�i_#È{O1_#RUT{_ Á È8À � Ç/[gNiZE[Se#O#_#j�[ÐT{`a_#T{ZÌj d ]e#o�TÆÃ�T{ZSTh_(Ç�O#z|Y#TKRUThT{`�Ri_#Th[ � r±`�_#`aRUT $FThZE[SZSTh[ST{Z
À«O#ZEl#T{_K� d _ � NPo�]T{Z�zÕt�{ Á T{QSz|Y1ZS`�T Á Th_ÊO1_#l½QE`�_#lK_ Niz|Y�V d o�RUTh_#lKl NiZERUT{Q?[gT{oaoa[��

ñ¦r;i�����l n[w¢r;v�¡xé���r±QHÀ-ThZSl#Th_kÈ{O�VØ�io�oa`�RUT-Ç�e Ni_1_ Á �iO#]TbT{ZSÈhT{O#RP[FO#_#lÐl#T{Z Á T{Q?[gT�Ç�e NP_#_ Á NiO#]@À«`aZSl
�iT{ZEÀÎT{_1l#Th[ � ÙÎT{`<t ¨ � ¨i¨U¨ $FT{ZEQSO#z|Y#Th_uzÕt�{�VØNi_#lKl#`�ThQSThQ¦$FT{ZEVØNPY#ZSTh_;ÖET{l#ThQS]fNio�l NiQbRio�T{`az|Y#T Á T{Q?[gT�r±ZSRiT Á §
_#`aQ{¿vÀÎT{o�z|Y1TÚl NiQ<Þ½N�Ã�`�]ÌO#]Ó� d _�Th`�_#ThZHÞn`�o�oa` d _/&�O�VØNio�oaQ Á �iO1]fT±Th_�[SQSe#ZE`�z|Y�[ �i� Nioa]fThZ��iT{Z?À-Th_#l#Th[STbl#`�ThQST
$FThZEVØNiY#ZET{_ÊÈ{O#Z\Ù-T{ZET{z|Y#_�O#_#R d e1[g`a]kNioaT{Z«Ç/e Ni_#_ Á �iO1]fTP¿�O#] $FThZSRUoaT{`az|Y#QSThZSRUT Á _#`�QEQST�VXW#Z�ÀÎT{`�[gThZST�¦ d Z�§
QEz|Y/O1_#RUT{_ÊÈ{OnT{ZEY Nioa[ST{_ �

n��~r;v���n[w¢r;v�¡xé��£w�m�v�g����4g~¡�� � `�ThQSTÐÛ�T{O#ZE`�QE[S`�jKT{ZEÈ{ThO#Ri[�Ç/[ST{ZE_#TÂO#_#lh$.NiZE`âNP[S` d _1T{_nl N�� d _ � rF`a_qÇ/[ST{ZS_
`aQE[HTh`�_ÐÇ/e Ni_#_ Á NiO1]Ê¿ Á Th`�l#Th]@Th`�_Â¬3_ d [ST{_Âl NPQ@&�T{_�[SZSO#] Á `�oal#Th[DO#_#lÂ]`a[Dl#T{] Nioao�TÎNi_#l#ThZST{_Ð¬3_ d [gT{_

t ¤



l#O1ZSz|YÌTh`�_#T.¬�Ni_�[gTF�UThZ Á O1_#l#T{_ÌQS`�_1l � Ù-T{`�l#ThZ�}�_�[gThZSQSO1z|Y/O1_#R¾� d _;T{`a_#`�RUTh_�ZST�NPo�T{_ � Z dUÁ o�T{]QE[ST{oao�O#_#RiT{_
VXW#Z y Tho�T8V d _#_#T8[gÈhÀÎT{ZEjiTh_(O#_1lßl#T{ZET{_ ¥&É QSO1_#RUT{_ßzÕt�{ÎY NP[ÌQS`�z|YßRiT{È{Th`�Ri[{¿Dl#N Å Q?[gT{ZE_1V É ZE]f`aRUT � ZgNPe#Y#T{_
Th`�_#T3RUO�[gT3m\O1QSR�Ni_1RUQ Á NPQS`�Q«ÈhO#Z ¥&É QSO#_1RUQEÑ _1l#O#_#Rfl NiZSQ?[gTho�o�Th_ � m Á j É ]]o�`�_1RUT Á È8À � $.NiZS`�NP[g` d _#Th_k� d _
Ç/[ST{ZE_#T{_ëQE`�_#lëÙ-�iO#]Ti¿FÀ-Tho�z|Y#T~NPO#Q»]T{Y#ZET{ZSTh_*Ç/[gThZS_#Th_ Á ThQE[ST{Y#Th_ë§�NioaQ d ]T{Y1ZST{ZETqÞÊ`�[S[gTho�j�_ d [ST{_
Á T{QE`a[gÈhT{_[�

t � r±ZEÈ{T{O1RUT�Nio�oaT n Ç/[gThZS_#T�T{`a_#T{Q � ZgNie1Y#T{_nO#_#lnQSe�T{`az|Y#T{ZET;l NPQ Á T{Q?[gT�r±ZSRUT Á _#`aQ �
¢ � ^0]ï_ �iz|Y#Q?[gTh_ßÇ�z|Y#ZE`a[E[3À-ThZSl#Th_BNioao�T n2 Ù-�iO#]T Á ThZST{z|Y1_#Th[{¿�l1`�TÂNiO1Q�È8À-Th`ÎÇ/[gThZS_#Th_ Á T{Q?[gT{Y1T{_�¿

Á T{`�l#Th_#T{_Kl#`aT��ÔO#ZSÈhT{oaj/_ d [gTh_nW Á ThZ-T{`a_#T¾¬�Ni_�[ST\�UThZ Á O#_1l#T{_nQS`a_#l � m\O#z|Y�Y#`aT{Z.À«`�ZSlkl#T{Z Á T{Q?[gT
Ù-NiO#]êRiT{QSe�T{`az|Y#T{Z?[ �

¤ � �*�PY#o�THTh`�_£&�T{_�[SZSO#] M O#_1l�ThZSÈhT{O#RUTFTh`�_#Th_�]`�_1`�]fNio�Th_3Ç�e NP_#_ Á NiO#] ]`a[ M Nio�QàÇ�[|NiZ?[gj�_ d [ST{_ �
Í�O#_KÀ«`�ZSlnT{`a_#T�$FT{Z Á ThQSQSThZSO#_1R»l#`�ThQSThQ�Ù-NiO#]T{Q�l#O#ZSz|Y1RUThVXW#Y1ZE[���¦<W1Z�NPo�o�T¾¬�_ d [gTh_�¿ l#T{ZET{_ � ZET8§
l1T{z{ThQSQ d Z±_#`�z|Y�[Fl#ThZ±¬3_ d [ST{_ M `�Q?[�¿i_1T{Y#]TÚ]fNi_�l#ThQSQSTh_ � ZET{l#Thz{T{QEQ d Z.O#_#l��iT{ZEQSO#z|Y#TP¿�`�Y#_ÂÈhO#]
� ZET{l#Thz{T{QEQ d ZDl#T{Q�O#ZEQSe#ZEW#_#RUoa`�z|Y#Th_Ì¬3_ d [ST{_#QàÈhOÌ]fNiz|Y#T{_ � ¦ d ZS]T{o�o4� Pred(i) = Pred(Pred(i))

�
ÙÎT{ZSThz|Y#_#Tfl#`�T¦<`�[g_#T Å O#_1l¶QSe�T{`az|Y#T{ZETkl NPQÌr±ZSRiT Á _#`aQ{¿�VØNioao�Q3ThQ Á T{QSQET{Z�`�Q?[�NioaQ3l#T{Z�m\O1QSR�Ni_1RUQ?§Á NiO#] �

¡ � �*�PY#o�T3l NPQ Á T{Q?[gT�r±ZSRUT Á _#`aQ�NPO#Q�t�x8¿ ¢ x-O#_#l ¤ x
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Q d oâNi_1RUT¾À«`�Thl#T{ZEY d oa[{¿ Á `�Q«jPT{`�_1T/$FThZ Á T{QSQET{ZEO#_#R�l#ThQ Á T{Q?[gT{_½RUThVXO#_1l#T{_#Th_~r±ZSRUT Á _#`aQSQSThQ¾NiO�V®[gZS`�[S[ d l#T{Zh¿
VØNioao�Q3[gThz|Y#_#`aQSz|Yß_#`az|Y�[�Ni_#l#ThZSQ�] É RUoa`�z|Y�¿�T{`�_1Tf� d ZSY#ThZ�l#ThÑ#_#`�ThZE[gTfm\_#È{NiY#o-Ni_ � O1ZSz|Y#o��iO1VXT{_ßThZSZET{`�z|Y�[
`aQE[ � � `aT«Ù-T{ZET{z|Y#_�O#_#R;VXW#ZFT{`�_ � Z diÁ o�Th]@]`a[   u�¬3_ d [ST{_l NiO#ThZE[ST Á `�Q±È{OÐ�/`�ThZ y NiRUTbO1_#lfo��i_#RUThZ�pØ^�ÙbÞ
�«`�QEzvÇ/è/QE[ST{] © w ¨U¨i¨ ] d l#T{o £U£i¨ Ni_#l £ w ¨ À d ZSj�Q?[|NP[S` d _#Q«]`a[ � T{Z?V d ZS]fNi_#zhT�� d _ ¡�¨ O#_#l £i¨ ÞÊ^ � Ç#x �
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´%J~© ý��%\��Q]DRìMëdVK«@Zab�]DeH®¯R-N
r<Ã1Nij�[gT¾m�o�R d ZS`a[SY#]T{_ Á T8[gZSNiz|Y�[gT{_�l1T{_�RUThQgNi]Ì[ST{_ ¥&É QEO#_#RUQEZgNiO1]ÏO1_#lk�UThZSQEO#z|Y#T{_nl NiQÚ¼¾e1[g`a]�O#] È{O
Ñ _1l#T{_ � ��`aTÂQSz|Y d _¶T{`a_#R�Ni_1RUQ3T{Z?ÀÚ�iY1_�[{¿àQE[gTho�o�[3l#T{Z�Th_ d ZS]TfÇ�O#z|Y#ZSNiO#] l1`�TÐm\oaR d ZS`�[gY#]T{_Ê� d Z�T{`a_#T
RUZ dUÅ T×Û�ThZgNiO1QEV d ZEl#T{ZEO#_#R#¿«l NÝl#`�T×�«T{z|Y#Th_#È{Th`a[Ê]f`�[KT8Ã�e d _#T{_�[S`�T{oao�ThZn¼3ZEl#_�O#_#R(È{O#Z � Z dUÁ oaT{]RUZ É Å T
Q?[gT{`aRi[ �F� NiQfm�O#QEÀÎT{Z?[gTh_�Nio�oaT{ZÞ É Rio�`�z|Y1jiT{`�[gTh_(W Á T{ZEQE[ST{`�RP[ Á T{`«RUZ É Å T{ZET{_(m\O1VXR�N Á Th_#QE[ST{o�oaO#_#RUTh_(l1`�T
� ZSTh_#È{T�l#ThQ\ÞÊNiz|Y Á NiZSTh_ �

Ù-Th`�] Ù-ZgNi_1z|Y�§�Ni_1l�§�Ù d O#_#lÓm\oaR d ZE`a[gY1]�O#QÊÀ«`aZSl �iT{ZSQEO#z|Y�[�¿�l#O#ZEz|YñÙ-T{ZET{z|Y#_�O#_#R*T{`a_#T{Z½o d j�NioaT{_
Ç�z|Y1ZgNi_#jPT�l#`�T Á T{Q?[gT ¥&É QSO#_1R#¿1ÀÎT{o�z|Y1T�`a_�T{`a_#T{]êÙ-T{ZET{`�z|YKl#ThQ�Ç�O#z|Y#ZSNiO#]T{Q«RUThVXO1_#l#T{_KÀÎT{ZSl1T{_njPNP_#_�¿
N Á È{O#QEz|Y �P[gÈhT{_ � ÙÎT{`&ÞÊN�Ã�`�]`�T{ZEO#_#RUQEe#Z diÁ o�Th]fTh_kQSe1ZS`�z|Y�[«]fNi_k� d _�T{`a_#T{ZÚo d j�Nio�Th_�¼ Á T{ZSQEz|Y#ZgNP_#jiT�O#_#l
Á T{`�ÞÊ`�_#`a]f`aT{ZEO#_#RUQEe#Z dUÁ o�T{]T{_� d _KTh`�_#ThZÚo d j�NioaT{_�}�_�[gT{ZEQSz|Y#ZSNi_#jPT ��� `�T\RUo dUÁ Nio�T¾Ç�z|Y#ZgNP_#jiT�QE[ST{oaoa[Úl1`�T
Á T{Q?[gTnÈ{OìTh`�_#Th] &�T{`�[ge#O#_1j�[RUT8VXO#_#l#Th_#T ¥&É QEO#_#RÔQST{o Á QE[fl NiZ � Ç d oaoa[gT�l1`�T Á ThQE[ST½`�_ÝTh`�_#Th] Ù-T{ZET{`�z|Y
NiO�éf_1l Á NiZET ¥&É QEO#_#RÌ_1`�z|Y�[ Á T{QEQSThZ-QSTh`�_kNio�QFl NiQ Á `aQÎÈhOkl#`aT{QSTh] &�T{`�[ge#O#_1j�[ÎRUT8VXO#_#l#Th_#T¾r<Ã�T{]e#oâNPZ{¿�Q d
j�Ni_#_Kl#`aT�Ç�O#z|Y#T;Y#`�ThZ«N Á RUT Á Z d z|Y#Th_ÊO#_1lÊ`a]ê_ �iz|Y1QE[gTh_ y T{`ao�ZgNPO#]CÀÎT{`�[gT{ZERUThVXW1Y#ZE[«ÀÎT{ZSl1T{_ �

� `aTQ$ d ZSRiT{Y#Th_#QEÀÎT{`aQST«`�Q?[±_�O#_ÂV d o�RUTh_#l#T���Þ½Ni_ÐQ?[gT{Y�[±� d Z±l#T{ZFr±_�[gQEz|Y#T{`al#O#_#R1¿UÀ-Tho�z|Y#ThZF�ÔT{R3Th`�_#RiT8§
QEz|Y#oâNiRiT{_ÐÀ-ThZSl#Th_kQ d o�o � Þ½Ni_ Á T8[gZgNPz|Y�[STh[Î_�O#_fl1`�T«m\o�[gT{ZE_ NP[S`a�UTh_ÐO#_#l Á ThZST{z|Y1_#Th[ÎVXW#Z�ÖET{l#T�l N�� d _kT{`a_#T
Ç�z|Y1ZgNi_#jPTi¿HO1]l1`�T Á T{Q?[gT ¥&É QEO#_#RqN Á È{O#QEz|Y �P[gÈhT{_ �H� `�Tfm\oa[ST{ZE_ NP[g`��UTh_¶À-ThZSl#Th_Ý_ Niz|Yßl#ThZÐÇ�z|Y#ZSNi_#jiT
Q d ZE[S`�T{Z?[�O#_#l�`a]ñÇ�e�Th`�z|Y#ThZDe1oâNiÈh`�T{Z?[ � Í�O#_�T{_�[S_#`�]]Ì[�]kNP_Ìl#`aT.m�oa[ST{ZS_#NP[g`��UT.]f`�[Dl1T{Z Á ThQE[gTh_Ç�z|Y#ZSNi_#jiT
NiO1Qbl#T{]JÇ�e�Th`�z|Y#ThZbO#_#lKT{ZEQST8[gÈh[�QE`�T¾l#O1ZSz|Yn`�Y#ZET3Í\Niz|Y�V d o�RUThZÚ`�_1l#T{]Ï]kNP_�QS`�T¾Nio�Q � ZSO1_#l#oâNPRUT\VXW#ZÚl1`�T
_ �Pz|Y#QE[ST¾r±_�[gQSz|Y1T{`�l1O#_#RÂY#ThZgNi_#_1`�]]Ì[FO#_#l�NPO#z|YkVXW#Z.l#`�T«Y#`aT{Z.T{ZEY Nioa[ST{_#Th_km�oa[gThZS_ N�[g`a�iT{_fl#`�T�Ç�z|Y#ZSNi_�§
jPT{_ Á ThZSThz|Y#_#Th[ �/� `�TÚQ d3Á T8À-ThZE[STh[gTh_km�oa[gThZS_ N�[g`a�iT{_�ÀÎT{ZEl#T{_ÐÀ«`�Thl#T{ZH`a]�Ç/e�Th`�z|Y#ThZFN Á RUTho�T{RP[ � m�O1V�l#`�ThQST
�ÔT{`aQST\À«`aZSl�l NiQ � Z dUÁ o�Th]JÇ/z|Y#ZS`�[S[bVXW#Z«Ç/z|Y#ZS`�[S[b`a_ y Th`�o�e1Z dUÁ oaT{]T�ÈhT{ZEo�T{RP[ Á `�Q-]kNi_�oaTh[SÈh[gTh_#l#oa`�z|Y�T{`a_#T
ÞÊTh_#RUTb� d _ y T{`ao�e#Z dUÁ oaT{]T{_ÂT{ZEY �io�[�¿il1T{ZSTh_ ¥&É QEO#_#RUTh_[SZS`���`�Nio/QS`�_1l Á ÈhÀ � l#`aTÚ�UT{Z?À d ZEVXT{_À-ThZSl#Th_fj É _�§
_#Th_�¿#ÀÎT{`�o&QE`�T3QE`�z|YÊNio�QbO#_ Á ZSNiO#z|Y Á NiZ�T{Z?À-Th`�QET{_ßpXo d j�NioaT3}�_�[ST{ZSQEz|Y#ZgNP_#jiT���RUo dUÁ NioaT�¼ Á ThZSQSz|Y1ZgNi_#jPTvx �

m\]ÒNP_#QSz|Y NPO#o�`az|Y#QE[ST{_Â`�Q?[�l#`�ThQST?$ d ZSR�Ni_1RUQEÀÎT{`aQSTÎNi_#Y Ni_1l�T{`a_#T{QàÀ-Th`a[��UThZ Á ZET{`a[STh[ST{_¼¾e1[g`a]f`aT{ZEO#_#RUQ�§
e#Z dUÁ oaT{]T{QFl NiZEÈ{O#Q?[gT{oao�Th_[��l#T{] �«O#z|j�QgNPz|j/e1Z dUÁ oaT{] � Û�`�ThZ Á T{` Y Ni_1l#T{o�[ÎThQÎQE`�z|YfO#] l#`�T«m�O1VXR�N Á T{_#Q?[gTho�§
oaO#_#R#¿/T{`a_#T{_K�«O#z|j�QgNiz|j�]`a[ÎRUThRUT Á T{_#Th_ÊÞ½N�Ã�`�]fNio�RiThÀ«`�z|Y�[ÚNiO1V�Q d oaz|Y#T\�ÔT{`aQST¾]`a[ � ThRUT{_#Q?[|�i_1l#T{_KÈ{O
VXW#oao�Th_�¿il N Å l#ThZ±�¶ThZE[.l#T{ZFTh`�_#RUThe Niz|j�[gTh_ � T{RUTh_#QE[g�i_#l#T�]fN�Ã�`�]fNio1`aQE[ � ¦<W#Z.Nio�oaT-�UThZEVXW#R Á NiZSTh_ � T{RUTh_�§
Q?[|�i_#l1Tb`�QE[H`�Y#Z � T8À«`�z|Y�[FO#_#lÐ`�Y1Z<�¶ThZE[±RiT{RUT Á Th_ ��� NiQ � Z diÁ o�Th] Á T{Q?[gT{Y�[ÎNioaQ d NiO1Q±T{`�_1T{ZHm Á V d o�RiT-� d _
r±_�[gQEz|Y#T{`al#O#_#RUTh_�¿�À-Tho�z|Y#ThZ � T{RUTh_#QE[gNi_#l_/O1_kT{`a_#RUThe Niz|j�[ÎÀ«`aZSlO#_#lÀ-Tho�z|Y#ThZÎ_#`az|Y�[ � Û�`aT{Z Á `aTh[gT8[.QS`�z|Y
Th`�_ëÙ-ZSNi_#z|Y�§0Ni_#l�§0Ù d O#_1l�§0m�o�R d ZE`a[SY#]�O#QNi_ � &�O#T{ZEQE[�Q d ZE[S`�ThZE[»]fNi_6l1`�TÊ�iT{Z?VXW#R Á NiZET{_ � T{RUTh_#QE[g�i_#l#T
_ NPz|Yf`aY#ZSTh] � T8À«`�z|Y�[ © �¶ThZE[E§~$FT{ZEY �ioa[S_#`�Qh¿UQ d l N Å l NiQ.T{ZEQE[ST\r±o�Th]fTh_�[Î`a_Ðl#T{Z ¥ `�Q?[gT<ÖET{_#ThZ � T{RiT{_#Q?[|Ni_#l
`aQE[�¿1l#T{QEQST{_n�¶ThZE[�`�] $FT{ZEY �ioa[S_#`�Q-È{OnQST{`a_#T{] � ThÀ«`az|Y�[\NP]êY É z|Y#QE[ST{_Ê`�QE[ �

¦<W#Z�l#`aT��ÔO#ZEÈ{T{o�j�Ni_#_Ê_/O1_�T{`a_#T�Ç/z|Y �P[gÈhO#_#RkVXW1Z�l NPQ Á T{QE[STÌr±ZERUT Á _1`�Q Á T{ZET{z|Y#_1Th[\ÀÎT{ZEl#T{_��&Þ½Ni_
_#`a]f];[�l#ThZà��Th`�Y#T±_ NPz|Y;l#`aT±T{`a_#È{Tho�_#Th_ � T{RiT{_#Q?[|�i_#l1T.O1_#lÌNPl#l#`�ThZE[&l1T{ZSTh_ � ThÀ«`az|Y�[DO1_#l��ÔT{Z?[�NiO1V�¿ Á `�Q
l NPQÚY É z|Y#QE[«ÈhO#oâ�iQEQS`aRUT � T{QgNP]Ì[gRUT8À«`�z|Y�[bl#ThQ«��O1z|j/QSNiz|j�Q�ThZSZET{`�z|Y�[«`aQE[ ��� `aT{QSThZbT{ZEZST{z|Y1_#Th[ST��ÔT{Z?[«QE[ST{o�o�[
l#`aT�¼ Á ThZSQSz|Y1ZgNi_#jPTÌl#ThQ � ThQgNi]Ì[Se#Z diÁ o�Th]fQÚl#NiZ �î� NPQ�ThZSQ?[gT y Th`�o�e1Z dUÁ oaT{]Ï`�Q?[«_/O1_�¿ dUÁ½� ThRUT{_#Q?[|Ni_1lÔt
Th`�_#RUThe Niz|j�[ÚÀÎT{ZEl#T{_nQ d oao d l#ThZÚ_#`�z|Y�[ � ¦<W#Z Á Th`�l#T¾m�oa[ST{ZS_#NP[g`��UT{_ Á ThZST{z|Y1_#Th[�]fNi_»_�O#_Kl#`�T¾Ç�z|Y#ZSNi_#jiTh_
O#_1l�e#o�NP[gÈh`�T{Z?[KQS`aT×`a_ Th`�_#ThZ � ZE` d ZE`a[0è�§��¾O#ThO#T � ��`aT Á T{ZET{`�[gQnT{ZEÀ-�iY#_�[{¿�]�W1QSQSTh_�l#`aT y T{`ao�e#Z dUÁ oaT{]T
`a]Ç�e�Th`�z|Y#ThZÂNiO1V�Th`�_#T�¶Th`�QST»N Á RUTho�T{RP[;ÀÎT{ZEl#T{_�¿<l N Å ]fNi_B`a]f]T{Z£&�O#RUZE`að(NiO1V«l#NiQÂr±o�Th]fTh_�[Ì]f`�[
l#ThZ»Y É z|Y#QE[ST{_ ¼ Á ThZSQEz|Y#ZgNi_1jiT~Y NP[ � r±`�_1T � ZS` d ZS`�[0è�§��¾O#T{O#TÊQE[ST{o�o�[»Th`�_#T � NP[gTh_#QE[SZSO#j�[SO#Z�]f`�[kl1`�T{QET{Z
ThZEV d ZEl#T{ZEo�`�z|Y1T{_nr±`�RUTh_#QSz|Y N�V®[ Á T{ZET{`�[ �

Þ½Ni_kT{_�[g_#`a]f];[-l#ThZ��¾O#T{O1T¾_�O#_�l#`�T�m\o�[gT{ZE_ NP[S`a�UT�]`a[Îl#T{ZÎY É z|Y1QE[gTh_ÊÇ�z|Y#ZgNP_#jiT3O#_1l Á T8[gZSNiz|Y�[gTh[
QE`�TÎNio�Q�_ �iz|Y#Q?[gThQHO#_#l�Q?[gTho�oa[�QE`�z|Y�l#ThZHr±_�[gQEz|Y#T{`al#O#_#R#¿ dUÁÂ� T{RiT{_#Q?[|Ni_#l ¢ T{`a_#RUT{e#Niz|j�[<ÀÎT{ZSl1T{_ÂQ d o�o d l1T{Z
_#`az|Y�[ � ÞÊNi_ Á ThZSThz|Y#_#Th[�À«`aT{l#ThZ¾l#`�TÂÇ�z|Y#ZgNP_#jiTh_×VXW#Z Á Th`�l#TÌm\oa[ST{ZE_ NP[g`��UTh_~O#_#l~e#o�NiÈ{`aT{ZE[\QS`aT�ÜÊQ d VXT{ZS_
l NPQÐrF`a_#e Niz|jPT{_ l#T{Q � T{RUTh_#QE[gNi_#l#ThQÐ_#`�z|Y�[Ðl NiQÞÊN�Ã�`�]fNio�RUT8À«`�z|Y�[ÂW Á T{ZEQSz|Y#ZET{`�[gTh[�ÜÔ`a_ßl#T{Z��¾O#T{O1T �
m�O1V�l#`�ThQST»�ÔT{`�QETkÀ«O#ZEl#T�T{`a_ � Z dUÁ oaT{]l#O#ZSz|YÝÈ8À-Th`ÚÀ-Th`a[gThZST y T{`ao�TkÈhT{ZEo�T{RP[ÂO#_#lÝl#ThZ�m\oaR d ZS`�[gY#]ÌO#Q
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Á T{RU`a_#_�[Ð� d _ì� d ZS_1T � rFZEY �io�[f]fNi_ Á Th`�] &�O#RiZS`að*NPO1V¾l#`aT��¾O#ThO#T½Th`�_#T ¥&É QSO1_#R#¿Fl#`�Tn_#`az|Y�[ÀÎT{`a[ST{Z
ÈhT{ZSoaT{Ri[«ÀÎT{ZEl#T{_~j�Ni_#_�¿�Y#NP[\]fNi_nl#`�T Á T{QE[ST ¥&É QEO#_#RkRiThVXO#_#l1T{_�¿�l#T{_1_�l#`�T��¾O#T{O1TÌT{_�[SY �ioa[�_�O#Z�_ d z|Y
¥&É QEO#_#RUTh_�¿ l#T{ZET{_�Ç�z|Y#ZgNP_#jiTh_½j�o�Th`�_#ThZbQS`�_1l½NioaQÚl#`aT�l1T{Z«T Á T{_nT{_�[g_ d ]f]T{_1T{_ �

� ` d _#_#T»O1_#l ¦<o d ZE`âNi_Oz�w�{Úe#ZS�iQSTh_�[S`�ThZE[gTh_(Th`�_#Th_ßm\oaR d ZS`�[gY#]ÌO#Q{¿àÀ-Tho�z|Y#ThZÐNiO1V�l#Th] Ù-ZgNP_#z|Y�§�NP_#l�§
Ù d O#_#l�§ � ZE`�_#Èh`�e Á NiQS`aT{ZE[ � � `aT{QSThZbm\oaR d ZS`�[gY#]ÌO#QÎQ?[gTho�oa[ÚT{`�_1T�Þ d l#`aÑ j�NP[S` d _kl#T{Qb� d _ÊÛ d Ni_#R6z ª {�� d ZERUT8§
Q?[gT{oaoa[ST{_�m\_1QgNP[SÈ{T{Q«l NPZbO#_#l Á T8[gZSNiz|Y�[gTh[�l NPQ � Z dUÁ oaT{]CNio�QÚTh`�_#T�Ç/T{ZS`aT¾� d _nr±_�[gQEz|Y#T{`al#O#_#RUTh_�¿ À-Tho�z|Y#T
¬�Ni_�[gT�NPo�Qb_ �iz|Y1QE[gThQ\`a_nl1T{_ÊÙÚNiO#]�NPO1VXRUT{_ d ]f]T{_»ÀÎT{ZEl#T{_ÊQ d oao �

r±`�_ y T{`ao�e#Z dUÁ oaT{]Ël#ThQÌ� d ZERUT{Q?[gTho�oa[ST{_ßm�o�R d ZE`a[SY#]�O#Q Á T{QE[ST{Y�[NioaQ d NiO1QÌl#ThZÂr±_�[SQSz|Y#Th`�l#O1_#R#¿±T{`a_#T
Á T{Q?[g`�]]Ì[ST±¬�Ni_�[gT.`�_�l#T{_;ÙÚNiO1]ÒNiO1VXÈ{O1_#T{Y#]T{_ d l#T{Zà_#`az|Y�[ ��� N Á T{`��UThZEÀÎT{_#l1T{_ � ` d _#_#TFO#_#l;¦<o d ZS`�Ni_
Th`�_#Th_ìz|Y NiZSNij�[gThZS`�Q?[g`aQSz|Y#Th_O$FT{j�[ d ZfÈhO#Z � NiZSQ?[gT{oao�O#_1RÔTh`�_#ThQkÙÚNPO#]fQ �F� T{ZkÙÚNiO#]�À«`aZSl(Nio�Q Á `a_ �iZET{Z
$FThj�[ d Z{¿il#T{QEQST{_ ¥ �i_#RUTbRUoaT{`az|Yl1T{Z±m\_1È�NiY#oî¬�Ni_�[ST{_Ðl#T{QFm�O#QSR�NP_#RUQSRiZgNie#Y1T{_kTh_�[gQSe1ZS`�z|Y�[{¿�j d l#`�ThZE[FO#_#l
Th`�_#TKt»NP_Ôl#ThZ�Ç�[gT{oao�T i

Á ThQE[g`a]f];[�¿ dUÁ l#`�TÐTh_�[SQSe#ZET{z|Y#Th_#l#TK¬�Ni_�[gT i `�_×l#T{_ßÙ-NiO#]áNiO1VXRiT{_ d ]]T{_
À«`aZSl �

X = (x1, x2, ..., xm) | xk = 0 or 1, k ∈ M = {1, 2, ..., m}

m\O Å T{ZEl#T{]êÀ«`aZSl�Y#`aT{ZÚO1_�[ST{ZEQSz|Y#`aT{l#Th_�¿ dUÁ T{`�_Kr±oaT{]T{_�[«l#T{Q¦$FThj�[ d ZEQ«�PNiZE`âN Á T{oHpØ_ d z|YK_#`�z|Y�[�NiO1Q?§
RUT8À-ThZE[STh[Æx d l#T{Z Á T{ZET{`�[gQÚÑ1Ã�`�ThZE[«`aQE[ �#� `�T�ÞÊTh_#RUT E `�Q?[«T{`a_#T y Th`�oa]fTh_#RUT¾l#ThQ ¥àÉ QSO#_#RiQSZgNPO#]fThQ S O#_1l
Th_�[SQSe#ZE`�z|Y�[��

E =

{

(x1, x2, ..., xm)

∣

∣

∣

∣

∣

xk may take any value (either 0 or 1) fork ∈ K
xk has a fixed value (either 0 or 1) fork ∈ M − K

}

K `aQE[fl#`�T½ÞÊT{_1RUTÊ� d _6^0_#l#`aÈ{ThQ»l#T{ZÐVXZSTh`�Th_¤$.NiZE`âN Á oaT{_ O#_#l M − K l#`aT�ÞnT{_#RUTÊl#T{Zf^0_#l#`aÈ{T{Q
l#ThZ-Ñ1Ã�`�ThZE[ST{_*$.NiZE`âN Á oaT{_ � r±`�_ y T{`ao�e#Z dUÁ oaT{]��UThZSÈhT{`�RP[«QS`�z|Y�]`a[Îl#ThZbr±_�[SQSz|Y#Th`�l#O1_#R#¿ dUÁ Th`�_#T3¬�Ni_�[ST rNiO�VXRUT{_ d ]f]T{_»À«`aZSl d l1T{Z«_#`�z|Y�[��

E(xr = 0) = E ∩ {(x1, x2, ..., xm) ∈ S|xr = 0}

O#_#l

E(xr = 1) = E ∩ {(x1, x2, ..., xm) ∈ S|xr = 1}

À dUÁ Th` xr
l#`aTkÙ-ZSNi_#z|Y#`a_#RP§~$.NiZS`�N Á o�TÂl#NiZSQ?[gT{oaoa[ � }�]ál#`aT y T{`ao�]T{_#RUT E T{oa`�]`�_#`aT{ZET{_~È{O¶j É _#_1T{_�¿

]�O Å _/O1_;Th`�_#TF}�_�[ST{ZERUZSTh_#È{T LB VXW#Z&l#`�T±ÞÊT{_#RiT {F (X)|X ∈ E and X feasible}
Á ThZSThz|Y#_#Th[�ÀÎT{ZSl1T{_ �

Ç�`aT;À«`aZSl�l#O1ZSz|Y~m\_�ÀÎT{_#l1T{_×l#T{ZA&�`aT{o�VXO#_#j�[g` d _ F NiO1VFl#NiQ y T{`ao�e#Z dUÁ o�Th] Á ThZSThz|Y#_#Th[ � r±Q¾]�O Å l N Á T{`
�«W#z|j�QS`az|Y�[-RUT{_ d ]f]T{_ÂÀÎT{ZEl#T{_�¿/l N Å O#_#RUW1oa[g`aRUT ¥&É QEO#_#RUTh_»T{_�[gQ?[gThY#T{_»j É _#_#Th_[�/^0_kl#`aT{QSTh] ¦îNio�o1À«`aZSl
l#`aT ¥&É QSO#_1R�iT{ZEÀ d Z?VXT{_½O1_#lÊl1`�T{QET�m\oa[ST{ZE_ NP[g`��UT3_#`az|Y�[�ÀÎT{`�[gThZ�O1_�[ST{ZEQSO#z|Y�[ �

^0_�ÖET{l#ThZ y T{`ao�]T{_#RiT E QST{` Xp l NiQ�Í�T8[gÈhÀÎT{ZEj�]f`�[bl#ThZ�RiZ É Å [ST{_n¬�Ni_�[gTh_ Ni_#È{NiY#o~�

Xp = (xp
1, x

p
2, ..., x

p
m), wobei xp

k =

{

1, if ek ∈ E
0, otherwise

¦<W#Z«ÖET{l#ThQ X ∈ E Ri`�oa[ F (Xp) ≤ F (X)
� ¦îNioao�Q X0 l1`�T»l#ThZSÈhT{`a[ Á ThQE[gT ¥&É QEO#_#Rql NiZEQE[gTho�o�[�O#_#l

LB ≥ F (X0) RU`aoa[�¿�l Ni_#_nj�Ni_#_Kl#`aT y Th`�o�]T{_1RUT E T{oa`�]`�_#`aT{Z?[ÎÀÎT{ZEl#T{_ �
¦<W#Zbl1`�T�Ù-ThZST{z|Y1_/O1_#R»T{`a_#T{Z«}�_�[gT{ZERUZSTh_#È{T;QSz|Y#o��iRi[�Û d Ni_#R'z ª {�V d oaRUT{_#l1T�¦ d ZS]T{o�� d Z��

LB = F (Xp) +
∑

k∈K

x̄∗
kfk(X

p)

tvw



À dUÁ Th` x̄ = 1− x O#_#l X∗ = (x∗
1, x

∗
2, ..., x

∗
m) l#`�T d e1[g`a]kNioaT ¥àÉ QSO#_#RÐl NPZSQE[ST{oaoa[ �/� `aT3Ù-ThZST{z|Y1_/O1_#R

j�Ni_#_K]`a[bl1T{]Jm�o�R d ZE`a[SY#]�O#Q-VXW1Zbl NiQ���O1z|j/QSNiz|j�e#Z diÁ o�Th]�� d _ � Ni_�[gÈh`�R³z ¢i¤ {àT{Z?V d o�RUTh_ �
� ` d _#_#TKO#_#l(¦<o d ZS`�Ni_BT{ZEÈ{`aT{oa[ST{_ÝRUO1[STnrFZERUT Á _#`�QEQSTK]f`�[Âl#`aT{QSTh]�m\oaR d ZE`a[gY1]�O#Q � m\oao�T{ZEl#`�_1RUQÌ�UThZ?§

ÀÎT{_#l1Th[gTh_»QS`aT�ZET{o�NP[g`���j�o�Th`�_#T � Z dUÁ o�T{]QE[ST{oao�O#_#RiT{_Ð]f`�[ Á `�QFÈhO ¢i  ¬�_ d [gTh_ � Ù-T{`�RUZ É Å T{ZET{_ � Z dUÁ oaT{]T{_
Á T�Ni_1QSe#ZEO#z|Y�[\l#ThZbm\oaR d ZS`�[gY#]ÌO#Q�ÖET{l d z|YKT{_ d ZS]T���Thz|Y#T{_1È{T{`�[ � m\O Å T{ZEl#T{]JRi`�_#RUTh_ � ` d _1_#T3O#_#lÊ¦<o d §
ZE`âNi_ Á T{`î`�Y#ZET{_f}�_�[gThZSQEO#z|Y�O#_#RUTh_n_1`�z|Y�[.`�]]fThZH� d _fj d ]e#o�T8[S[ST{_ � ZSNie#Y#Th_»NiO#QFO#_1lkT{ZEoâNiO Á [gTh_»NiO#z|Y
È8è�j�oa`�QSz|Y1T ¥&É QEO#_#RUQERUZgNPe#Y#T{_ �

´%J�´ ý6bdNºR�� \��?]CR[Z¤T!NUS R-bdNWe!R-TòZabd¶ö]Dbd¶�cae!R[Z±MOLVK«@Zab�]DeH®ìTU¶
m�Y/O�ÖSN O#_1lÓÞÊO#Z?[0è z ¤ {;Q?[gTho�o�Th_�T{`�_1T{_�TÆÃ1Nij�[gT{_ O#_#l T{`�_1T{_*Y#T{O#ZE`�Q?[g`�QEz|Y#T{_�m\o�R d ZS`�[gY#]�O1QkVXW#ZKl NiQ
¼ c Ç y � � d Z � ÙÎT{`�l1T ¥&É QEO#_#RUQ?À-ThRUT�_#T{Y#]T{_ÊNiO1V<l#`�T3QEe�ThÈ{`aT{o�oaT�Ç/[SZSO#j�[gO1Z�l#ThQ�¼ c Ç y � ��W#z|j�QE`�z|Y�[ �

�[óô�[ósÿ �!3 ³aõ�åvµ�æ ã� º �îæ � å��D´q°�²
� ThZ�T8Ã1Nij�[gTfm\o�R d ZS`�[gY#]�O1Q¾`�Q?[;Th`�_×Ù-ZSNi_#z|Y�§0Ni_#l�§0Ù d O#_#lÔm\oaR d ZS`�[gY#]ÌO#Q¾O#_#lqVXW#Z�j�o�Th`�_#TÐO#_#l×]`a[S[ST{oÕ§
RUZ dUÅ T � Z dUÁ oaT{]T;RiT{T{`aRU_#T8[ ��� O#ZEz|Y×¼3e�[g`�]`�ThZSO#_1Rfl#ThZ3Ç�O Á e#Z diÁ o�Th]fT�À«`�ZEl½�UThZSQSO1z|Y�[{¿�l#Th_ � ThQgNi];[E§
ZET{z|Y#Th_ NiO1V®À-Ni_#lÊÈ{On]f`a_#`�]`�ThZST{_ �

Ù-Th`�] ÙÎZgNi_#z|Y/§�Ni_#l/§�Ù d O1_#l�m\o�R d ZS`�[gY#]�O1QkÀ«`�ZEl6VXW#Z;ÖET{l#T×¬�Ni_�[gTqTh_�[SQSz|Y#`aT{l#Th_�¿ dUÁ QS`aT~`�_�l#T{_
ÙÚNPO#]ÏNiO1VXRUTh_ d ]]fTh_ÀÎT{ZEl#T{_�Q d o�o d l#T{ZÎ_#`�z|Y�[ ��� `aT{QST � ThÑ#_#`a[S` d _fl#T{Q y Th`�o�e1Z dUÁ oaT{]QFT{_�[gQEe#ZS`az|Y�[Úl#T{Z
$ d ZERUT{Y1T{_#Q?À-Th`�QSTf`�_¤z�w�{ � m�o�o�ThZSl#`a_#RUQ¾�iT{ZEV d o�RUTh_Ôm�Y/O�ÖSNÊO#_#lBÞÊO#Z?[0èqT{`�_1TkNi_1l#T{ZET»Ç/[SZgNP[ST{RU`aT Á Th`Fl#T{Z
¥&É QEO#_#R¶l1T{Q y Th`�o�e1Z dUÁ oaT{]Q �±� `�TÊÙ-T{ZET{z|Y#_�O#_#R¶l#T{ZO#_�[gThZST{_ëÇ�z|Y#ZgNP_#jiT�ThZEV d oaRi[Ð]`a[ÐT{`a_#T{ZfNiO1V\l NiQ
¼ c Ç y � ÈhO#RUThQSz|Y#_#`�[S[ST{_#Th_�ÞÊT8[gY d l#TP¿ l#`�T3¬�Ni_�[ST{_K`�_»�iT{ZSQEz|Y#`�Thl#T{_1T�ÞÊTh_#RUTh_ÊO#_�[ST{ZE[ST{`aoa[bO#_1lnl#Ni]f`�[
NiZ Á Th`a[STh[ � rFQ.T8Ã�`aQE[g`aT{ZET{_kTh`�_#T�¬�Ni_�[gTh_#]T{_#RUT I ]`a[.¬�Ni_�[ST{_�¿�ÀÎT{o�z|Y1T�`a_fl#Th_�Ç�e#Ni_#_ Á NiO#] `a_#j�o�O#l1`�T{Z?[
O#_1l½T{`a_#T�¬�Ni_�[gT{_1]fTh_#RUT E ]`a[�¬�Ni_�[ST{_�¿îl#`aT;NPO#QSRUThQSz|Y#o d QSQET{_ÝpXT8Ã�z{oaO#l#Thlîx«ÀÎT{ZEl#T{_�Q d o�oaT{_ � �¶Th`a[gThZSQ
RU` Á [«T{Q�T{`a_#T;ÞÊT{_#RiT U ]`a[«_#`az|Y�[�È{O1RUT d ZEl#_#T8[gT{_�¬�NP_�[ST{_BpØO#_ NPQSQS`aRU_#Thlîx � m\oaQ�ThZSQ?[gTÌÇ�z|Y �P[SÈ{O#_#Rkl#T{Z
O#_�[ST{ZSTh_ � ZST{_1È{T�jPNP_#_�l#`aT;ÙÎT{ZSThz|Y#_�O#_#R�l#ThZ�j�W#ZEÈ{ThQE[gTh_��¶ThRUTÌW Á ThZ�l NPQ\Í�Th[gÈ8À-ThZSj Á ThQE[ST{Y#Th_#lqNiO#Q
¬�Ni_�[gTh_ql#T{Z�ÞÊTh_#RUTh_ I O#_#l U Y#ThZgNi_1RUT{È d RUT{_qÀÎT{ZSl1T{_¶O1_#lqQST{` µ0 = 1

2

∑n
i=1

∑n
j=1 rijuij

�&� NKTh`�_
¼ c Ç y ÖEThl d z|YìT{`a_6Ç/e Ni_#_ Á NiO1] `aQE[{¿±j É _#_1T{_6_#`az|Y�[»Nioao�TK¬�Ni_�[gTh_6NiO1Q U �iT{ZEÀÎT{_1l#Th[»ÀÎT{ZEl#T{_�¿-l N
Q d _#QE[�&�è/j/oaT{_ÔT{_�[gQ?[gT{Y1T{_ßÀ«W#ZSl1T{_ � ¦ d o�RUoa`�z|Y~VXW#Y#Z?[Ìl#NiQÌr±oa`�]`�_#`aT{ZSTh_~� d _ß¬�Ni_�[ST{_BNPO#Q U È{O¶T{`�_1T{Z
$FThZSoâ�P_#RUT{ZEO#_#RÐl#ThZ�j�W#ZEÈ{ThQE[gTh_Ê�ÔT{RUQ?[gZET{z|jiTh_~O#_#lnQ d ]`a[ÚÈ{OnT{`�_1T{Z«r±ZSY É Y/O1_#Rfl1T{Z«O#_�[gThZST{_ � ZET{_#ÈhT �

r±`�_#TÌ}�_�[gThZSRUZET{_#ÈhT�VXW#Z�l NiQ�¼ c Ç y � `�Q?[\Th`�_#T;o�`�_1T�NiZETÌÍ��iY#T{ZEO#_#R»l1T{Q\�ÔT{Z?[gT{Q\l#T{ZA&�`aT{o�VXO#_#j�[g` d _
L(Ã − X, Q) ]`a[ Ã = I ∪ Ũ O#_#l Ũ ⊆ U

� �ÔT{`a[ST{ZEQ�QET{` Q = {(i, j) ∈ N × N : 1 ≤ i < j ≤ n} ¿l#`aT�ÞÊT{_1RUT�Nio�oaT{Zb¬3_ d [ST{_#e#NUNiZST�NiO1Q N
�

¦<W#Z«NPo�o�T (i, j) ∈ Q QSTh`

β0
ij = 0,

βk
ij = max

1≤p≤k
{π(ak, (i, j))}, ∀ak ∈ Ũ ,

ωk
ij = max{0, π(ak, (i, j)) − βk−1

ij }, ∀ak ∈ Ũ .

h(x) = µ0 + µx `aQE[«Th`�_#T�}�_�[ST{ZERUZSTh_#È{T�VXW#Z«l#T{_½¼ c Ç y ¿#À dUÁ Th`

µk =

{

∑

(i,j)∈Q rijω
k
ij, ∀ak ∈ Ũ ,

0, ∀ak ∈ I.

l NiZSNiO#QbV d oaRi[��

t ª



µ0 + µx ≤ L(Ã − X, Q).

� `aT\}�_�[ST{ZERUZSTh_#È{T¾ThZSY �Poa[.]kNP_fl#O1ZSz|YKÞÊ`a_#`�]`�ThZSTh_Ð� d _ µ0 +µx ¿�Q d l N Å Ã−X T{`�_kÇ�e NP_#_ Á NiO#]
`aQE[ �#� O#ZSz|Y½r±ZSQST8[gÈhT{_ yk = 1 − xk, ∀ak ∈ A T{ZSY#�ioa[«]fNi_[�

Minimize µ0 +
m

∑

k=1

µk −
m

∑

k=1

µkyk,

l#ThZgNiZ?[ Y Th`�_ÊÇ�e NP_#_ Á NiO#]�`aQE[ �#� NiZgNPO#QbV d o�Ri[Ú_/O1_[�
�ÔT{_#_ T ∗ l1T{Z.]kN�Ã�`a]kNioaT�Ç�e Ni_1_ Á NiO#] � d _ G̃ = (N, Ã) ]`a[ µk

Nio�Q � T8À«`�z|Y�[Îl#T{Z-¬�NP_�[ST ak
`�QE[{¿

l NP_#_;`aQE[ µ0+
∑m

k=1 µk−
∑

ak∈T ∗ µk
T{`a_#T.}�_�[gThZSRUZET{_#ÈhTÎVXW#Z&Th`�_ y Th`�o�e1Z dUÁ oaT{]*l#T{QDÙ-ZSNi_#z|Y�§0Ni_#l�§0Ù d O#_#l

m�o�R d ZE`a[SY#]�O#Q �
^0_±z ¤ {ÚQ?[gTho�o�Th_¶m�Y/O�ÖSN�O#_#lÝÞÊO1ZE[0èBl1T{_Bm�o�R d ZE`a[SY#]�O#Q�È{O#ZÌÙ-T{ZET{z|Y#_�O#_1R×Th`�_#ThZÌRUTh_ NiO#Th_Ý}�_�[gThZ?§

RUZET{_#ÈhT�l NiZ �î� T{Z«m\O1V®À-Ni_#lnl#`aT{QSThZ � Z d È{Thl#O#Z Á T8[gZS�iRi[ O(n4)
�

� Z dUÅ TÐm�O#QSR�NP_#RUQSRiZgNie#Y1T{_¶ThZEV d ZEl#T{ZE_KÖEThl d z|YÔQSThY#Z;�/`�ThoF��Thz|Y#T{_1È{T{`�[ � ¦<W#Z�m\O�VXR�N Á T{_#Q?[gT{oao�O#_1RUT{_
l#`aT{QET{Z � Z É Å Th_ d ZSl1_/O1_#RÐQSz|Y#o�NiRUT{_nm\Y�O�ÖSNÐO#_#l½ÞÊO#Z?[0èKT{`a_#T{_nÛ�ThO#ZS`aQE[S`�QSz|Y1T{_½m�o�R d ZS`a[S]�O#Q.� d ZÀ�
�[óô�[ó�	 � µ/°àæ � ²hå � ²�ç���µ�æ ã� º �îæ � å��D´q°�²
� ThZ;Y1T{O#ZE`�QE[S`�QEz|Y#Tfm�o�R d ZS`a[SY#]�O#Q\`�QE[�Th`�_u&�À-Th`�§ � Y NPQST{_/§ � Z d ÈhT ÅÊÁ ThQE[gThY#T{_1lßNiO#Q y ZET{TÆ§�Ù-O#`ao�l#`a_#R�O#_#l
y ZSThT8§0^0]e#Z d �iT{]T{_�[ � ÙÎT{`�] y ZST{TÆ§�Ù-O1`�o�l1`�_#RkÀ«`aZSlq]`a[¾Th`�_#Th]ËÇ/[gNiZE[Sj�_ d [gTh_ Á ThR d _#_#Th_ � $ d _ql#`aT{QSTh]
¬3_ d [ST{_ Á ThRU`�_#_1T{_#l�À«`�ZSl;l#T{ZDÙÚNiO1] NPO1VXRUT Á NiO1[�¿�`a_#l#T{]Óe#NiQSQET{_#l#TÚ¬�NP_�[ST{_;O#_#l�Q d ]f`�[àÀ-Th`a[gThZSTÎ¬3_ d §
[ST{_�Y#`a_#È{O1RUThVXW#RP[HÀ-ThZSl#Th_ � r±Q<À«`aZSl�`a]f]T{Z1ÖET{_1Tb¬�Ni_�[gT-�iT{ZEÀÎT{_1l#Th[{¿UÀ-Tho�z|Y#Tbl#Th_ Á ThQE[ST{Y#Th_#l#T{_ÙÚNPO#]
]`a[«l#Th_½ZET{QE[So�`az|Y#T{_½¬�_ d [gTh_½`�_ÊT{`a_#T{Zb�ÔT{`�QET;�iT{Z Á `�_#l#T8[�¿îl N Å QS`az|Y½l#`aT � T{QSNi]Ì[gj d QE[ST{_�l1T{Q�ÙÚNiO#]T{Q
]`�_#`a]kNPo&T{ZSY É Y#T{_ �&� T{Z�NPO1V.l#`�ThQSTÌ�ÔT{`aQSTÂj d _#QE[SZSO#`aT{ZE[STÐÙÚNiO#]�À«`�ZEl~_�O#_ql#T{] y ZET{T8§ ^0]fe1Z d �UTh]fTh_�[
O#_�[ST{ZEÀ d Z?VXT{_ � Û�`�ThZ�À«`aZSl��UT{ZEQSO#z|Y�[{¿hÖET{l#T-¬�NP_�[ST-l#ThQ±ÙÚNiO1]fThQ<l#O#ZEz|Y�T{`a_#TÚNP_#l#T{ZETÚ¬�Ni_�[gTÎÈ{OÂThZSQST8[gÈhT{_�¿
O#]êl#`�T � T{QSNi]Ì[gj d QE[ST{_nl#T{Q�ÙÚNiO1]fThQbÈ{OnQST{_1jiT{_ �� ZS`a_#È{`ae#`�Tho�o Á NPQS`�ThZE[\l#T{Z�Y#T{O#ZE`�Q?[g`�QEz|Y#TÌm�o�R d ZS`a[SY#]�O#Q�NiO�VFl#T{]�� d _ c Ni]fThZS`a_#`¹¿ ¦ ZSNP[S[gNfO#_#l~Þ½NPVâ§
Ñ d o�`@z £ {àT{_�[0À«`az|jiT{o�[gTh_�$FT{Z?VØNiY#ZSTh_Bp c ¦±Þm�o�R d ZS`a[SY#]�O#Qgx.VXW#Z«T{`a_#T{_nQSe�T{Èh`�Tho�o�Th_n¦�NPo�o�l#ThQ¾¼ c Ç y � Z d §Á oaT{]Q �b� `�T{QET{Znm\oaR d ZS`�[gY#]ÌO#Q»_#`a]f]Ì[Kl1`�Tqr<Ã�`�QE[ST{_#ÈÔT{`a_#T{Z³&�NiY#o bi

VXW#ZÌÖET{l1T{Q i ∈ N Ni_�¿bQ d l N Å
rij = bibj,∀(i, j),j ∈ N ¿ NPo�Q d VXW#ZbNioao�T�¬�_ d [gTh_#e NUNiZETi¿�RU`�o�[ �/� T{ZÚ� d _Km\Y�O�ÖSN�O#_1lnÞÊO#ZE[0èk� d ZERUT{Q?[gT{oao�§
[ST3m\o�R d ZS`�[gY#]�O1QÚQE[ST{o�o�[bT{`a_#T�$FT{ZSNio�oaRUT{]T{`a_#T{ZEO#_#R�l#ThQ c ¦±Þám�o�R d ZS`a[SY#]�O#Q-l NiZ �

tav�wxw����%m�gj���;gji�s � Þn`a[Ðl#`aT{QSThZ � Z d È{Thl#O#ZÐÀ«`�ZEl �iT{ZSQEO#z|Y�[�¿ÎT{`�_1TÊNP_#_ �iY#ThZS_#l d e1[S`�]fNio�T ¥àÉ QSO#_#R×È{O
RUTh_#T{ZE`�ThZST{_ �«� T{Z½ÙÚNiO#] À«`aZSl*QSz|Y#ZE`a[E[0À-Th`�QST¶NiO1VXRUT Á NiO1[{¿ÚÀ diÁ Th`�`a]f]T{Z�ÖET{_#TÔ¬�Ni_�[gT×Y#`�_#ÈhO#RUT8VXW#Ri[
À«`aZSl�¿Hl1`�TKT{`a_#TK¬ d ]]�O#_1`�j�NP[g` d _BÈhO(l#Th_ì_ d z|Y _#`�z|Y�[l#O#ZEz|Y6¬�Ni_�[gTh_(�UThZ Á O1_#l#T{_1T{_ë¬3_ d [ST{_ ]f`�[
] É RUoa`�z|Y#Q?[ÚRUThZS`�_1RUT{_n¬ d QE[gTh_½ThZS] É RUo�`az|Y�[ �

Ç/[ST{e×t pØ^0_#`�[g`âNPo�`�È{NP[g` d _îx �±� Th[ST{ZE]f`a_#T~Nioao�e NP`�Z»QEY d ZE[ST{Q?[Ke NP[gY�oaT{_#Ri[SY#Q uij � Q � Ç�T8[ s := seed ¿
S := {s} ¿ T := 0 ¿ cost := 0 ¿ Ni_1l u0

ij = 0 ¿ ∀(i, j) ∈ N × N
�

Ç/[ST{e ¢ pØm\O1RU]fTh_�[|NP[S` d _îx � c-d ]e#O1[ST wi
Ni_#l hi

V d ZbT�Niz|Y i ∈ N NiQbV d o�o d À«QÀ�

wi :=

{

∑

j∈S rij, if i ∈ S,
∑

j∈S rij, if i ∈ S,

hi :=

{

∑

j∈S wju
0
ij, if i ∈ S,

∑

j∈S wju
0
ij, if i ∈ S.

tvu



¥ T8[ W :=
∑

i∈S wi

�î� ThÑ _1TÌNÂ_�O#] Á T{Z αij
V d ZbT{Niz|Y [i, j] ∈ (S × S)

⋂

A NiQ

αij := hi + dijW + hj.

¥ T8[ [p, q]
Á T�Ni_ÊNiZEz3QgNP[S`�QEV®è/`a_#R

αpq = min
[i,j]∈(S×S)

⋂

A
{αij}.

Ç�Th[ T := T
⋃

{[p, q]}
�

Ç/[ST{e ¤ ps}�e�l NP[S`�_#R�x � }�e�l#NP[gT u0
iq := u0

ip + dpq
NP_#l u0

qi := u0
iq

V d Z�T{Niz|Y i ∈ S
� }�e�l NP[gT

cost := cost +
∑

i∈S riqu
0
iq

� Ç�T8[ S := S
⋃

{q}
�

Ç/[ST{e ¡ p y T{ZS]`�_#NP[g` d _îx � ^ V T `�Q«NÂQSe#Ni_#_#`a_#RÂ[gZSThTi¿�Ç y ¼ � � T{oaQST�R d [ d Ç/[ST{e ¢ �

^0_ dUÁ `�RUThZ�Ù-ThQSz|Y#ZET{` Á O#_#Rq`�Q?[ S l#`�TKÞnT{_#RUT�l1T{ZÂ¬3_ d [ST{_ß`a] NPj�[SO#T{oao�Th_ y Th`�o Á NiO#] T O1_#l u0
ij
l1`�T

¥ �i_#RiTÎl#ThZ � VØNil#TÎ`�_ T È8À«`�QEz|Y#T{_Âl#Th_Â¬3_ d [ST{_#e NiNiZSTh_ (i, j) ∈ S×S ¿iNPo�Q d ÖET{_#Th_Â¬3_ d [ST{_#e NiNiZSTh_�¿ Á T{`ÀÎT{oaz|Y#T{_�Th`�_Ì¬�_ d [gTh_Ì`�_ S O#_#lÌl#T{ZDNi_#l#ThZSTh_�_#`�z|Y�[D`�_ S o�`aT{Ri[ ��� `�T αij
VXW#Z ÖEThl#T{Q � NUNPZ [i, j] ∈ (S×S)RUT Á Th_Ðl#`�Tb¬ d ]]�O#_#`ajPN�[g` d _#QSj d QE[ST{_ÐNioao�T{Z<¬3_ d [gTh_Ð`�_ S ]`a[<l#T{_¬3_ d [ST{_Ð`�_ S W Á T{Z±l#`aTb¬�Ni_�[gT [i, j]Ni_ � ¬�Ni_�[gT [p, q] `�Q?[«Q d ]`a[b`a_ Á ThÈ{O#RfNiO1VDl#`�T�¬ d QE[ST{_Êl#`�T3RUW1_#QE[S`�RUQ?[gT �

Ç�z|Y#ZE`a[E[gT3tU¿ ¢ O#_#l ¤ T{Z?V d ZSl1T{ZS_f�«T{z|Y#Th_ NiO1V®À-Ni_#lfl#T{Z � Z É Å Th_ d ZEl#_�O#_#R O(n3) ¿ O(n2) O#_1l O(n)
�

Ç�z|Y1ZS`a[E[«tbÀ«`�ZSlÐTh`�_#]fNio#NPO#QSRUT8VXW#Y#Z?[�¿�Ç�z|Y#ZE`a[S[ST ¢ O#_#l ¤ Y#`a_#RUThRUT{_ (n−1) §0]fNio �P� T{Z � T{QSNi]Ì[|NPO1V®ÀÚNP_#ll#ThZ � Z d È{Thl#O#Z«`�Q?[«Q d ]`a[ O(n3)
�

tav�wxw����l!p vx���;w�l�w�ik� �.� `�ThQST � Z d ÈhT{l#O1ZnThZSY �Poa[KNioaQKr±`�_#R�N Á T�l#NiQnrFZERUT Á _#`�Q�l#ThZ y ZET{TÆ§�Ù-O#`ao�l#`a_#R� Y NiQETkO#_1lBO#_�[gThZSQSO1z|Y�[�ÖET{l#Tk¬�NP_�[ST �D� N Á T{`±À«`�ZEl¶l#`aT{QETk¬�Ni_�[gTkNiO#Q�l#T{]ÙÚNPO#]áT{_�[SVXThZS_�[�O#_1lBT{Q
Th_�[SQE[ST{Y#Th_6À«`�T{l1T{ZÈhÀÎT{`¾¬3_ d [gT{_1]fTh_#RUT{_ �UThZ Á O#_1l#T{_ël#O1ZSz|Y6l#`aTÊTh_�[gQE[gNi_#l#Th_#T{_ y T{`ao Á �PO#]fT � Í�O#_
À«`aZSl½�iT{ZSQEO#z|Y�[�¿àl#`aT{QST Á T{`al#T{_ y T{`ao Á �PO#]fT�]`a[¾Th`�_#ThZ3Ni_#l1T{ZSTh_×Nio�Q�l#`�T�RiT{ZgNPl#T�T{_�[EVXT{ZS_�[STÐÀ«`aT{l#ThZ¾È{O
�iT{ZSTh`�_#`aRUT{_ � $FT{Z Á T{QEQSThZE[DQS`�z|Y�l#`aT ¥&É QEO#_#R#¿vQ d À«`aZSl�l#`aT.Th_�[gQSe1ZST{z|Y1T{_#l#TÚ¬�NP_�[ST.NiO1VXRUTh_ d ]]fTh_�O1_#l;l1`�T
y T{`ao Á �iO1]fTHÀ«`aT{l#ThZD�UThZSTh`�_�[ �P� `�TK$FT{Z Á ThQSQET{ZSO1_#RUQSe1Z d ÈhT{l#O#ZHÀ«`aZSl Á ThT{_#l#T8[�¿�À-Th_#_ÂjiTh`�_#TG$FT{Z Á ThQSQSThZSO#_1R
]T{Y#ZbTh`�_�[gZE`a[E[ �

Ç/[ST{e×t pØ^0_#`�[g`âNPo�`�È{NP[g` d _îx � ¥ T8[ T
Á TÂ[SY#TÐ`�_#`�[g`âNPoDQEe Ni_#_#`a_#RK[gZSThTNi_#l u0

ij

Á TÂ[SY#Tfl1`�QE[gNi_#zhT`a_ TÁ T8[0À-ThT{_�NP_�èK_ d l#T3e#Ni`�Z (i, j)
� ¥ Th[ cost :=

∑

(i,j)∈Q riju
0
j

�
Ç/[ST{e ¢ p¹Ç�Tho�T{z8[g` d _îx � r<Ã1Ni]`�_#T�NiZEz{Q.`�_ T

d _#T Á è d _#T � ^ V&Nio�o#[SY#T¾NiZEz{QÎY N��UT Á T{Th_»T8Ã1Ni]`�_1T{l�¿�R d
[ d Ç�[gT{e ¡ �PTho�QET-z d _#QS`al#T{Z<Ni_ÌO#_1T8Ã1Ni]`�_#ThlÂNiZSz [s, t]

� ¥ Th[ S := {i ∈ N : u0
is+dst = u0

it}
�

¦ d ZÚTh�iT{ZEè i ∈ N z d ]fe1O1[gT

wi :=

{

∑

j∈S rij, if i ∈ S,
∑

j∈S rij, if i ∈ S,

hi :=

{

∑

j∈S wju
0
ij, if i ∈ S,

∑

j∈S wju
0
ij, if i ∈ S.

¥ T8[ W :=
∑

i∈S wi

��� ThÑ _1TkN�_�O#] Á T{Z αij
V d Z3T{Niz|Y [i, j] ∈ (S × S)

⋂

A NiQ αij :=
hi + dijW + hj.

¥ T8[ [p, q]
Á T½Ni_ëNiZEz½QSNP[g`aQEV®è/`�_#R αpq = min[i,j]∈(S×S)

⋂

A{αij}.
^ V

αpq < αst
[gY1T{_½R d [ d Ç/[gThe ¤ �1T{o�QET�ZST{e�T�N�[�[SY#`�QbQ?[gThenV d Z«NP_ d [gY1T{Z«O#_#TÆÃ#NP]f`a_#T{lnNiZEz �

Ç/[ST{e ¤ pØ^0]e#Z d �UTh]fTh_�[Æx � Ç�Th[ T := T
⋃

{[p, q]} − {[s, t]}
� }�e�l NP[ST cost := cost + αpq − αst

�
}�e�l NP[gT u0

ij := u0
ip + dpq + u0

qj
NP_#l u0

ji := u0
ij
V d ZÚT�Niz|Y (i, j) ∈ S × S

� �3d [ d Ç/[ST{e ¢ �

t  



Ç/[ST{e ¡ p y T{ZS]`�_#NP[g` d _îx � y Y#T�[gZET{T T `aQ«NÐo d z{Nio�o�è d e1[g`a]�O#]ÏQSe NP_#_#`�_1R[SZST{T � Ç y ¼ �D�
� O1ZSz|YÊrF_�[EVXT{ZS_1T{_nl#T{ZbÈhOnO1_�[ST{ZEQSO#z|Y#Th_#l#Th_~¬�Ni_�[gT3È{ThZEVØ�ioaoa[-l#T{Z«ÙÚNPO#]ê`a_�ÈhÀÎT{` y Th`�o Á �iO#]T\O#_1lnl1`�T
¬3_ d [ST{_ÐÀ-ThZSl#Th_»Q d ]f`�[±`�_ÐÈhÀÎT{`�ÞÊTh_#RUT{_fRUTh[ST{`aoa[ �U� NiQ.r±`�_#QETh[gÈhT{_»Th`�_#ThZFr±ZSQgN�[gÈ{j�Ni_�[ST\T{Z?V d o�RP[HÀ«`�T Á T{`
l#ThZtav�wxw����%m�gj���;gji�s�§ � Y NiQET �

� ThZÂm\O1V®À-Ni_#lß� d _ìÇ/z|Y#ZS`�[S[ ¢ Á T{`a] � O#ZSz|Y#o�NiO1V«VXW#Z�Th`�_#TK¬�Ni_�[ST Á Thoâ�iO�V®[�QS`az|Y NiO1V O(n2)
�H� N

(n − 1) ¬�Ni_�[gTh_~O#_�[gT{ZEQSO#z|Y�[�ÀÎT{ZSl1T{_�¿ Á Th� d Z¾Th`�_#T/$FT{Z Á T{QEQSThZSO#_#RKTh`�_�[gZE`a[S[ d l#T{Z�l#`�T y ThZS]`�_ NP[S` d _1Q?§
Á T{l#`a_#RUO#_1R¶T{Z?VXW#o�o�[`�QE[{¿ Á T8[gZg�PRi[kl1T{Z � T{QSNi]Ì[gNiO1V®À-Ni_#lì� d _�Ç�z|Y#ZE`a[E[ ¢

O(n3) e1Z d $FThZ Á T{QSQET{ZEO#_#R �
Ç�z|Y1ZS`a[E[ ¤ Á T{_ É [g`aRi[ O(n2) e#Z d $FThZ Á T{QSQET{ZEO#_#R �Î� T{Z � T{QSNi]Ì[|NPO1V®ÀÚNP_#l Á Th[SZg�iRP[fQ d ]`a[¼ (n3) e#Z d
$FThZ Á T{QSQET{ZEO#_#Rkl1T{Q�rFZERUT Á _#`�QEQST{Q �

� ThZ�]`a[bl1T{Ztav�wxw����l!p v����;w�l�w�ik� § � Y NPQST¾ThZSY Nio�[gTh_#T;Ç�e Ni_#_ Á NPO#]�`�Q?[«T{`�_1T�o d j�Nio d e�[g`�]`�ThZE[ST ¥&É §
QEO#_#R#¿�l#`�T;QS`�z|Y~`a_�l#ThZ � ZgN�Ã�`�Q d V®[3NioaQ\QET{Y#Z¾RiO1[gT ¥&É QEO#_#R�ThZEÀÎT{`�Q?[ � $ d ZgNiO#QEQST8[gÈ{O1_#R»VXW#Z¾l NPQ3¦<`�_1l#T{_
l#ThZ»RUo dUÁ Nio d e1[S`�]fNio�Th_ ¥&É QEO#_#Rß`aQE[�NPo�o�ThZSl#`a_#RUQh¿.l#N Å T{`a_#T�RUO�[gT~Í��iY#T{ZEO#_#RUQEo É QEO#_#Rß`a_6l#T{Zf� d ZSNi_�§
RUThR�Ni_#RiT{_#Th_ tav�wxw����%m�gj���;gji�s�§ � Y NPQST�T{ZEÈ{ThO#Ri[kÀ«O1ZSl#T �-� `aT{QETÊÀ«`�Thl#T{ZEO#] Y �i_#RP[k� d _ìl#ThZf�¶NiY#o�l#T{Q
m�_1VØNi_#RUQEj�_ d [gTh_#Q\pØQSThT{lîxFN Á�� m�Y�O�ÖSN�O1_#l»ÞnO#ZE[0èÐQEz|Y#oâNiRiT{_ÐV d o�RUTh_#l#T¦$ d ZERUT{Y1T{_#Q?À-Th`�QST�� d ZÀ� � `�T«r Á T8§
_#T�l#ThQ\Í�Th[gÈ8À-ThZSjPT{Q¾Q d o�o&`a_n�/`�ThZ��3O#Nil#ZgNP_�[ST{_ÊO#_�[gT{Z?[gTh`�oa[bÀÎT{ZEl#T{_½O#_#l½`a_#_#ThZSY Nio Á ÖEThl#T{Q �¾O Nil#ZSNi_�[gQ
Q d o�o�l#T{Z�¬3_ d [gT{_~]`a[\l#T{]ïY É z|Y#QE[ST{_Ô¬ d ]]�O#_#`aj�NP[g` d _#Q Á T{l#NiZEVHNio�Q�Ç�[|NiZ?[gj�_ d [ST{_qRUThÀ-�iY#o�[¾ÀÎT{ZSl1T{_�¿
NioaQ d l1T{Z�¬3_ d [ST{_q]f`�[ ∑

j∈N rij
]fN�Ã�`�]fNio � Í�O#_qQ d oao<l#ThZ3RUT{QSNi]Ì[gTÌm\o�R d ZS`�[gY#]�O1Q��/`�ThZS]fNioD]`a[\l#T{_

ÖET8À-Th`�o�`aRUT{_kÇ/[gNiZE[Sj/_ d [gTh_»l#O#ZEz|Y#oâNiO�VXT{_kÀÎT{ZEl#T{_ � ÞÊ`a[Îl#`�ThQSThZbÞÊT8[gY d l#T\Q d o�oîTh`�_#T�RUO1[gT�m\O#QER�Ni_#RiQ Á NiQE`�Q
ÈhO#Z�¦<`�_1l#O#_#RKl#ThQÌ¼¾e1[S`�]�O1]fQ�RUT{QEz|Y NPð�T{_ÔÀÎT{ZEl#T{_ �D� `�T Á T{QE[ST ¥àÉ QSO#_#RKl#ThZ3��`aT{Z � O1ZSz|Y#o��iO1VXTÐQE[ST{o�o�[
QEz|Y#o�`aT Å oa`�z|Y�l NiQ�r±_#l#ThZSRUT Á _#`aQ�l#NiZ �

� ThZb��Thz|Y#T{_#NiO1V®À-Ni_#l Á Thoâ�iO�V®[-QE`�z|YKNiO1V O(n3) VXW1Z-l NiQ y ZET{T8§0Ù-O#`ao�l#`a_#R;O1_#l�T Á T{_1VØNPo�o�Q O(n3) VXW#ZÖEThl#T{Q y ZSThT8§0^0]e#Z d �iT{]T{_�[ � ¦<W#ZÚRUZ dUÅ T�m\O1VXR�N Á Th_�o�`�T8VXT{Z?[Úl#ThZÚm\oaR d ZS`�[gY#]ÌO#Q Á ZgNiO#z|Y Á NPZST�r±ZSRUT Á _#`aQSQST
`a_KNi_#_#ThY#] Á NiZET{ZU&�T{`�[ �
�[óô�[ó�� � æ�ºîµ ä · � ²�²hµ�°�·�( � ç�� � °"!�¸�� � ºîµ�æ�°D·àº
m�Y/O�ÖSN�O#_1l�ÞÊO1ZE[0è3`a]fe#oaT{]T{_�[g`aT{Z?[gT{_ diÁ `�RUT±m�o�R d ZS`a[SY#]T{_¾O#_1l��iT{ZEÀÎT{_1l#Th[ST{_ÂT{O1j/oa`�l#`aQSz|Y#TFO#_1l;_#`az|Y�[E§
ThO#j�o�`�l1`�QSz|Y1T y T{QE[S`�_#Q?[|Ni_1È{T{_ �&� T{Z¾Ù-ZgNi_1z|Y�§�Ni_1l�§�Ù d O#_#l�m�o�R d ZE`a[SY#]�O#QbÀ-NiZ¾`�_Êl#T{Z ¥ NPRUTi¿�m\O1VXRUN Á Th_�§
Q?[gT{oao�O#_1RUT{_�]`a[ ¡U¨ ¬3_ d [gT{_*O#_#l w   ¬�Ni_�[gTh_ `a_*O1_#RUThVØ�PY#Z ¡�¨ ÞÊ`�_�O1[ST{_@p � r c t ¨ Ç�è�Q?[gTh]»x»È{O
o É QSTh_ � �«T{z|Y1T{_#ÈhT{`a[�O1_#l~m\_#È{NiY#oDl#T{Z¾O1_�[ST{ZEQSO#z|Y�[gTh_ ¥&É QEO#_#RUTh_×Q?[gTh`�RUTh_�T8Ã�e d _#T{_�[S`�T{oao<]`a[�l#T{Z � Z É §Å TÌl#T{Z¾m�O#QSRUNi_#RUQERUZgNie1Y#T{_ � Ç/e �iZSoa`�z|Y#T � ZSNie#Y#Th_~QS`a_#lqNiO1VXRUZEO#_#l~l#ThZ3T{`a_1VØNiz|Y#ThZST{_×Ù-ThZSThz|Y#_�O#_#Rnl#T{Z
}�_�[ST{ZERUZSTh_#È{TÐT{`a_1VØNiz|Y#ThZ¾È{O Á T{ZET{z|Y#_#Th_BNioaQ¾l#`az|Y�[ST � ZSNie#Y#Th_ � &�O�VØ�io�oa`�RT{ZSÈhT{O#RP[gTi¿&_1`�z|Y�[E§ T{O#j�o�`al#`�QEz|Y#T
m�O1VXR�N Á T{_#Q?[gTho�o�O1_#RUT{_nQS`a_#lÊÀ«`aT{l#ThZSO#]�ÀÎT{`�[gRUThY#T{_#l½T{`�_�VØNiz|Y#T{Z Á È8À � QEz|Y#_#T{oao�ThZ\È{O Á ThZSThz|Y#_#T{_ � m\O1z|Y
Q?[gT{`aRi[Âl#ThZÂm\O1V®À-Ni_#l ]`a[ÌÀ-Niz|Y#QET{_#l1T{Z � Z É Å T»l#ThZÂm\O#QER�Ni_#RUQERUZgNPe#Y#T{_ _#`az|Y�[ÐQ d QE[|NPZSjBNP_ � m\Y�O�ÖSN
O#_1l¶ÞnO#ZE[0è�VXW1Y#ZSTh_×l1`�T{Q�NPO1VÎNiO1VÎl#`�T�RiZ dUÅ TÌm\_#È{NiY#oFNi_ Á T{`a_ NiY#T d e�[g`�]fNioaT{_ ¥&É QEO#_#RUTh_ Á T{`<T{O#j�o�`Õ§
l#`aQSz|Y#Th_ � Z dUÁ o�T{]T{_nÈ{O1ZSW#z|j �  i¨�# l#ThZ¾�«T{z|Y#Th_#È{Th`a[\VØNPo�o�Th_ Á Th`�l1T{Z�Ù-T{ZET{z|Y#_�O#_#R�l1T{Z ¥ d ÀÎT{Z\Ù d O#_#l
Ni_ � Û�`aT{ZHo d j�Nio�`aQS`aT{ZE[ST{_;QS`�T¦$FThZ Á T{QEQST{ZEO#_#RUQEe d [gT{_�[S`âNio4��Ù-T{`1l#`�ThQST{ZFÙÎT{ZSThz|Y#_�O#_#R;jPNP_#_NiO1V�l#`�TbQEe�ThÈ{`aT{o�oaT
Ç/[SZSO#j�[SO#Zb� d _nl#W#_#_1T{_ � ZgNPe#Y#T{_KTh`�_#RUThR�Ni_#RiT{_KÀ-ThZSl#Th_ �

� ThZÐ� d _ì`aY#_#Th_Ý� d ZSRiT{QSz|Y1oâNiRUTh_#TnY#T{O#ZE`�Q?[g`�QEz|Y#T�&�À-Th`�§ � Y NPQST{_/§0m\oaR d ZE`a[gY1]�O#Q�`aQE[ Á Th[gZEThð�T{_#l ¥&É §
QEO#_#RUQ?Ñ _#l#O#_1R\O#_#lÌ��Thz|Y#T{_1È{T{`�[<QET{Y#ZDNP[E[gZgNPj�[S`a� � ^0_�l#T{Z�T{ZEQE[gTh_ � Y NiQET.À«`aZSl Á ThZSTh`a[gQàTh`�_#TFRUO1[ST ¥àÉ QSO#_#R
RUT8VXO#_#l#Th_�¿1ÀÎT{oaz|Y#T3l Ni_#_K`a_»l#T{Z-ÈhÀÎT{`a[ST{_ � Y NiQET�_ d z|Y d e�[g`�]`�ThZE[.À«`�ZEl � ÙÎT{`&Nioao�Th_ ¢i¨ y T{Q?[g`�_1QE[|NP_#È{Th_
À«O#ZEl#T«l#`�T d e1[g`a]kNioaT ¥&É QEO#_#R Á ThZST{z|Y1_#Th[ � ÙÎT{` RUZ É Å T{_ � ZgNie#Y1T{_ÂÀ«O#ZSl1T{_kjPT{`a_#T � Z dUÁ oaT{]T Á ThÈ{W#RUoa`�z|Y
l#ThZ��3O#Nio�`�[|�P[Âl1T{Z ¥àÉ QSO#_#RÔ`�l#Th_�[g`aÑ#È{`�ThZE[ � m\O#z|Y Á o�Th` Á [Ðl#`aTn��Thz|Y#T{_#ÈhT{`�[ Á T{`«RUZ É Å T{ZET{_ � Z dUÁ oaT{]T{_
`a]f]T{Z.NiO1VàTh`�_#Th]ÏNi_#_#ThY#] Á NiZET{_KÍ�`a�UT{NiO � rF`a_#T ¥&É QEO#_#R�VXW#ZÎT{`a_#T{_ � ZgNPe#Y#T{_k]f`�[\t ¨i¨ ¬3_ d [gTh_»O#_#l
t ¨i¨U¨ ¬�Ni_�[gT{_KÀ«`�ZElK`�_�À-Th_#`�RiT{Z�Nio�QbTh`�_#ThZ�ÞÊ`�_�O1[ST Á ThZST{z|Y1_#Th[ �

^0] ��NiY1]fTh_Ìl#`aT{QSThZHm\Z Á Th`a[�À«O#ZSl1Tbl#T{ZDY#T{O#ZE`�Q?[g`�QEz|Y#TÚm�o�R d ZE`a[SY#]�O#Q�QSTho Á Q?[HQ d À«`aTÚT{`a_ � Th_#Th[S`�QEz|Y#T{Z
m�o�R d ZE`a[SY#]�O#QÎ]f`�[bl#`�ThQSThZ�Û�T{O#ZE`�Q?[g`�jf`�]e#o�Th]fTh_�[g`�ThZE[ �

¢i¨



´%J%$ &('Ke!R[ZaTUN!VK¶�\GdVK«@Zab�]DeH®¯R-NWþx·UZ*)¦»£R,+�bd\Kdþ-'GddR
ÙÚNP_#R/..Tf�ÔO�¿<¬�O1_�§?Þ½N dqc Y N d O#_1l c Y/O#Ni_0.3` y NP_#R~QSz|Y#o�NiRUTh_ß`�_ëzÕt ª {-Í\�PY#T{ZEO#_#RUQSNio�R d ZS`a[SY#]T{_
VXW#ZÂQEe�ThÈ{`aT{o�oaT � Z diÁ o�Th]fQ?[gT{oao�O#_1RUT{_ßl#ThQf¼ c Ç y � � d Z �F� NiQ¼ c Ç y § � Z dUÁ oaT{]�]`a[�l#T{ZÐNioao�RUTh]fTh`�_#Th_
&�`aT{oaVXO1_#j�[g` d _ min

∑

u,v λ(u, v)d(u, v) j�Ni_#_`�_Ðl NiQ � Z d l#O#z8[E§0��Thí/O1`�ZSTh]fTh_�[ c-d ]f]�O1_#`�z{NP[g` d _Ç�e Ni_/§_#`a_#R y ZSThTÂp � �Ú¼ c y x.O#_#l»`a_kl NiQÚÇ�O#]Â§��«T{í�O#`aZST{]T{_�[ c-d ]]�O#_#`az�NP[S` d _fÇ�e NP_#_#`�_1R y ZST{TÂp¹Ç1�b¼ c y x
� Z diÁ o�Th]ÏO1_�[ST{Z?[gT{`aoa[.À-ThZSl#Th_ � ¦<W1Z Á T{`�l1T3Ç�e�T{Èh`âNio�VØ�io�oaT Á `�T8[gTh_�QS`�T�T{`a_#T{_�Í��iY#ThZSO#_#RiQgNioaR d ZS`�[gY#]ÌO#Q-NP_ �

�?v��1�;m�¡����~ñ%w32�mDgjv�w�l�w�ik���?��l�l�mDikg~¡¢r;��g~��i�nqpCr;ikikgji�s±tCvxwxw544�Kñ/���!t76ö�Hr±QÂÀ«`�ZEl Ni_#RUTh_ d ]]fTh_�¿
l N Å ÖEThl#T{Zf¬3_ d [gTh_ v ∈ V Th`�_ � T8À«`�z|Y�[ r(v)

Á ThQS`a[SÈh[fO#_#l l#T{Zf¬ d ]f]�O1_#`�j�NP[S` d _#Q Á Thl NiZ?V�È8À-Th`�ThZ
¬3_ d [ST{_ u O1_#l v l NiQ � Z d l#O#j�[�l#`aT{QET{Z � ThÀ«`az|Y�[ST r(u) O#_#l r(v) `�Q?[�� λ(u, v) = r(u) · r(v)

�D� `�T
¬ d QE[ST{_ql#T{Z � Z d l#O#z8[E§0��Thí/O1`�ZSTh]fTh_�[ c-d ]]�O#_#`az�NP[S` d _ÝpXe � Z � z � x\QS`�_1l×Q d ]`a[¾l1ThÑ _#`aT{Z?[�Nio�QÀ� Cp(T ) =
∑

u,v r(u)r(v)d(u, v)
�

Ç/[ST{o�oaT{_ßl#`aT�¬3_ d [ST{_Ýl#T{Q � ZgNie1Y#T{_(Ç/[g�il1[gT�l#NiZ{¿Hj É _#_�[gTK]fNi_ßl NiQ � ThÀ«`az|Y�[Nio�QÂÙÎTh� É o�jiThZSO#_1R
l#ThZ;Ç/[|Nil�[ Á T8[gZgNPz|Y�[ST{_ ��� ThZÌ¬ d ]]�O#_#`ajPN�[g` d _#Q Á T{l NPZEVFÈhÀÎT{`aT{Z;Ç/[g�il1[gTÂÀ«`aZSl×Nio�Q3e1Z d e d ZE[S` d _#Nio<ÈhO#]
� Z d l#O#j�[�l#ThZ�ÙÎTh� É o�jiThZSO#_1R Á T{`al#T{Z�Ç/[g�il1[gT�NP_#RUT{_ d ]f]T{_ �

n�m�l��~ñòw32�m�gjv�w�l�w�ik�¦�?��l�l�m�ikg~¡¢r;�4g~��inqpCr;ikikgji�s�tav�wxw�4~nañ/���!t76ö� � T{ZÚ¬ d ]]�O#_#`ajPN�[g` d _#Q Á T{l NPZEV
È8À-Th`�T{ZÚ¬�_ d [gTh_ u O1_#l v À«`�ZSl»Nio�QÎl#`�T¾Ç�O#]]fT�`�Y#ZET{Z � ThÀ«`az|Y�[gT r(u) O#_#l r(v) l1ThÑ _#`aT{Z?[�� λ(u, v) =
r(u)+r(v)

��� `aT�¬ d QE[ST{_fl#T{Z-Ç�O#]Â§��«T{í�O#`aZST{]T{_�[ c-d ]]�O#_1`�z�N�[g` d _npØQ � Z � z � xHÀ-ThZSl#Th_»l NiY#ThZFl#ThÑ _1`�T{Z?[
NioaQ�� Cs(T ) =

∑

u,v(r(u) + r(v))d(u, v)
�

� NiQHÇ1�b¼ c y § � Z dUÁ o�Th]ÒjPNP_#_�`�_�V d o�RiT{_#l#ThZHÇ/`a[gO#NP[g` d _ÌNPO1V®[gZETh[gTh_[�P¦<W#ZîÖEThl#T{_�¬�_ d [gTh_�T{`a_#T{Q<Í�Th[SÈ8§
ÀÎT{ZEjiT{Q\RU` Á [�ThQ�Th`�_#T;Í\Niz|Y1ZS`�z|Y�[{¿�ÀÎT{oaz|Y#T�Ni_½Nio�oaT�Ni_#l#ThZSTh_~¬3_ d [gTh_½RUThQSTh_#l#Th[�À-ThZSl#Th_~Q d oao � � `�T � N�§
[ST{_#]T{_#RiT�l#T{Z�Í�Niz|Y#ZE`�z|Y�[�`�Q?[3e#Z d e d Z?[g` d _ Nio�È{O#] � T8À«`�z|Y�[3l#ThQ�rF]e1VØ�i_1RUT{ZEj/_ d [gTh_#Q � }�_�[gT{Z3l1`�T{QET{Z
m�_#_ NiY#]T�QS`�_1l»l#`�T�¬ d ]f]�O1_#`�j�NP[S` d _#QEj d Q?[gTh_kl#ThQbÇ�e NP_#_ Á NiO#]Q T RUoaT{`�z|Y ∑

u,v r(v)d(u, v) O1_#l»Q d §
]`a[-T8Ã1Nij�[\l1`�T�Û\�PoaV®[gT¾� d _ Cs(T )

�

f�gjikgjl�mDl ñò��m���gji�s¤�?�¥���HnqpCr;ikikgji�sëtav�wxw844f'ñ/�!t76ö� � NiQfÞ½� c y § � Z dUÁ oaT{] QE[gTho�o�[�À«`�Thl#T{ZEO#]
Th`�_#Th_»Ç�e�T{Èh`âNio�VØNio�o�l#T{Q � �b¼ c y O#_#l»Ç1�b¼ c y l NPZ.O1_#lkTh_�[SQE[ST{Y�[�¿�À-Th_#_»l#`aT � T8À«`�z|Y�[gT�Nio�oaT{Z±¬3_ d [gT{_
RUoaT{`az|Y�QS`�_1l�¿ È{O#]JÙ-T{`aQSe#`aT{o r(v) = 1, ∀v ∈ V

�

^0_EzÕt ª {�QSz|Y1oâNiRUTh_kl#`aT�m�O1[ d ZST{_kT{`�_1T{_½t � £Uªiª §�Í��iY#T{ZEO#_#RUQSNio�R d ZS`�[gY#]�O1QHVXW#ZÎl#NiQ � �b¼ c y § � Z dUÁ o�Th]
]`a[bTh`�_#Th]Jm\O�V®ÀÚNi_1l O(n5) O#_1lÊTh`�_#Th_ ¢ §0Í\�iY1T{ZSO1_#RUQgNPo�R d ZE`a[SY#]�O#Q-VXW1Z�l#NiQ�Ç1�b¼ c y § � Z diÁ o�Th]J]f`�[
Th`�_#Th]�m\O�V®ÀÚNi_1l O(n3) � d Z � Ù-Th`�l#T±m�o�R d ZE`a[SY#]fTh_ Á NPQS`�ThZSTh_;NPO1V/T{`�_1T{]@t � £Uªiª §�Í��iY#T{ZEO#_#RUQSNio�R d ZS`�[gY#]�O1Q
VXW#ZKl NPQÊNPo�o�RiT{]T{`�_1T{ZST�Þ½� c y § � Z dUÁ oaT{] �«� T{Znm\O1V®À-Ni_#l*VXW#ZKl#T{_�Þ½� c y § m\oaR d ZS`�[gY#]ÌO#Q Á T8[gZS�iRi[
O(n3)

�

´%J�9 :ëR-N!R�]Dbd¶DcCe!R[ZëMOLVK«@Zab�]DeH®ìTU¶O®¯b�]�ªEþx\KS�;Éè�ZC«K¶D¶�«åXKR[Z
^0_uz�tvu�{�QSz|Y#o�NiRUT{_ ¥ `&O#_#l�Ù d O#z|Y#T Á N Á NkTh`�_#Th_ � T{_#T8[g`aQSz|Y#Th_½m\oaR d ZE`a[gY1]�O#QÚVXW#Z«l NiQ\¼ c Ç y § � Z dUÁ o�Th]
� d Z ��� ThZ�ÙÚNiO#] QET{o Á QE[�QE[ST{oaoa[àT{`a_ c Y#Z d ] d Q d ] l#ThQ � T{_#T8[g`aQSz|Y#Th_;m�o�R d ZE`a[SY#]�O#Q�l#NiZ ��� `aT±m\_�ÀÎT{_#l#O1_#R
l#ThQ���Thj d ] Á `�_ N�[g` d _#Q?§ÚO#_#lÔÞÊO1[gNP[g` d _#Q d e�ThZgNP[ d ZSQ¾ThZEV d oaRi[3NPo�Q d l1`�ZSThj�[�NiO1V.l#Th]ËÇ�e NP_#_ Á NiO#] �&� `aT8§
QET{Z3m\oaR d ZE`a[gY1]�O#Q�jPNP_#_×NiO#z|Y×Ni_×Ni_#l#ThZSTÂRUZSNie#Y#Th_�[gY#T d ZST8[g`�QEz|Y#Tf¼¾e1[g`a]f`aT{ZSO1_#RUQgNPO1VXR�N Á T{_~NP_#RUT{e#N Å [
ÀÎT{ZEl#T{_ �

¢ t



V − V’

V’

2 31

u

v
w

m Á#Á `�o�l1O#_#R ¡ �#RUTh_#T{ZSNP[gT�Ç�e Ni_1_#`�_#R y ZET{T�psx

�[ó � ósÿ 0 · � å � ³ � � ² � µ/æ�°�·�º
¦<W1Z;l#`aT»r±ZSÈhT{O#RiO#_#R~l#ThZÌm\_�VØNi_#RUQEe d e1O#oâNP[S` d _q�UThZEÀÎT{_#l1T{_ l#`�Tm\O1[ d ZSTh_ßT{`a_#TkTh`�_1VØNiz|Y1T»Û�ThO#ZS`aQE[S`�jî¿
ÀÎT{oaz|Y#T�NiO1V � ZE`�] � QÚm�o�R d ZS`a[SY#]�O#QÎVXW#Zbl#`�T�r±ZSQ?[gTho�o�O1_#RÞÊ`�_1`�]fNio�ThZbÇ�e NP_#_ Á �iO#]T Á NiQS`aT{Z?[ �

Ç�Th` T ′ T{`a_��UThZ Á O#_1l#T{_#ThZ y Th`�o�RiZgNie#Y½T{`�_1T{Q¾`a_~¬ d _1QE[gZEO#j�[g` d _ Á T8Ñ _#l#oa`�z|Y#Th_×Ç�e Ni_1_ Á NiO#]T{Q{¿�À-Tho�§
z|Y#ThZ�l1`�T y Th`�o�]T{_1RUT¾� d _�¬�_ d [gTh_ V ′ ⊂ V �iT{Z Á `�_#l#T8[ ��� NiQ � T8À«`�z|Y�[ w(e) Th`�_#ThZ�¬�Ni_�[ST e = (u, v)QET{`Hl#`aT � `aQE[|NP_#È d(u, v) l#T{Z�¬3_ d [gT{_ u ∈ V ′ O#_1l v ∈ V − V ′

��� ThQEÀÎT{`�[gT{ZET{_ÔQST{` L(v) = d(u, v) ¿VXW#ZÎNioao�T v ∈ V −V ′ ¿/l1ThÑ _#`aT{Z?[ÚNioaQÎl1`�T�j/W1ZSÈ{ThQE[ST � `�Q?[|Ni_1È\l#ThQÚ¬3_ d [ST{_#Q v È{O»NPo�oaT{_fNi_#l#ThZST{_»¬�_ d [gTh_
u ∈ V ′

�/� `aT{Q Á Thl#T{O1[STh[«NPo�Q d ¿�l N Å L(v) VXW#Z�ÖET{l#Th_�¬3_ d [ST{_ v l1`�T�È{Ok�iT{ZEÀÎT{_1l#T{_#l1T;¬�Ni_�[ST�ÈhO»T{`a_#T{]
¬3_ d [ST{_ u

Á T{Q?[g`�]]Ì[ �H� ThZfm�o�R d ZE`a[SY#]�O#QÂNPj�[SO Nioa`�QS`aT{Z?[ÐNio�oaT L(v) ¿±Q dUÁ NPo�lÝT{`a_ _1T{O#ThZk¬3_ d [ST{_ l#T{Z
ÞÊTh_#RUT V ′ Y#`a_#È{O#RiThVXW#Ri[bÀ«`aZSl �

Ù-Th`#ÖEThl#T{Z�^ [gThZgNP[S` d _nl#ThQ\m\oaR d ZE`a[gY1]�O#Q-À«`aZSl½_�O#_ÊT{`a_#T;_1T{O#T;¬�Ni_�[gT e È{O T ′ Y#`a_#È{O#RiThVXW#Ri[ � ¨iT{_#T
¬�Ni_�[gT e �UThZ Á `a_#l#Th[�l#Th_ÊÈhO1VØ�io�oa`�R�RiThÀ-�iY#oa[ST{_Ê¬ d _�[ST{_ u ∈ V ′ ]`a[bTh`�_#Th]�¬3_ d [ST{_ÊNiO#Q v ∈ V − V ′ ¿
VXW#Zbl1T{_ w(e) = L(v) Ri`�oa[ �#� `aT{QET{Z y T{`�o�`�QE[«O1_�[ST{ZEQSz|Y#`aT{l#oa`�z|YnÈ{O � ZE`�] � Q-m\o�R d ZS`�[gY#]�O1Q{¿ Á Th`�À-Tho�z|Y#Th]ÖETh_#T»¬�Ni_�[gTfRUThÀ-�iY#o�[ÌÀ«`aZSl�¿àl#`aTkT{`a_#T{_B¬�_ d [gTh_ßNiO#Q V − V ′ ]`a[�T{`a_#T{]¬3_ d [ST{_ßNPO#Q V ′ ]f`�[�l#T{Z
j�W#ZEÈ{T{Q?[gTh_ � `�QE[gNi_#È��UT{Z Á `�_1l#Th[ �#� ThZÚm\oaR d ZS`�[gY#]ÌO#Q±[gT{ZE]f`a_#`�ThZE[{¿/Q dUÁ Nioal V = V ′ `�Q?[�¿�Nio�Q d Q diÁ Nio�lkNio�oaT
¬3_ d [ST{_��UThZ Á O1_#l#T{_½QS`�_1l �

m Á1Á `�oal#O#_#R ¡ ÈhT{`aRi[�T{`�_nj d _#j�ZSTh[ST{Q3ÙÎT{`�QEe#`�Tho�VXW#Z«l NiQ%$ d ZSRiT{Y#Th_½l#ThQ\m\oaR d ZE`a[gY1]�O#Q Á T{`àl#ThZ�m�O#Q?§
À-NiY#o.T{`a_#T{Z;¬�Ni_�[gT;��¦<W1Z;l#`aTk¬3_ d [gT{_ u, v, w ∈ V ′ À«O#ZSl#T3ÖEThÀÎT{`ao�Q�l#`�Tj�W#ZSÈhT{QE[ST�¬�Ni_�[gTfÈ{O¶Th`�_#Th]Á T{oa`�T Á `�RUTh_�¬3_ d [ST{_qNiO#Q V − V ′

Á T{ZSThz|Y#_#T8[ � Í�O#_~À«`�ZSl½T{`�_1T�l N�� d _(pØ¬�NP_�[ST»tU¿ ¢ d l1T{Z ¤ x«È{O1VØ�Po�o�`aR
NiO1QSRUT8ÀÚ�iY1oa[ÎO#_#l»l#Th]ÏÙÚNiO#] Y#`a_#È{O#RiThVXW#Ri[ �/� ZE`�] � QFm�o�R d ZE`a[SY#]�O#QFY#`a_#RUT{RiT{_fÀ«W1ZSl#T�`�]]fThZ.l1`�T«j�W#Z?§ÈhT{QE[ST\¬�Ni_�[ST�Th`�_#ThQ-¬3_ d [gT{_1QF� d _ V ′ ÈhOfTh`�_#Th] ¬3_ d [ST{_k_#Niz|Y V −V ′ À-�iY#o�Th_ � m\oaR d ZE`a[gY1]�O#Q ¢ QE[ST{o�o�[
l#Th_Êm�o�R d ZS`a[SY#]�O#Q-Nio�Q � QET{O#l d § c-d l#T;l#NiZ �

� `aT{QSThZ«m\o�R d ZS`�[gY#]�O1QÚT{ZEÈ{T{O1Ri[�È{O1VØ�ioao�`aRUT3Ç�e#Ni_#_ Á �iO#]T�]f`�[bZSThoâNP[S`a�f_#`�Thl#ZS`aRUT{_n¬ d QE[ST{_ �

�[ó � ó�	 �»µöõ���´ ä � ·à³1å � ��·
m�o�Q c Z d QSQ d �iT{Z�§?¼¾e�ThZgNP[ d ZÂÀ«O#ZSl1Tne#NP[gY�§ z{Z d QSQ d �iT{ZÂ�UThZEÀÎT{_#l1Th[ � Ù-Th`Úl#`�ThQSTh] ¼¾e�ThZgNP[ d ZÌÀÎT{ZSl1T{_ìÈhO�§
VØ�ioao�`aRUT � VØNil#TP¿ Á T{Q?[gT{Y1T{_#lqNiO1Q\T{`a_ d l#T{Z�]T{Y#ZET{ZSTÌ¬�Ni_�[gT{_½l#T{Z\rFo�[gThZS_�¿�NiO#QERUThÀ-�iY#o�[ ��� `�ThQST�À-ThZSl#Th_
l NP_#_¶È8À«`�QSz|Y1T{_Ýl#T{_BÙÚ�iO#]T{_¶NiO#QSRiTh[|NPO#QSz|Y�[ � m\O1Vbl1`�T{QETf�ÔT{`aQSTkQ d o�oF] É RUoa`�z|Y#Q?[��/`aT{o � Th_#]fNP[gThZS`âNPo
Ni_Kl#`aT�Í\Niz|Y1j d ]]fTh_ÊW Á ThZSRUT Á Th_nÀÎT{ZEl#T{_ÝpXm\oaR d ZS`�[gY#]ÌO#Q ¤ x �

� ThZ � NiZSNi]fT8[gThZ k ∈ [1, kmax]
Á ThQE[S`�]]Ì[Úl#`aT¾m\_1È�NiY#o�l#T{Z � VØNil#TP¿1À-Tho�z|Y#T3� d _Kl#T{_nr±oa[ST{ZS_�[ST{`�oaT{_

W Á T{ZE_ d ]]fTh_fÀÎT{ZEl#T{_�Q d o�oaT{_kO1_#l»]�O Å T{_�[gQEe#ZSThz|Y#T{_1lÊl#ThZbÙÚNiO1]fRUZ É Å T«RUT8ÀÚ�iY1oa[-ÀÎT{ZEl#T{_ � r±QÚQ d o�oa[ST

¢U¢



ã� º���æ � å���´ 	 RiT{_#ThZgNP[STvÇ�e NP_#_#`�_1R y ZET{TUp¹x
ÃDÄaÅ�Æ;ÇÉÈqÊDÄDÇ�ÎDÇ�ÐkÇqÄD×;ÖCÇ=<�Ãa×�ÐöÐ�Ï�ÐDÎ�>�ÄCÇöÇ=Ú ÛÍ ÇqÎ�Ï�Ð
ÄD×�ÐCÈaÅ¥à Ø@?ãÆ Þ ÅöÅ ä Ç × u ∈ V
T ′ := 0
V ′ := {u}A Å�Äì×DØöØ v ∈ (V − V ′) ÈkÅ

L(v) := w((u, v))ÝÉÞ ÏÉØqÇ V ′ 6= V ÈaÅÍ ÇqÎ Ï�Ð
ÄD×�ÐDÈaÅ�à Ø@?ãÆ Þ ÅöÅ ä Ç × v ∈ (V − V ′) ×;ÐDÈÈDÇ�Ð Å�ÖCÇ�Ö Þ Ç¸× äöä ÅDÆ�Ï�×;ÖCÇÉÈ ÇqÈöÎDÇ A ÄaÅ¥à v Ö�Å u ∈ V ′ Í ? eA Å�Ä ÝÉÞ ÏöÆ Þ L(v) = w(e)
T ′ := T ′ ∪ {e}
V ′ := V ′ ∪ {v}A Å�Äì×DØöØ v ∈ (V − V ′) ÈaÅÏ A L(v) > w((v, u)) Ö Þ Ç�Ð L(v) := w((v, u))Ç�ÐDÈ

Ç�ÐDÈ?æ

ã� º���æ � å���´ � e#NP[gY c Z d QSQ d �UT{Z�p¹x
Ãa×;Ö ÞCB ÄaÅ äöä Å�ÜCÇqÄ@Ú�Ãk×qÄDÇ�Ð�Ö âED Ãa×ÉÄDÇ�Ð�ÖCF D Æ Þ ÏqØ�È âED Æ Þ ÏqØ�ÈCF ÛÍ ÇqÎ�Ï�Ð
Æ Þ Å�Å ä Ç ×±ÄD×;ÐDÈaÅ¥àìÐöÊÉà Í ÇqÄHG
A Å�ÄJI Ò â ÖkÅKG ÈaÅÍ ÇqÎ Ï�Ð
L"M7NPORQ Ò ÄD×�ÐCÈaÅ¥àTSC×qÖ Þ ÚUL"MWVYX[Z�NWQ ÛL"M7NPO�\ Ò ÄD×�ÐCÈaÅ¥àTSC×qÖ Þ ÚUL"MWVYX[Z�N1\ ÛÏ�Ð ä ÇqÄöÖ]SC×;Ö Þ ÚUL"M7NPOYQ D*^ OYI�_P`a\ ÛÏ�Ð ä ÇqÄöÖ]SC×;Ö Þ ÚUL"M7NPO]\ D*^ OYI�_P`=Q ÛÇ�ÐDÈ

Ç�ÐDÈ?æ

¢i¤



ã� º���æ � å���´ � `a_#QSThZE[grFl1RUT�psx
ÃDÄaÅ�Æ;ÇÉÈqÊDÄDÇ Ï�Ð ä ÇqÄÉÖ]b�È�ÎDÇ=ÚWNPV�X]X D Xc`adeX ÛÍ ÇqÎ�Ï�Ð
Ï A Xc`fdeX Ò ÚhgYQ D g]\ Û Ï ä Ð Å�ÖãÏ¥ÐiNPV�X]X�Ö Þ Ç;ÐÍ ÇqÎ Ï�Ð
L"M7NPO Ò ÈDÇ;ÖCÇÉÄ;à�Ï�Ð5Ï ä Ö ÏÉÆfSa×;Ö Þ ÚWN[VYX]X D gYQ D g]\ ÛÈDÇDØqÇ;ÖaÇ�×�Ð ÇqÈöÎCÇ Å�Ð(L"M7N[O D ÝÉÞ ÏÉÆ Þ Ï ä Ð�Å�Ö ÄDÇCÆ;Ç;Ð�ÖkØ@?¯Ï�Ð ä ÇqÄÉÖCÇqÈ×qÈöÈJXc`fdeX¯ÖkÅjNPVYX=X

Ç�ÐDÈ
Ç�ÐDÈ?æ

ã� º���æ � å���´ � e#NP[gYîÞnO1[|NP[S` d _&p¹x
ÃDÄaÅ�Æ;ÇÉÈqÊDÄDÇßÃa×;Ö Þ]k Ê�ÖC×qÖ ÏqÅ�ÐGÚ ^ OYIY_P` ÛÍ ÇqÎ�Ï�Ð
Æ Þ Å�Å ä Ç ×±ÄD×;ÐDÈaÅ¥àìÐöÊÉàClCÇqÄHG
A Å�ÄJI Ò â ÖkÅKG ÈaÅÍ ÇqÎ Ï�Ð
L"M7NPO Ò ÄD×�ÐDÈkÅ¥àTSC×;Ö Þ Ú ^�mon Lp_fXTNcX]qaV7M-L�O ÛÏ�Ð ä ÇqÄöÖ]SC×;Ö Þ ÚUL"M7NPO D*^ OYIY_[` ÛÇ�ÐDÈ

Ç�ÐDÈ?æ

Th`�_#TÂNPO#QSZET{`�z|Y1T{_#l#TÐm�_#È�NiY1o±Ni_ � VØNil#Th_×W Á ThZS_ d ]]T{_½ÀÎT{ZEl#T{_�¿&l#Ni]f`�[¾RUTh_�W#RUT{_1lÔr±Z Á `�_1V d ZS]fNP[g` d _
Ni_;l#`�TFm Á j É ]]o�`�_1RUTHÀ-Th`a[ST{ZSRiT{RUT Á Th_ÌÀ-ThZSl#Th_Âj�Ni_#_ � m\_1l#T{ZET{ZSQET{`�[gQ<l1W#ZEVXTh_ÂN Á T{ZDNiO#z|YÌ_1`�z|Y�[HÈhO;�/`�Tho�T� VØNil#TÐTh`�_#RUT8VXW#Ri[�ÀÎT{ZSl1T{_�¿�l NKQ d _#Q?[;�/`aT{o�T Á T{ZET{`�[gQ�W Á T{ZS_ d ]f]T{_1T � VØNil1TÀ«`aT{l#ThZ�ÈhT{ZEQE[ É ZE[�À-ThZSl#Th_
O#_1lßl#`�T � Á T{ZS_#NiY#]Tkl#ThQÂr±Z Á ]fNP[gThZS`�Nio�Q�_#`�z|Y�[ÂT8éÈ{`�Th_�[ÂT{Z?V d o�Ri[ ��� T{ZÌ�ÔT{Z?[ k Q?[gTho�oa[;Q d ]f`�[ÌTh`�_#Th_
Q?[gZgN�[gT{Ri`�QSz|Y1T{_ � NiZSNi]fT8[gThZ�l#NiZ{¿#l1T{Z«]f`�[«Ù-Thl Niz|Y�[\RiThÀ-�iY#oa[bÀÎT{ZEl#T{_Ê]�O Å#�

� NiQ¾rF`a_1VXW#RUTh_�T{`a_#T{Q � VØNPl#T{Q3`a_½T{`a_#T{_ Á T{Q?[gThY#T{_#l1T{_¶Ç�e Ni_#_ Á NPO#]ïThZEV d oaRi[�l#O#ZSz|Y×r±`�_�VXW#RUT{_½l#T{Z
Th`�_#ÈhT{o�_1T{_�¬�Ni_�[gT{_�l#ThQ � VØNPl#T{Q � $ d Z&l#T{]�r±`�_1VXW#RiT{_�T{`a_#T{Zà¬�Ni_�[gTHÀ«`aZSl�T{`a_#TFNi_#l1T{ZST±ÈhO1VØ�ioao�`�RÎRUThÀ-�iY#o�[gT
¬�Ni_�[gTKl#ThQkTÆÃ1`aQE[S`�T{ZET{_#l1T{_ � VØNil1T{QÈhÀ«`�QEz|Y#T{_ìl#T{_ Á T{`al#T{_(¬3_ d [ST{_ìTh_�[SVXT{ZE_�[ � r±QkQ d o�oa[STKNio�oaT{ZEl#`�_#RiQ
jPT{`�_1Tk¬�Ni_�[gTÐTh_�[EVXT{ZE_�[�ÀÎT{ZSl1T{_�¿�l#`�TÐThZSQE[;RUThZgNil#TÐ`a] &�O#RUTÐl#ThZ;�«T{j d ] Á `a_ NP[S` d _qT{`a_#RUT8VXW#Ri[3À«O#ZEl#T �� NPl#O#ZSz|YnÀ«`�ZElnl1`�T�Ù-`ao�l#O#_1RÐ� d _�&�è�j�oaT{_ Á Th`�]Jr±`a_#QST8[gÈ{Th_½Th`�_#ThQ � VØNil1T{Q«�UT{ZEY#`�_1l#T{Z?[ÂpXm\o�R d ZS`�[gY#]�O1Q
¡ x �

m Á1Á `�oal#O#_#R £ `�oao�O#Q?[gZE`�T{Z?[3l#`aT � Á ThZS_ NiY1]fTfÈhÀÎT{`�ThZ � VØNil1T»NiO#Q;l#T{_BrFo�[gThZS_�[gTh`�o�Th_¶`a_Ôl#`aTkÍ�Niz|Y�§
j d ]f]T{_ Á T{`&l#ThZ���Thj d ] Á `�_ NP[S` d _k]f`�[be NP[SY�§0zhZ d QEQ d �UThZ �

�[ó � ó�� ÷Ò°àåv³�å � ��·
� `aT«ÞÊO1[gNP[g` d _�À«O#ZEl#Tb]f`�[He N�[gY�§ ]�O1[|N�[g` d _Ì�UThZEÀ«`�ZEj�o�`�z|Y�[ � Û�`aT{Z Á Th`1À«`�ZElÂT{`�_1TÚm\_#È{NiY#oîNi_ � VØNil1T{_NiO#Q
l#Th] j d ]fe#oaTh[E[gT{_ � ZgNie1Y#T{_ìpsr±`�_1R�N Á T{RUZSNie#Yîx�ÈhO1VØ�ioao�`�R»NiO#QSRiThÀ-�iY#oa[{¿&l#`�TÂl#Ni_#_×`�_ql NiQ�^0_#l#`��/`�l#O#O1]
Th`�_#RUT8VXW#Ri[±ÀÎT{ZEl#T{_ �/� `aT�Ù-`�oal#O#_#R¾� d _&�è/j�o�Th_À«`aZSlÂÀ«`�Thl#T{Z±À«`�T Á T{` l#ThZ-�«T{j d ] Á `a_ NP[S` d _��iT{ZSY1`�_#l#ThZE[
pXm\o�R d ZS`�[gY#]�O1Q £ O#_#lnT{_�[gQEe#ZSThz|Y#T{_1l#TÂm Á#Á `�o�l1O#_#RÐw�x �� `aTFrFZEÈ{ThO#RUO#_#R«Th`�_#ThQ&È{O1VØ�ioao�`aRUT{_ � VØNil1T{Q&j�Ni_#_�]`a[S[ST{oaQ�T{`a_#T{Z&] d l#`aÑ Èh`�ThZE[gTh_ y `�T8VXT{_#QEO#z|Y#T�pØl1T{e1[SY�§
Ñ ZEQE[�QST{NiZSz|Y xbl1O#ZSz|Y#RiThVXW#Y#Z?[�ÀÎT{ZEl#T{_ �
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3

Child1 Child2

Vor der Rekombination

Nach der Rekombination

Einfügen von Path2 in Parent1 Einfügen von Path1 in Parent2

Parent1 und zufälliger Path1 Parent2 und zufälliger Path2

m Á#Á `�oal#O#_#R £ � � NP[SY�§0zhZ d QEQ d �UThZ

¢U£
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1

Child Child nach dem Einfügen von Path1 (1−6−3) 

Kompletter Graph and zufälliger Path1 (1−6−3) 

m Á#Á `ao�l#O1_#RÐwC� � N�[gY�§ ]�O1[|N�[g` d _
�[ó � óï� � æ�ºîµ ä · � ²�²hµ�°�·�( � ç�� � °"!�¸�� � ºîµ�æ�°D·àº
� ThZÂÛ\NPO#e1[|NPO1V®ÀÚNP_#lßQE[ST{z|j�[Â`�] Ç�O1z|Y#T{_ÝT{`a_#T{Q;È{O1VØ�Po�o�`aRUT{_ d l#T{Z Á ThQE[g`a]f];[gT{_ � VØNPl#T{Q � ¦ d o�Rio�`�z|Yq`aQE[
l#ThZ � ThQgNi];[|NiO1V®À-Ni_#lÐl#ThZ c Z d QEQ d �UThZ?§DO#_#lkÞÊO1[gNP[g` d _#Q d e�ThZgNP[ d ZSTh_Âe#Z d e d Z?[g` d _ Nio/È{O#]�m�O1V®À-Ni_#ll#T{Z� VØNil#QEO#z|Y#T �

¥ `�O#_#lÊÙ d O1z|Y#T Á N Á NÐ[ST{Q?[gTh[ST{_nl#T{_ � T{_#T8[g`�QEz|Y#T{_nm\oaR d ZE`a[gY1]�O#Q-]`a[-VXW#_1V<Ù-T{`aQSe#`aT{o�Th_�¿�ÀÎT{oaz|Y#T�`�_
¥ `a[ST{ZSNP[gO#ZFÈhO#]J¼ c Ç y § � Z dUÁ oaT{] ÈhOkÑ _#l#Th_�QS`a_#l ��� `�T�Ù-T{ZET{z|Y#_�O#_1RÐÀ«O1ZSl#T�]f`�[.V d o�RUTh_#l#T{_ � NiZSNi]T8§
[ST{ZS_nl#O#ZEz|Y#RUT8VXW#Y#ZE[��

•
c Z d QEQ d �UThZ?§ �¶NiY#ZEQSz|Y#Th`�_#oa`�z|Y#jPT{`�[ pc

ø ¨ � w

• ÞÊO1[|N�[g` d _#Q?§¹�BNiY1ZSQSz|Y1T{`�_1o�`�z|Y1jiT{`�[ pm
ø ¨ � ¨U¨ t

•
�Dd e#O1oâNP[S` d _#QERUZ É Å TAø ¢P¨U¨

• Þ½N�Ã�`�]fNio�T�m\_#È{NiY#oàNi_ � T{_#ThZgNP[S` d _#Th_³øÏt ¨U¨

m�O1VXRUZSO1_#lÊl1T{Q\^0_1`a[g`�Nio�`aQS`aT{ZSO1_#RUQgNPo�R d ZE`a[SY#]ÌO#QFVXW#Z«l#`aT;r±ZEQE[gTho�oaO#_#Rl#T{Z�m\O#QER�Ni_#RiQSe d e#O#o�NP[g` d _�À-ThZSl#Th_
ZET{oâN�[g`a�nRUO�[gT ¥&É QSO1_#RUT{_ Á T{ZSTh`a[SQ3È{O×Ù-T{Ri`�_#_qT{ZEÈ{ThO#Ri[ � Ç d ]f`�[\À-NiZSTh_×ÀÎT{_1`�RUThZ � Th_#T{ZSNP[g` d _#T{_q_ É [g`�R1¿
O#]l#`aT»`�_ßl#ThZ ¥ `a[gThZgNP[SO#Z�NP_#RUT{RiT Á T{_#Th_ìr±ZSRiT Á _#`aQSQET�È{OÝT{ZEÈ{`�Tho�Th_ � ^0_ß�/`�Tho�T{_Ý¦<�io�oaT{_ÔÀ«O1ZSl#TKQ d R�NiZ
Th`�_#T Á T{QEQST{ZET ¥&É QEO#_#RfNio�Qbl1`�T�Ni_#RiT{RUT Á Th_#T;RiThVXO#_#l1T{_ �

r sut õ�óKó�ünõ/<6Â vRwJú t ûyx;ø&ú«óÂ÷�õ�÷àý�ÁÌó ýhó 8 ùyÁ�öÀ<�÷àý�Á;ó�x3ûDú«ó ¾�öÀ>/Á�ûDýÆ÷�ô�v
Â ú«ó

� `aTF¬ d l#`�ThZSO#_1RÚ� d _;ÙÚ�iO#]T{_�`aQE[&Th`�_#T±RUZEO#_#l#oaT{RUTh_#l#T.r±_�[gQSz|Y1T{`�l1O#_#R Á T{`a] � T{QS`aRU_�T{`�_1T{QàÍ�T8[gÈ8À-ThZSjiThQ
]`a[�Th� d o�O�[g` d _ �iZSTh_Ìm�o�R d ZE`a[SY#]fTh_ ��� `aTÎRUT8ÀÚ�PY#oa[ST � NiZEQE[ST{o�oaO#_#R¾l1T{Z � ZgNPe#Y#T{_Ì`�QE[�VXW#ZDl#`�T.m\_�ÀÎT{_#l#O1_#R

¢ w



Th`�_#ThQ�m�o�R d ZS`a[SY#]�O#Q-T{_�[gQEz|Y#T{`al#T{_#l � Í�`az|Y�[±ÖEThl#T{Z�m\oaR d ZE`a[gY1]�O#QÚj�Ni_#_n]`a[«T{`a_#T{Z Á T{oa`�T Á `�RUTh_ � NiZSQ?[gTho�§
oaO#_#R Á ÈhÀ ��� NP[gTh_#QE[SZSO#j�[gO1ZÚNiZ Á Th`a[gTh_ � ¨iThl#T{ZFm\oaR d ZE`a[gY1]�O#Q Á T{_ É [g`�RP[FT{`�RiT{_#Tò&�O#Q?[|Ni_1l#QE�PNiZE`âN Á oaT{_ÐO#_#l
Û�`�oaVXQEQE[SZSO#j�[gO1ZST{_ �

$òJLI :OZaTUN!SU»UZabdN +5b�»HbdR-N
Ù-Th`�] � T{QS`aRU_ìl1T{Z � NP[gTh_#QE[SZSO#j�[SO#ZfVXW#ZÐl#`aTnÙÚNiO#]l NiZEQE[gTho�oaO#_#RqRU`�o�[ÂT{Qh¿-NPO1V\V d oaRUT{_1l#TKm\QSe�T{j�[ST½È{O
Niz|Y�[ST{_�¿îl#`aT3l#`�T�rHéÈ{`aT{_#È�O#_#l½Ç�j�Nioa`�T{Z Á NiZEjiT{`�[bl#ThQ�T8� d oaO1[g` d _ �iZET{_Km\oaR d ZS`�[gY#]ÌO#Q Á T{Th`�_CB O1QSQSTh_-z ¢P¡ {~�

• Ç�e�Th`�z|Y#ThZSe#o�NP[gÈ��Hr±`�_ c Y#Z d ] d Q d ] Q d oaoa[STk_#`az|Y�[Ð]T{Y1ZÇ�e�Th`�z|Y#ThZ Á Tho�ThRUT{_ NioaQ�_ d [0ÀÎT{_#l1`�R#¿±l N
Th`�_#T3RUNi_#È{T ��d e#O#o�NP[g` d _�`�]Cm\Z Á T{`�[gQEQSe�T{`�z|Y1T{Z«RUT{Y#Nioa[ST{_�À-ThZSl#Th_½]�O Å#�

• &�T{`a[gNiO1V®À-Ni_#l[� � T{Z«m\O�V®ÀÚNi_1lÊÈhO#]�¬ d l#`�ThZSTh_nO1_#l � T{j d l#`aT{ZSTh_½Th`�_#ThQ�Ù-NiO#]T{Qb`�_KQET{`�_1T � NiZ?§
Q?[gTho�o�O1_#RÚVXW#Z&l#`aTF��Thj d ] Á `�_ NP[S` d _�¿�ÞÊO�[|NP[S` d _�O#_#l;Ù-T8À-ThZE[gO1_#R�Q d o�o�[gTH] É RUoa`�z|Y#Q?[&j�o�Th`�_3RUThY Nioa[ST{_
ÀÎT{ZEl#T{_�¿�l#NÐl1`�T{QET;¼3e�T{ZSNP[ d ZST{_noâNPO1VXT{_#lnNiO1QSRUT8VXW#Y#ZE[«ÀÎT{ZEl#T{_ �

•
� W#o�[g`aRUjiTh`a[���m\oao�T�^0_#l1`a�/`�l#O1T{_�¿±QEe�ThÈ{`�Tho�obl#`aT�l#O#ZEz|Y6�«T{j d ] Á `�_#NP[g` d _ÝO#_#lìÞÊO1[|N�[g` d _ ThZSÈhT{O#RP§
[ST{_�¿bQ d o�o�[gTh_ë_ Niz|Y�Þ É RUoa`�z|Y#jPT{`a[KRiW#oa[S`�RUT ¥àÉ QSO#_#RiT{_�l#NiZSQ?[gT{oao�Th_ � Ç�`a_#l�O#_#RUW#o�[g`aRUT ¥&É QSO1_#RUT{_
l#NiZSQ?[gT{oao Á NPZ d l#T{ZÚj É _#_#Th_ÊO1_#RUW#o�[g`�RiT ¥&É QEO#_#RUTh_Êl#O1ZSz|YKl#`�T\m\_�À-Th_#l#O#_1R� d _�¼¾e�T{ZSNP[ d ZET{_�ThZ?§
ÈhT{O#RP[ÚÀ-ThZSl#Th_�¿#Q d ]�O Å Th_�[0À-Thl#T{Z«T{`a_��«T{e NiZSNP[gO1ZgNioaR d ZS`�[gY#]ÌO#Q d l#ThZÚT{`a_#T\Q d _#Q?[g`�RiTi¿/RUT{Th`�RU_#T8[gT
ÞÊN Å _ NiY1]fT3ÈhO#Z�Ù-T{Y NP_#l#o�O1_#RÐO#_#RUW#o�[g`aRUT{Z ¥&É QEO#_#RUTh_n�iT{Z?À-Th_#l#Th[\À-ThZSl#Th_ �

• m Á l#T{z|j�O#_#RC� � `�T3RUT8ÀÚ�PY#oa[ST3¬ d l#`�ThZSO#_1RÂQ d oaoa[gT\Nio�oaT\] É RUoa`�z|Y#Th_ ¥&É QSO#_1RUT{_ÊN Á l#T{z|jPT{_ ��� ThZbRUT8§
QSNi]Ì[ST¾Ç�O1z|Y#ZgNiO1]ÏQ d o�o�[gT«]`a[Fl#ThZ-¬ d l#`aT{ZEO#_#RÌl#NiZSRUThQE[ST{o�o�[±À-ThZSl#Th_�j É _1_#T{_ � Í�O#Z.Q d `�Q?[ÎQE`�z|Y#ThZ?§
RiT{QE[ST{oaoa[�¿�l N Å l#`�Tf¼¾e�ThZgNP[ d ZSTh_¶l#ThQ � T{_1Th[g`aQSz|Y#Th_Bm\oaR d ZE`a[gY1]�O#Q3Nioao�TÂ] É RUoa`�z|Y#Th_ ¥&É QEO#_#RUTh_qÜ
O1_#lÊl#Ni]f`�[bNiO1z|Y½l#`aT d e1[g`a]kNPo�T«Ü»NiO1z|YÊThZSÈ{ThO#RUTh_½j É _#_#T{_ �

• Ù-`âNiQÀ�1�ÔT{_#_ÊjiT{`a_Ê��`aQSQSTh_½ÈhO½l#ThZ d e�[g`�]fNioaT{_ ¥&É QSO1_#R� d ZSY#Ni_#l#Th_�`�Q?[�¿ l Ni_1_½Q d o�oa[ST{_nNioao�T ¥&É §
QEO#_#RUTh_Ì]`a[àl#ThZDRio�T{`az|Y#T{_�m\_1È�NiY#o�� d _ � NiZEQE[ST{o�oaO#_#RUTh_;j d l1`�T{Z?[DÀÎT{ZEl#T{_Ìj É _#_1T{_ � Í�O#ZDNiO1V1l#`�ThQST
�ÔT{`aQST�`�Q?[�QE`�z|Y#ThZSRUThQE[ST{o�o�[�¿ l N Å Nioao�T3] É RUoa`�z|Y#Th_ ¥&É QEO#_#RUTh_�RUoaT{`�z|Y�À-NiY#ZEQSz|Y#Th`�_#oa`�z|Y½ThZSÈhT{O#Ri[�O#_#l
jPT{`a_#TÐ^0_#l#`a�/`al#O#T{_ Á Th� d ZSÈ{O1Ri[�À-ThZSl#Th_ � m�o�oaT{ZSl1`�_#RUQ\jPNP_#_ÔRiT{È{`aT{o�[3T{`a_#RUT{QETh[SÈh[gThQ�Ù-`�NiQS`a_#RKNiO#z|Y
$ d ZE[gTh`�oaT Á ZS`a_#RUTh_�¿1ÀÎT{_#_Êl Nil#O#ZEz|YÊRiO1[gT ¥&É QSO1_#RUT{_n`�_Kl#Th_'$ d ZSl#ThZSRUZEO#_#lnRUT Á ZSNiz|Y�[�ÀÎT{ZEl#T{_ �

•
¥ d jPNPo�`a[g�P[���rF`a_#TkTh`�_#Èh`�RUT F\_#l1T{ZSO1_#R~T{`a_#T{Q � T{_1Q�Q d oaoa[STfjPT{`�_1T»RUo diÁ Nio�TÐm�O#QEÀ«`aZSj�O#_#RqNiO�V«l#`�T
RiT{QgNP]Ì[gT3ZET{e#ZS�iQSTh_�[S`�ThZE[gT ¥&É QSO1_#RfY#N Á Th_ �

• $FT{ZSThZ Á O1_#Ra�/Í\Niz|Y1j d ]]fTh_fQ d o�o�[gTh_f] É RUoa`�z|Y#Q?[FNiO#QEz|Y#o�`aT Å oa`�z|YNiO#QÎr±`�RUTh_#QSz|Y N�V®[gT{_f`�Y#ZET{Z.r±oa[ST{ZS_Á T{Q?[gThY#T{_ � r±Q»Q d oao«_#`�z|Y�[�QET{`�_�¿Îl N Å l#O#ZEz|Y���Thj d ] Á `�_ N�[g` d _ìT{ZEÈ{ThO#Ri[gT�Í\Niz|Y#j d ]]fTh_6jiTh`�_#T
F�Y#_#oa`�z|Y#jPT{`a[ST{_K]`a[b`aY#ZSTh_Êr±o�[gT{ZE_½NPO1V®À-Th`�QET{_ �

• Û�è Á ZS`al#`�QE`�ThZSO#_#RC�1r±Q«Q d oaoa[ST{_KNiO1V�l NPQ � Z dUÁ oaT{]êÈhO#RUThQSz|Y#_#`�[S[ST{_#T�Û�ThO#ZS`aQE[S`�jiTh_n�iT{Z?À-Th_#l#Th[�ÀÎT{Z?§
l1T{_nj É _#_1T{_ ��� `aT�r±éÈh`�T{_1È�l1T{Q � Th_#Th[S`�QSz|Y1T{_nm\o�R d ZS`�[gY#]�O1QÚj�Ni_#_Kl#O#ZEz|Y½m\_�ÀÎT{_#l1O#_#Rkl1`�T{QET{Z
Û�T{O#ZE`�Q?[g`�jPT{_�O#_#lÌ��W#z|j�QE`�z|Y�[g_ NPY#]fTÎNiO1V1l#`�T � Z diÁ o�Th]fQ?[gZSO1j�[SO#Zà`�_#_1T{ZSY#Nio Á l#T{Z��«T{j d ] Á `a_ NP[g` d _
d l#ThZ�ÞÊO1[|N�[g` d _ Á ÈhÀ � NioaQbo d j�NioaT!$FT{Z Á ThQSQSThZSO#_1RkT{ZEY É Y�[«À-ThZSl#Th_ �

• ��Ni_1l Á Thl#`�_1RUO#_#RUTh_[� � `�TÌ¼¾e�ThZgNP[ d ZSTh_½Q d o�o�[gT{_½NiO1V±T8�UTh_�[SO#T{oao�T;e#Z dUÁ o�T{] Á ThÈ d RUTh_#T;rF`a_#QSz|Y1Zg�i_�§
j�O#_1RUT{_;��W1z|j/QE`�z|Y�[H_1T{Y#]T{_�j É _1_#T{_ � Ù-Th`�QEe#`�Tho�T±QS`a_#l � ZSNil Á T{QEz|Y#Zg�i_1j/O1_#RUT{_�¿P]fN�Ã�`�]fNio�T � VØNil�§
o��i_#RUTh_�O#_#lÊ�iY#_#oa`�z|Y#T�¦<�io�oaT\VXW#Z�Ç�e�T{Èh`âNio�Ni_�À-Th_#l#O#_#RiT{_ �

^0] ¦ d oaRUT{_1l#T{_ÂÀ«`�ZElÐT{`�_ � Á T{Z Á o�`az|jÌW Á T{ZFl#`aTbRUT Á Zg�iO#z|Y1o�`�z|Y1QE[gTh_»ÙÚNPO#]fl#NiZSQ?[gT{oao�O#_1RUT{_ÂRUThRUT Á T{_ � m�_�§
QEz|Y#o�`aT Å Th_#l;ÀÎT{ZEl#T{_�l1`�T{QETÚ¬ d l#`aT{ZEO#_#RUTh_ÌNiO�V `�Y#ZETÚÇ�[|�iZEjiT{_;O#_#lÐÇ/z|Y�À-�iz|Y#Th_Ð]f`�[gT{`a_ Ni_#l1T{Z��UThZSRUoa`�z|Y#Th_ �
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$òJ~© è�eU\@Za\Kc ]DR[Zabd¶É]DbL¶�caeUR[Z{zhRE�Q]D«@Z
r±`�_ c Y#NiZgNiz8[gThZS`�Q?[g`aQSz|Y#ThZA$FThj�[ d Z�`�Q?[3T{`a_×Ù-`�_ �PZ?§?Ç�[gZS`a_#R#¿�l#T{QEQSTh_BÙ-`�[gQ¾l NPQA$ d ZSj d ]f]T{_~Th`�_#ThQÚÖEThl#T{_
r±o�Th]fTh_�[gQ3Ni_1RUT Á T{_ � ¨iT{l#ThQ�Ù-`a[\RU` Á [\NioaQ d m�O#QSj�O#_1V®[�W Á T{Z\l NiQ!$ d ZEY Ni_#l1T{_#QET{`�_qTh`�_#ThQ3r±o�T{]T{_�[SQ¾`�_
Th`�_#ThZÌÞnT{_#RUT � �ÔT{_#_ÔT{`a_ c Y#Z d ] d Q d ]ËTh`�_#Th_ � ZgNie#Y1T{_¶l#NiZSQ?[gT{oaoa[�O#_1lBl#`�Tr±o�Th]fTh_�[gTl#`�Tf¬�Ni_�[gT{_
l#ThQ � ZgNPe#Y#T{_*QS`a_#l�¿bQ d È{Th`�Ri[nTh`�_*Ù-`a[nl NPQ6$ d ZSY Ni_1l#T{_#QET{`a_�T{`a_#T{Zn¬�Ni_�[gTÔNi_ �«� T{ZnT{ZEV d ZSl#ThZSo�`az|Y#T
Ç�e�T{`az|Y#T{ZEe#oâN�[gÈ\Th`�_#ThQÚQ d o�z|Y#Th_*$FT{j�[ d ZEQÚ`�Q?[Úe#Z d e d ZE[S` d _ NPo�ÈhO#ZÚm�_#È�NiY1o�l#ThZÚr±o�Th]fTh_�[ST � ^0]ê¦îNioao�T«T{`a_#T{Q
j d ]fe1o�Th[E[gTh_ � ZgNie#Y1T{_ Á Th[SZg�iRi[Dl#`aT ¥ �i_#RiT-l#ThQ�$FT{j�[ d ZSQ n(n−1)/2, NioaQ d l#`�TÎm\_#È{NiY#o/QST{`a_#T{Z<¬�Ni_�[gT{_ �Ç/[ST{o�o�[&]fNi_�Ç�e Ni_1_ Á �iO#]TÎNPO1V/l#`�ThQST±�¶Th`�QET±l NiZ&O#_#l��UThZEÀÎT{_#l1Th[H_#Ni`a�iT±^0_#`a[S`âNioa`�QS`aT{ZEO#_#R#¿|Q?[ É Å [à]fNi_
NiO�V�V d o�RUTh_#l#T{Q � Z dUÁ oaT{]'�#r±QbRU` Á [ 2n(n−1)/2 ] É RUo�`az|Y#T c Y#Z d ] d Q d ]Ti¿1N Á T{ZÚ_�O#ZbTh`�_KÙ-ZEO#z|Y�[gT{`ao&QE[ST{o�o�[
RUW1oa[g`aRUTÂÇ/e Ni_#_ Á �iO1]fTÐl NiZ � r±`�_ � ZgNie#Y Á T{QE`a[gÈ8[�_�O#Z nn−2 Ç�e Ni_#_ Á �PO#]fT �à� `�T��¶NiY#ZEQSz|Y#Th`�_#oa`�z|Y#jPT{`�[�¿
l N Å T{`�_~ÈhO1VØ�ioao�`�RiT{Q c Y#Z d ] d Q d ] NiO1z|Yq[gNP[gQS�iz|Y#oa`�z|Y~T{`a_#T{_×ÙÚNPO#]�l NPZSQE[ST{oaoa[�¿�`�Q?[3Q d ]f`�[¾QSThY#Z3RUThZS`�_1R �
�«T{j d ] Á `a_ NP[g` d _#Q�§\O1_#l ÞÊO1[gNP[g` d _#Q d e�ThZgNP[ d ZSTh_¶]�W#QEQSTh_ßl NiY#ThZÂ��W1z|j/QE`�z|Y�[ÐNiO�V«l#`�ThQST � T{RUT Á Th_#Y#Th`a[
_#ThY#]T{_[�à�«T{e NPZgNP[SO#ZgNioaR d ZE`a[gY1]fTh_½j É _#_#T{_¶NiO#Q�l#`aT{QSTh_ÔO1_#RUW#o�[g`�RiT{_×Ç�e NP_#_ Á �iO#]T{_×À«`�T{l1T{Z3RUW#o�[g`aRUT
ThZSÈ{ThO#RUTh_�¿iÖET{l d z|YÊThZEV d ZEl#T{Z?[«l#`�ThQ«È{O#QS�P[gÈho�`�z|Y1T;�«T{z|Y1T{_#ÈhT{`a[�O#_#l Á T{T{`a_CB O Å [�NiO#z|Ynl#`�T�$FT{ZET{Z Á O#_#R �

$òJ�´ ªhZCR-S!R-c5R-¶D¶�«@ZC�K« S!bdR[ZCT!N!V
r±`�_1T~Nioa[ST{ZE_ NP[g`��UT~¬ d l1`�T{ZEO#_#Rß`aQE[Kl#`aT � ZST{l1T{z{ThQSQ d Z?§ � NiZSQ?[gTho�o�O1_#R VXW1ZKÙÚ�iO#]T � Û�`�ThZ Á T{`�À«`aZSl�T{`a_#T
�ÔO#ZSÈhT{o r VXW1Z\T{`a_#T{_�ÙÚNiO#] Á T{QE[S`�]]Ì[ � ¦<W1Z\Nioao�T�Ni_#l1T{ZSTh_q¬3_ d [gTh_ i À«`�ZSlÐÖEThÀÎT{`�oaQ\l#ThQSQET{_E$ d ZSRU�i_�§RUThZSj�_ d [ST{_ Pred(i) `a] � VØNilÂ� d _ r _ Niz|Y i _ d [S`�T{Z?[ � �¶Th`a[gThZSQ±j�Ni_#_Ð`a]f]T{ZDT{`�_ Á T{Q?[g`�]]Ì[ST{ZH¬3_ d [gT{_�¿
ÈhO#]�ÙÎT{`�QEe#`�ThoH¬3_ d [ST{_ ¨ ¿�l#`�T;�¶O#ZEÈ{Tho<l NiZEQE[ST{o�oaT{_�¿�l Ni]`a[�QS`aT�_#`�z|Y�[3TÆÃ�e#o�`aÈ{`a[\j d l#`�ThZE[�À-ThZSl#Th_Ô]�O Å#�
m�o�Q«¦ d o�RiT¾l N�� d _n`�Q?[<ÖET{l#ThZ«] É Rio�`�z|Y1T3ÙÚNiO#]JNio�QbTh`�_#T3Th`�_#Èh`�R�NiZ?[g`aRUT¾¬3_ d [ST{_#oa`�Q?[gT Á T{QSz|Y1ZS`�T Á Th_ �
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m Á#Á `�oal#O#_#R ª � � ThZS`�z|Y�[STh[gThZ�ÙÚNiO#]JO1_#lÊTh_�[gQSe1ZST{z|Y1T{_#l#ThZ � ZSThl#T{zhT{QSQ d ZU$FThj�[ d Z
r±QÌRU` Á [ nn−1 Q d oaz|Y#T{Z/$FT{j�[ d ZET{_ �D� N½ThQ n(n−2) ÙÚ�PO#]fT]`a[Äl#T{]Ë�ÔO#ZSÈhT{oaj/_ d [gTh_ ¨ RU` Á [�¿&`aQE[

l#`aT��BNiY1ZSQSz|Y1T{`�_1o�`�z|Y1jiT{`�[�¿Fl N Å T{`a_#TnÈ{O1VØ�ioao�`aR~T{ZSÈhT{O#RP[gTE&�NPY#o�Th_1V d o�RiT�T{`�_1T{_6Ù-NiO#] l NiZEQE[ST{o�o�[ÐRUo�Th`�z|Y
n(n−2)

nn−1 = 1
n

��� `�ThQÚQE[ST{oaoa[ÎÈhÀ-NiZ-Th`�_#Tò$FT{Z Á T{QEQSThZSO#_#RÐRUThRUT{_�W Á T{Z-l#T{] c Y NiZSNizh[ST{ZS`aQE[S`�QSz|Y1T{_*$FT{j�[ d ZÚl NiZh¿
N Á T{Z\l#T{_#_ d z|Y~ÀÎT{ZSl1T{_q��`aT{oaT � ZSNie#Y#Th_~ZSThe#Zg�iQET{_�[g`aT{Z?[�¿�l#`aT�jiTh`�_#TÐÙ-�iO#]TÌQS`a_#l � r±`a_#Tù$FT{Z?À-Th_#l#O#_1R
NioaQ c Y#Z d ] d Q d ]�]`a[Ðm�_�ÀÎT{_1l#O#_#RBe1ZS`�]`a[S`a�iT{ZÐ¼¾e�T{ZgN�[ d ZET{_ `�QE[l NPY#T{ZÐ_#`az|Y�[fÈ{O(T{]e1VXT{Y1o�T{_ �F� T{Z
&�Th`a[|NPO1V®ÀÚNP_#l�VXW#Zbl NiQ�¬ d l#`aT{ZSTh_KT{`�_1T{Q�ÙÚNiO#]T{Q«`a_nQET{`a_#T � ZET{l#Thz{ThQSQ d Z?§ � NiZSQ?[gT{oao�O#_1R Á Th[SZg�iRi[ O(n)

�

$òJ%$ ªhZC·!þxR[ZC+�\Ke!dR-N
ÞÊ`�[ÐÛ�`aoaVXT� d _ � ZSW1VXThZSÈ�NPY#o�Th_�z ¢ t�{Új É _#_1T{_ìÇ�e Ni_#_ Á �PO#]fT�QEe�Th`�z|Y#ThZST8éfÈh`�Th_�[fj d l#`aT{ZE[ÌÀ-ThZSl#Th_ � ¦<W#Z
l#`aT � NiZSQ?[gT{oao�O#_1Rkl#ThZ nn−2 ] É RUo�`az|Y#T{_ÊÇ�e#Ni_#_ Á �iO#]T�Th`�_#ThQ � ZgNie#Y1T{_½]`a[ n ¬�_ d [gTh_½À«`�ZEl½_�O#Z\Th`�_

¢ u



$FThj�[ d ZÚ]`a[ n− 2 Ç/[ST{o�oaT{_ Á Th_ É [g`aRi[ ��� ZSW1VXThZSÈ{NiY#o�Th_�j É _1_#T{_K]`a[ O(n log n) m�O1V®ÀÚNP_#l�j d l#`�ThZE[-O#_#l
l#Thj d l#`�ThZE[bÀÎT{ZEl#T{_ �

� ThQEÀÎT{`a[ST{ZET{_�Q?[gT{oaoa[<ÖEThl#T � ZEW1VXT{ZEÈ�NiY#oàTh`�_#Th_ÊRUW1oa[g`aRUT{_nÙÚNPO#]Jl NiZh¿#À d l#O#ZEz|Y�jiTh`�_#T��«T{e NPZgNP[SO#ZgNioÕ§
R d ZS`a[SY#]T{_K�UT{Z?À-Th_#l#T8[3À-ThZSl#Th_~]�W#QSQET{_ � ^0]�O#]fRiT{jiThY#ZE[ST{_×Ç�`a_#_#T;T8Ã�`�Q?[g`�ThZE[�VXW#ZHÖET{l#Th_qÙÚNiO#]ÄNiO#z|Y
Th`�_#T3Th`�_#l#ThO1[g`aRUT � ZSW1VXThZSÈ{NiY#o �

Ç�Th` T Th`�_;ÙÚNiO#]Ó]`a[ n ¬3_ d [ST{_ ��� `aT � ZEW1VXT{ZEÈ�NiY#o P (T ) `�Q?[�T{`�_ n−2 QE[ST{oao�`�RiT{Z[$FT{j�[ d Z{¿ Á T{QE[ST{Y#Th_#lNiO1Q!&�`�ð�ThZS_�ÈhO#Z�ÙÚNiQS`aQ n ¿ l#`aT3l#O#ZEz|YÊV d oaRUT{_#l1T{_Km\oaR d ZS`�[gY#]ÌO#QÚl#T8Ñ _#`�ThZE[bÀ«`aZSl[�
t � Ç/T{` i l#NiQkÙÎoâNP[E[�pØ¬3_ d [gTh_#RUZSNil±ø�t�x�]`a[Ðl#ThZk_#`aT{l#ZE`�RUQ?[gThQfÍ�O#]]fThZ`a_ T

� Ç�Th` j _/O1_6l#T{Z
$ d ZSR��i_1RUT{ZEj/_ d [gTh_ì� d _ i � � Ni_#_ìÀ«`aZSl j l#`aTh&�`�ð�ThZkNi_ìl#T{Zk�iO Å ThZSQE[ST{_ëZET{z|Y�[gTh_�Ç�[gT{oao�TK� d _
� p y x � �ÔT{`a[ST{ZET/&�`að�T{ZS_�ÀÎT{ZEl#T{_ÊZST{z|Y�[SQ\Ni_ P (T ) Ni_1RUThVXW#RP[ �

¢ � r±_�[SVXThZS_#TÂl1T{_q¬3_ d [ST{_ i O#_1l×l1`�T�¬�Ni_�[ST (i, j)
�
i À«`�ZEl�_�O#_q_#`�z|Y�[3]T{Y#Z Á T8[gZgNPz|Y�[STh[ � ¦îNio�oaQ il1T{ZbT{`a_#È{`aRUT�Í\NPz|Y1V d o�RiT{ZSj�_ d [gT{_K� d _ j À-NiZh¿ Q d `�Q?[ j _�O#_nT{`�_nÙ-o�NP[S[ �

¤ � ¦îNioao�Q_�O#ZK_ d z|Y�È8À-Th`�¬�_ d [gTh_*W Á ZS`aRßQS`�_1l�¿ÚQ d `aQE[ P (T ) � d o�oaQE[g�i_#l#`aR#¿-NP_#Q d _1QE[gTh_ RiT{Y#T~ÈhO� O#_1j�[�t �

r±`�_ìÙ-T{`aQSe#`aT{o4�Î¬3_ d [gT{_ ¢ `�Q?[kl NPQ�Ù-oâN�[S[]f`�[kl1T{Zk_1`�T{l1ZS`�RiQE[gTh_ëÍ�O1]f]T{ZO#_#lë¬3_ d [gT{_ ¤ `�Q?[kQET{`�_
$ d ZER��i_#RiT{Z ��� `aTÌT{ZEQE[ST�&�`að�T{Z\l1T{Z � ZSW�VXT{ZSÈ{NiY#oD`�QE[\Q d ]`a[ ¤ p P (T ) = 3 x � ¬3_ d [ST{_ ¢ O#_#l~l1`�T�¬�Ni_�[ST
p ¢ ¿ ¤ x�À-ThZSl#Th_B_�O#_×T{_�[SVXThZS_�[ �à� NPQ;ÙÎoâNP[E[3]f`�[3l#ThZ�_1`�T{l1ZS`�RiQE[gTh_`&�`að�T{Z¾`aQE[�Q d ]f`�[�¬3_ d [gTh_ ¡ �&� ThQSQSTh_
$ d ZER��i_#RiT{Zb`�Q?[bÀ«`�Thl#T{Z�¬3_ d [ST{_ ¤ §.l#`aT�_ �iz|Y#Q?[gTù&�`að�T{Zbl#ThZ � ZEW1VXT{ZEÈ�NiY#o P (T ) = 33

� ¬3_ d [ST{_ ¡ O1_#l
¬�Ni_�[gTkp ¤ ¿ ¡ xÚÀÎT{ZSl1T{_~T{_�[EVXT{ZS_�[\O#_#l~¬3_ d [ST{_ ¤ `�Q?[\l#NiQ\ÙÎoâNP[E[�]`a[�l#ThZ�_1`�T{l1ZS`�ThRUQE[ST{_h&�`að�T{Z � ¬3_ d [gT{_
tÂ`aQE[3QET{`�_E$ d ZER��i_#RiT{Z�§U&�`�ð�ThZ�tÂÀ«`�ZEl~Y#`�_#ÈhO#RUT8VXW#Ri[p P (T ) = 331 x � Í�O#_q`aQE[�¬3_ d [ST{_ £ l NiQ�Ù-o�NP[S[
]`a[�l#ThZÌ_#`aT{l#ZE`�RUQ?[gT{_¶Í�O#]]T{Z�O#_#lßl#ThQSQSTh_§$ d ZSR��P_#RUT{Z�`�Q?[;À«`aT{l#ThZSO#] ¬3_ d [ST{_6tÐ§/&�`að�T{ZÐtkÀ«`aZSl
Y#`a_#È{O1RUThVXW#RP[»p P (T ) = 3311 x � Í�Niz|Y¶l#Th]rF_�[EVXT{ZS_1T{_ßl#ThQ�¬3_ d [ST{_#Q £ O#_1l¶l#ThZ�¬�Ni_�[gT½p?tU¿ £ x3QS`a_#l
_�O#Z«_ d z|YÊÈ8À-Th`�¬�_ d [gTh_nW Á ZS`aRÂ§FVXThZE[S`�R �
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m Á#Á `ao�l#O#_1RÐuC�îr±`�_nÙÚNiO#]êO#_#lnQST{`a_#T � ZSW1VXThZSÈ�NPY#o
}�]êT{`�_1T3RUT{RUT Á Th_#T � ZEW1VXT{ZEÈ�NiY1o&`�_KT{`a_#T{_ÊÙÚNiO#]CÈ{OÊj d _��UThZE[S`�T{ZET{_�¿îRUThY�[�]fNi_�À«`�T¾V d o�Ri[Ú� d Z��
t � Ç/T{` P (T ) T{`a_#T � ZEW1VXT{ZEÈ�NiY#o-O#_#lÝNioao�Tf¬�_ d [gTh_�¿�ÀÎT{oaz|Y#T�_#`az|Y�[ÂNio�Qy&�`að�T{ZS_Ô`�_Bl1T{Z � ZSW�VXT{ZSÈ{NiY#o

ThZSQEz|Y#T{`a_#T{_�¿îQET{`�Th_½r±oaT{]T{_�[gT3l#ThZ�ÞÊT{_#RiT V
�

¢ � ¦îNioao�Q¾l1`�T � ZSW1VXThZSÈ�NPY#oÎjPT{`a_#T*&�`�ð�ThZ3T{_�[gY#�ioa[{¿�Q d RU` Á [�T{Q�T8Ã1Nij�[ÌÈhÀÎT{`Î¬�_ d [gTh_ i O#_#l j `�_×l#T{Z
ÞnT{_#RUT V

� ¦<W#RUT�l#`aT�¬�NP_�[ST (i, j) È{O#]�Ù-NiO#]JY#`a_#È{OnO#_#lK[gThZS]`�_#`aT{ZET �

¢i 



¤ � Ç/T{` i l#ThZ�¬�_ d [gTh_×]`a[\l#T{Z�_#`aT{l#ZE`�RUQ?[gTh_qÍ�O#]]fThZ¾`�_ V O#_1l×QET{` j l#`�T�&�`�ð�ThZ3Ni_~l#ThZ�o�`�_1jiT{_
�PO Å T{ZEQE[ST{_ßÇ�[gT{oao�TÂ� d _ P (T )

� ¦DW#RUTÐ_�O#_Bl#`aTf¬�Ni_�[ST (i, j) l#Th]áÙÚNiO#]ËY#`a_#È{O � r±_�[SVXThZS_#Tfl#`�T
&�`�ð�ThZ j Ni_ßl#ThZ�o�`a_#jiTh_Ý�iO Å ThZSQE[ST{_(Ç/[ST{o�oaTf� d _ P (T ) O#_#lÝTh_�[EVXT{ZE_#T i NiO#Q V

� ¦îNio�oaQ j _#`az|Y�[
]T{Y1Zb`�_ P (T ) � d ZSj d ]f]Ì[{¿1VXW#RUT j l#T{Z�ÞÊTh_#RUT V Y1`�_#ÈhO �

¡ �\� T{Y1T3È{O � O1_#j�[ ¢ �

^0]�Ù-T{`aQSe#`aT{oD� d _q� d ZEY#`�_qQSTh` P (T ) = 3311
��� `aTÞÊT{_#RiT V

Á T{Q?[gThY�[;NiO1Q3l#T{_Ô¬3_ d [gTh_ {2, 4, 5, 6}
�

¬3_ d [ST{_ ¢ `�Q?[Âl#ThZÐ¬�_ d [gTh_ ]`a[Ìl#T{ZÂ_1`�T{l1ZS`�RiQE[gTh_ÝÍ�O#]]T{Z�`a_ V O#_#l ¤ `�Q?[Âl#`�Tko�`�_1jiT6&�`�ð�ThZÌ� d _
P (T ). ¬�Ni_�[ST�p ¢ ¿ ¤ xÚÀ«`�ZEl½ÈhO#]�Ù-NiO#] T Y#`�_1È{O#RUT8VXW#Ri[{¿�¬3_ d [ST{_ ¢ NiO#Q V O#_#l�l1`�TÌThZSQ?[gTÂÇ�[gT{oao�T�l#T{Z
� ZSW�VXT{ZSÈ{NiY#o�T{_�[SVXThZS_�[�p P (T ) = 311 x � ¬3_ d [gT{_ ¡ `aQE[Î_/O1_»l#T{ZÎ_ �iz|Y#Q?[gT3¬3_ d [gT{_kNiO#Q V

� ¦ d o�RUoa`�z|Y�À«`�ZEl
¬�Ni_�[gT�p ¤ ¿ ¡ xFl#T{]êÙÚNiO#] Y#`a_#È{O#RiThVXW#Ri[{¿#¬3_ d [ST{_ ¡ NPO#Q V Th_�[EVXT{ZE_�[ÚO#_#l»À«`�Thl#T{Z-l#`�T�T{ZSQ?[gT�Ç/[ST{oao�T�l#T{Z
� ZSW�VXT{ZSÈ{NiY#o�RUT{o É QSz|Y�[p P (T ) = 11 x � ¬3_ d [gT{_ ¤ `�Q?[¾_�O#_�_#`az|Y�[¾]T{Y#Z�`�_½l1T{Z � ZEW1VXT{ZEÈ�NiY#o�� d ZEY Ni_#l1T{_
O#_1lkÀ«`�ZEl»l NiY#ThZ V Y1`�_#ÈhO#RUThVXW1Ri[ � ¬3_ d [gTh_ ¤ `aQE[Î_/O1_�l#T{Zb¬3_ d [gT{_k]f`�[Îl1T{ZÚ_#`aT{l#ZE`�RUQ?[gTh_»Í�O1]f]T{Z.`�_
V
� Í�O#_kÀ«`�ZEl�¬�Ni_�[gT�p?tU¿ ¤ x±l#T{]CÙÚNiO#] Y#`a_#È{O1RUThVXW#RP[�¿D&�`að�T{Z�t¾NiO1Q P (T ) T{_�[SVXThZS_�[�p P (T ) = 1) O#_#l¬3_ d [ST{_ ¤ NiO1Q V T{_�[SVXThZS_�[ � Í�O#_Ð`�QE[±¬�_ d [gTh_ £ l1T{Z±_#`aT{l#ZE`�RUQ?[gT-`a_ V ��¬�Ni_�[ST�p?tU¿ £ x�À«`aZSlÂY#`a_#È{O#RiThVXW#Ri[{¿&�`�ð�ThZ¾tÌNPO#Q P (T ) O#_#l½¬�_ d [gTh_ £ NiO#Q V T{_�[EVXT{ZS_�[�p P (T ) = leer x � ¬�_ d [gTh_Ôt�j d ]f]Ì[«_1`�z|Y�[�]fThY#Z

`a_ P (T ) � d Z\O#_#lnÀ«`�ZEl½È{O1Z3ÞÊTh_#RUT V Y#`�_1È{O#RUT8VXW#Ri[ �î� Nkl#`aT � ZSW�VXT{ZSÈ{NiY#o�o�ThT{Z«`�Q?[\O#_1l V _�O#Z�_ d z|Y
È8À-Th`Ú¬3_ d [ST{_ëpX_ �i]o�`az|Y(tfO#_#lßw�x�T{_�[gY#�ioa[{¿àÀ«`aZSl¶¬�NP_�[ST~p�tU¿ wUx�l#Th]ÙÚNiO#]áY#`a_#È{O#RiThVXW#Ri[;O#_#l¶l#T{Z
m�o�R d ZE`a[SY#]�O#Q.[gT{ZE]f`a_#`�ThZE[ �#� NiQ�r±ZSRiT Á _#`aQ«`�QE[bÀ«`aT{l#ThZ«l#T{Z�ÙÚNiO1]�NiO#Qbm Á#Á `�oal#O#_#Ru �� ThZkÍ�Niz|Y�[gT{`aoÚ� d _ � ZSW1VXThZSÈ{NiY#o�Th_(`aQE[fNioao�T{ZEl#`�_1RUQÌl#ThZ»ÞÊNi_#RUTho«Ni_ ¥ d j�Nioa`a[g�P[ � ¼ Á À d Y#o«Th`�_ NiO#Q
�«T{j d ] Á `a_ NP[g` d _�T{_�[SQE[|NP_#l#T{_1T{Z¾Í�Niz|Y#j d ]f]T�ÈhÀÎT{`�ThZ\Ù-�iO#]T¾À«`�T{l1T{Z�T{`�_nÙÚNPO#]�`�Q?[�¿ Y NP[�l#`aT{QET{Z d V®[
ÀÎT{_#`aR�]f`�[¾QET{`�_1T{_ÔrFo�[gThZS_~RUTh]fTh`�_ � y NP[SQg�iz|Y1o�`�z|Y�VXW1Y#ZE[�l#`aTù$FT{ZS�i_#l#ThZSO#_1Rn� d _q_/O1Z3T{`�_1T{Z/&�`að�T{Z d V®[
ÈhO×Th`�_#Th] j d ]fe#oaTh[E[�Ni_#l#ThZSTh_Br±ZSRUT Á _#`aQ � Ù-Th`�QEe#`�Tho�QEÀÎT{`aQSTÐY N Á T{_qTh`�_×ÙÚNiO#] T1

]`a[�wK¬3_ d [ST{_q]f`�[
l#ThZ � ZSW�VXT{ZSÈ{NiY#o P (T1) = 3241 O#_#l�Th`�_�NP_#l#T{ZET{ZbÙ-NiO#] T2

]f`�[ P (T2) = 3242 _�O#ZÚÈ8À-Th`�`�Y#ZET{Z.VXW#_1V
¬�Ni_�[gTh_ÊRiT{]T{`�_1QgNi] �

^0_�z ¢U¢ {�o�T{RiT{_�l#`aT\m\O�[ d ZET{_�l#ThQÚm\Z?[g`�jPT{oaQ � ZEW#_#l#T\O#_#lK}�_�[ST{ZSQEO#z|Y�O#_#RUTh_Êl#NiZ{¿/À-Tho�z|Y#T3RUThRUT{_�l1`�T
$FThZEÀÎT{_#l#O1_#R;� d _ � ZEW1VXT{ZEÈ�NiY#oaT{_È{O#ZF¬ d l1`�T{ZEO#_#R3� d _»Ç�e#Ni_#_ Á �iO#]T{_`�_ � T{_1Th[g`aQSz|Y#Th_km�o�R d ZE`a[SY#]fTh_
QEe#ZSThz|Y#T{_ � Í�O#ZÚÇ/[gThZS_#T¾O1_#l�ÙÚ�iO1]fT�]f`�[ÎY d Y#T{Z?F\Y#_1o�`�z|Y1jiT{`�[-l#NiÈ{O Á T{QE`a[gÈhT{_»`a_k`aY#ZSThZ � ZSW1VXThZSÈ{NiY#o�Th_�§
l NPZSQE[ST{oao�O#_#RÂTh`�_#T�Y d Y#T ¥ d jPNPo�`a[g�P[ �

$òJ�9 |ùbLN}�o\KN!S~&¸« SUR¸^�bL\K¶�R-Sº¹ë« SUbdR[ZaT!NUV
^0_'zÕtÀ{ QEz|Y#oâ�iRP[ � Nioa]fThZ<T{`a_#Tb_#ThO#T�¬ d l#`�ThZSO#_#R�VXW#ZFÙÚ�iO#]T-� d Z ��� NiQ ¥ `a_#jU§�Ni_1l�§�Í d l#TÆ§�Ù-`�NiQ?§0r±_#z d l#`�_1R
p ¥ Í�ÙbxHQE[ST{o�o�[±T{`a_#T�Nio�oaRUT{]T{`a_#TÚÙ-NiO#]ZST{e1Zg�iQET{_�[|NP[S` d _l NiZ ��� `�ThQST�¬ d l#`aT{ZSO1_#R Á Th_ É [g`aRi[±ÀÎT{_#`aR;^0_1V d Z?§
]fNP[g` d _½W Á ThZ¾l#T{_ÔÇ�O1z|Y#ZgNiO1] O#_#lq`�Q?[3�iO Å T{ZEQE[�Nioao�RUTh]fTh`�_nRUT{Y NPoa[gTh_�¿�Q d l#N Å l#`�ThQSTÐ�«T{e#ZS�iQSTh_�[|NP[S` d _
NiO1z|YnVXW#Z«NP_#l#T{ZET;m�O1VXR�N Á T{_1QE[gTho�oaO#_#RUTh_K�iT{Z?À-Th_#l#Th[�À-ThZSl#Th_½j�Ni_#_ �� `aT � ZSO#_1l#`�l#ThTÎl#N Á Th`�`�QE[{¿vl N Å ÖET{l#ThZ<¬3_ d [ST{_;T{`�_ � T8À«`�z|Y�[DT{ZSY#�ioa[{¿vO#]ÒQST{`a_#T �Dd QE`a[g` d _�`�_#_#ThZSY NPo Á
l#ThQHÙÚNPO#]fQ-psÙÎoâNP[E[ d l#ThZÕ&�Th_�[SZSO#]kx&È{O Á T{Q?[g`�]]T{_�¿vl N�QS`�z|Y;]kNP_#z|Y#TÚ¬3_ d [gT{_ Á ThQSQSThZHNioaQ<r±_#l1j/_ d [gTh_
O#_1l½Ni_1l#T{ZET�QE`�z|Y Á ThQSQET{Z�Nio�QbÈhT{_�[gZSNio�T�¬3_ d [ST{_nT{`aRU_#T{_ �

¦<W#Z1ÖEThl#T{_Â¬3_ d [gT{_ vi
TÆÃ1`aQE[S`�T{Z?[�_/O1_�T{`a_ � ThÀ«`az|Y�[ bi

�vVXW#ZàT{`a_#T{_ � ZSNie#Y#Th_Ì]`a[ n ¬3_ d [ST{_ÌTÆÃ�`�QE[S`�ThZE[
NioaQ d Th`�_E$FT{j�[ d Z [b1, b2, ..., bn]

� ÞÊ`a[�l1`�T{QET{_ � ThÀ«`�z|Y�[ST{_qÀ«`�ZSl~_�O#_ql#`aTÐ¬ d Q?[gTh_#]kN�[gZS`ÕÃ�] d l#`aÑ Èh`�ThZE[�¿
]`a[\l#T{Z3Th`�_~T{`a_1VØNiz|Y#ThZ3m\oaR d ZS`�[gY#]ÌO#Q�ÈhO#]Ë¦<`a_#l#Th_~T{`�_1T{Q3]`�_#`a]kNioaT{_½Ç�e Ni_1_ Á NiO#]T{Q�NiZ Á Th`a[gT8[�¿�O#]
Th`�_#T ¥&É QEO#_#RÈ{OKÑ _#l#Th_[�

C ′
i,j = Ci,j + P (bi + bj)Cmax

r±`�_ÊQ d oaz|Y#T{Z � T8À«`�z|Y�[gQ?�UThj�[ d Z3QE[ST{oaoa[�_�O#_�l NiQ c Y#Z d ] d Q d ]�`a] � Th_#Th[S`�QSz|Y1T{_�m�o�R d ZE`a[SY#]�O#Q«l NiZ �
&�O#Z�¬ d Q?[gT{_ Á T{ZET{z|Y#_�O#_#R¶l#T{Q ¥&É QEO#_#RUQ Á NiO#]T{QÂÀ«`�ZElBÀ«`�Thl#T{ZÂl#`aT d ZE`�RU`a_ Nio�Tf¬ d QE[gTh_#]fNP[gZE`�Ã C �UThZ?§

¤U¨



ÀÎT{_#l1Th[ �H� T{Z � NiZgNi]Th[ST{Z P l#T8Ñ _#`�ThZE[ÂTh`�_#Th_Ý¦îNij�[ d Z�O1_#l Cmax
QE[ST{oaoa[;l NiQÞ½N�Ã�`a]�O#]Ë� d _ C l NiZ

pØNio�Q d l#`�T¾[ST{O#ThZSQE[STÌ¬�Ni_�[STvx �
� ZSO#_#l1Qg�P[SÈ{o�`az|Yfj É _#_#Th_�]f`�[Fl#`�ThQSTh]Ïm�_#QgN�[gÈ\_1`�z|Y�[ÚNPo�o�T«Ù-�iO#]T�l NPZSRUThQE[gTho�o�[.ÀÎT{ZEl#T{_ � }�]Ïl1`�T{QET{Q

� Z diÁ o�Th]ÄÈhO Á ThY#T Á T{_q`aQE[¾ThZEV d ZEl#T{ZEo�`az|Y�¿�NiO#z|Yql#`�TÌ¬�Ni_�[gT{_~l1T{Q¾m�O#QSR�NP_#RUQSRiZgNie#Y1T{_q]f`�[ � ThÀ«`az|Y�[gT{_
ÈhO×�iT{ZSQET{Y#Th_ �H� T{QEÀÎT{`�[gThZST{_¶jPNP_#_Ô]`a[¾l#`�ThQST{Z�È{O1Qg�P[SÈ{o�`az|Y#T{_¶Þ d l#`aÑ#jPN�[g` d _~l#T{Z y Th_#l#Th_#Èfl1T{Q�m\o�R d §
ZE`a[gY1]�O#Q{¿�� d ZEÈ{O#RUQ?À-Th`�QET�Ç/[ST{ZE_#T;ÈhOÊThZSÈhT{O#RUTh_�¿îT{_�[gRiT{RUTh_#RUThÀ«`aZSj�[«À-ThZSl#Th_ �

r±`�_Ðj d ]fe#oaTh[E[gT{Z � ZgNPe#YÐT{_�[gY �Poa[ n(n−1)
2

¬�Ni_�[ST{_�¿�Q d ]f`�[ Á T{QE[ST{Y�[Î`�_Ðl#`�ThQSThZ.È8À-Th`a[ST{_f¬ d l#`�ThZSO#_#RiQ?§
�PNiZE`âNi_�[gT�l NiQ c Y#Z d ] d Q d ]êNiO#Q n(n+1)

2

� ThÀ«`�z|Y�[ST{_ �î� ThZ � Th_#Th[S`�QEz|Y#T�m\o�R d ZS`�[gY#]�O1QÎThZSY �io�[bÈhÀÎT{` � N�§
ZSNi]fT8[gThZ{¿ P1

O#_#l P2
¿ l1`�T�NioaQ«¦�NPj�[ d ZSTh_�VXO#_#RU`aT{ZSTh_[�

C ′
i,j = Ci,j + P1bi,jCmax + P2(bi + bj)Cmax

� NPZgNi]Th[ST{Z P1
À«`�ZEj�[-QE`�z|Y�NiO�V&l#`�T\¬�Ni_�[gT{_1RUThÀ«`az|Y�[ST bi,j

NiO#Qh¿/À-�iY#ZET{_#l P2
r±`�_CB O Å NiO1V�l#`�T�¬3_ d §

[ST{_#RUT8À«`�z|Y�[gT bi
O#_#l bj

NPO#QSW Á [ �&� `aTÌ�ÔT{ZE[ST�VXW#Z¾l#`aT{QET Á Th`�l#Th_ � NiZgNP]fT8[gT{Z Á o�Th` Á T{_½À-�iY#ZET{_#l×T{`a_#T{Q
� O1ZSz|Y#o�NiO1VXT{QÂO1_��iT{ZS�i_#l#ThZE[ �F� Nio�]T{Z;ÀÚ�iY1oa[gT P1 = 0 O#_1l P2 = 1 VXW#Z�QET{`�_1T*$FT{ZSQEO#z|Y#T �F� Nil#O#ZEz|Y
À«O#ZEl#T½l1T{Z»r±`a_CB O Å l1T{Z»¬�Ni_�[ST{_#RUT8À«`�z|Y�[gT�NiO#QSRiT{QSz|Y#Nioa[STh[�¿.O#] Á Th`«l#T{Z�$ d ZSR�Ni_1RUQEÀÎT{`aQST�NPO#Qkl#Th]
ThZSQE[ST{_nm\_#QSNP[gÈ�È{O Á oaT{` Á T{_ �

m\O1z|Y¶Q d o�oa[ST�_#`az|Y�[��iT{ZS_#Niz|Y#oâ�PQSQS`aRi[�À-ThZSl#Th_�¿�l N Å l#`�T¬�Ni_�[gTh_#RUT8À«`�z|Y�[gTP¿àÀÎT{oaz|Y#T`�] ¦îNioao�T P1 >
0 T{`�_1T{_ër±`�_DB O Å NiO1V�l1`�T�ÙÎT{QE[S`�]]�O#_#RÔT{`a_#T{Q�¬3_ d [gT{_ñpX`�_#_1T{_�§ d l1T{Z�NiO Å T{_#oa`�ThRUT{_#l xÐY ��[S[gTh_�¿-`a]c Y#Z d ] d Q d ]�_#`�z|Y�[DO#_ Á Thl#`�_#RP[<NPo�Qà_#T Á T{_1T{`�_#Ni_#l#ThZDoa`�T{RiT{_#l#T � T{_#T.z d l#`aT{ZE[àÀÎT{ZEl#T{_ �P� Nil1O#ZSz|Y�À«W#ZSl#T
Th`�_K_ Ni`��UT{Z c Z d QSQ d �UT{Z�§?¼¾e�T{ZgN�[ d Z�Ù-O#`ao�l#`a_#RP§�ÙÎo d z|j/QÎ]f`�[bRUZ dUÅ T{ZÚ�¶NiY#ZEQSz|Y#Th`�_#oa`�z|Y#jPT{`�[b�UT{ZEY#`�_1l#T{ZE_ �

$òJ� �¤\KN!S!«G® &¸R�]�P`«@ZT� ¹¸RE�¦¶
Ù-T{Ni_ Á ThQSz|Y#ZET{` Á [�`�_�z�t   {.��Ni_#l d ]�¬3Thè/Q�È{O#Z�¬ d l#`aT{ZSO1_#R»� d _ � ThZS]�O�[|NP[S` d _#Th_ �&� `aT{QETf¬ d l1`�T{ZEO#_#R
À«O#ZEl#T;� d _�� d [SY#oâNiO�V¦z ¢i¨ {�È{O½��NP_#l d ]�Í�Th[0À d ZSjÊ¬3Thè/QÂpØ��Í�¬;xÚThZEÀÎT{`a[ST{Z?[�¿îO#]ïÇ�e Ni_1_ Á �iO#]T;l NPZ?§
ÈhO#QE[ST{o�oaT{_ �i� `�ThQSTb¬ d l1`�T{ZEO#_#R¾`aQE[±Th`�_#T-¦ d o�RUT.� d _ � o�Th`a[Sj d ]]kN�ÀÎT{Z?[gT{_�¿Pl#`aT � ThÀ«`az|Y�[STÚVXW#Z�ÖEThl#Tb¬�Ni_�[gT
ZET{e#ZS�iQSTh_�[S`�ThZST{_ �

}�]ËTh`�_#Th_¶Ù-NiO#]ËÈ{OÔT{ZEY Nioa[ST{_�¿&ÀÎT{ZEl#T{_Bl1`�T¬�Ni_�[gT{_Ô_ Niz|YÔ`�Y#ZET{_ � T8À«`�z|Y�[gTh_BQ d Z?[g`aT{ZE[�O#_1lBNi_
¬3ZSO1QSj�Nio�Q±m�o�R d ZS`a[SY#]�O#Q<È{O#] ¦<`a_#l#Th_Th`�_#ThQÎÞÊ`�_#`a]kNPo�T{_Ç/e Ni_#_ Á NiO1]fThQ.W Á ThZSRUT Á Th_ �/� `�ThQST{ZF�UThZEÀÎT{_�§
l#T8[-l1`�T�¬�Ni_�[gT{_`�_l#ThZ-�«T{`aY#T{_1V d o�RUTb`aY#ZSThZ-Ç d ZE[S`�T{ZEO#_#R � ��`aT Á Th`�] ¥ Í\ÙF§�r±_#z d l#`a_#R�QE[gTho�o�[FY#`�ThZ�ÖEThl#T{Qc Y#Z d ] d Q d ]CT{`a_#T{_KRUW#o�[g`aRUT{_KÙÚNPO#]êl NPZbO#_#lnT{Q«j É _1_#T{_½ÞÊO1[gNP[g` d _#Q?§.O1_#l½�«T{j d ] Á `a_ NP[S` d _#Q d e�T{ZgN�§
[ d ZSTh_K�iT{Z?À-Th_#l#Th[\À-ThZSl#Th_ �
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� NPQHÖET8À-Th`�oaQ Á ThQE[gT�^0_#l#`��/`�l#O#O1]CÀ«`�ZElK_#`�Th]kNioaQÚl#O#ZEz|Y½Th`�_#Th_ÊÍ�Niz|Y#j d ]f]T{_nT{ZEQST8[gÈh[�psr±oa`a[g`aQS]�O1Q|x �� ThQÚÀ-Th`a[gThZSTh_KÀÎT{ZEl#T{_K_#ThO�T{ZEÈ{T{O1Ri[gT ¥&É QEO#_#RUTh_n_1`�z|Y�[b`�_kl#`�T �Dd e#O1oâNP[S` d _kNiO1VXRUTh_ d ]]fTh_�¿/ÀÎT{_1_
ThQ»QS`az|YëO#] � O#e#o�`aj�NP[gTK� d _�TÆÃ1`aQE[S`�T{ZET{_#l1T{_ë^0_#l#`��/`�l#O#Th_ëY Ni_#l1T{oa[ �-� Ni]f`�[fÀ«`aZSl6l1T{Z�r±ZSY#Nioa[kT{`�_1T{Z
ÞÊ`a_#l#ThQE[S�/`aT{oaVØNPoa[bNP_ ¥&É QEO#_#RUTh_Ê`a_nl1T{Z �Dd e1O#oâNP[S` d _�O1_�[ST{ZEQE[gW�[gÈh[ �

9¦JLI Ç;N!b�]Dbd\Gdbd¶�bLR[ZCT!NUV
m�o�o�TÌ^0_#l#`a�/`al#O#T{_ql#ThZ�m\_1VØNi_1RUQSe d e#O#o�NP[g` d _½ÀÎT{ZEl#T{_B`a_#`a[S`âNioa`�QE`�T{Z?[ � � `�T � Z É Å TÂl1T{Z �Dd e1O#oâNP[S` d _�À«`aZSl
`a_l1T{Z.¬ d _�Ñ RUO#ZSNP[g` d _Ðl#T{Q � Th_#Th[S`�QEz|Y#T{_fm\o�R d ZS`�[gY#]�O1Q<VXT{Q?[gRUTho�T{RP[ � r±QÎY#Ni_#l#Thoa[FQS`az|YfY1`�T{Z Á Th` O#] T{`a_#T
ÈhO1VØ�io�oa`�RUT�^0_#`a[S`âNioa`�QE`�T{ZEO#_#R �

t ��� T{Z±_#ThO#T�ÙÚNiO#]@À«`aZSlÂ]`a[<T{`�_1T{Z±o�ThT{ZET{_f¬�NP_�[ST{_#]T{_1RUTb`�_#`�[g`�Nio�`aQS`�ThZE[ � �¶Th`a[ST{ZSQHÀ«`aZSlÐT{`a_#T ¥ `�Q?[gT
NPo�o�ThZÌ¬�Ni_�[ST{_Ýl#T{QÐr±`a_#R�N Á T{RUZSNie#Y#Th_ßRUT{_1T{ZS`aT{Z?[�¿±NiO1Q�À-Tho�z|Y#ThZÐ¬�NP_�[ST{_ßVXW#Z�l1T{_(Ç�e Ni_1_ Á NiO#]
NPO#QSRUT8ÀÚ�PY#oa[bÀÎT{ZEl#T{_ �

¢ � m�O#Q«l#T{_n�UThZEVXW#R Á NiZSTh_~¬�Ni_�[gT{_nl#ThQ¾r±`�_#RUN Á ThRUZgNPe#Y#T{_KÀ«`�ZElKT{`�_1TÌ¬�Ni_�[gT�ÈhO1VØ�io�oa`�RÂNPO#QSRUT8ÀÚ�PY#oa[
O1_#l~È{O#]�ÙÚNiO#]ÄY#`a_#È{O#RiThVXW#Ri[{¿�Q d VXT{ZE_ql#`�T Á Th`�l#Th_q¬�_ d [gTh_�¿�l#`aTÌThZ¾�UT{Z Á `�_1l#Th[{¿�_#`az|Y�[ Á T{ZET{`�[gQ
W Á ThZ¾Ni_#l1T{ZST�¬�NP_�[ST{_~l#ThQ�ÙÚNiO#]T{Q��UThZ Á O#_1l#T{_×QS`a_#l ��� `�T Á Th[SZgNiz|Y�[STh[gTÐ¬�Ni_�[ST;À«`�ZEl~NiO#Q\l#T{Z
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ã� º���æ � å���´ # `a_#`a[S`âNioa`�ÈhT�p¹x
ÃDÄaÅ�Æ;ÇÉÈqÊDÄDÇÈ>]É]b=b ÑöÑ Ï�Ð�Ï¥Ö Ï�×DØCÏ�ÙDÇ=Ú�Ë�É�Ì�S]Ê�Ë ÛÍ ÇqÎ�Ï�Ð

E ′ := ØöÅDÆ;×DØìÆÉÅ�ÃT? Å A G Ëxä ÇqÈöÎDÇ_ØDÏ ä Ö E
T := {};ÝÉÞ ÏÉØqÇ |T | < |V | − 1 ÈaÅÍ ÇqÎ Ï�Ð
ÄD×�ÐDÈaÅ�à Ø@? ä ÇDØqÇaÆ�Ö e ∈ E Ë ×�ÐDÈ¸ÄDÇ�à Å�ÜCÇ e

A ÄaÅ¥à E ËöÔÈDÇCÆÉÅ�ÈCÇ e = (n1, n2) ÔÏ A n1
×�ÐDÈ n1

Ð�Å�Ö_×DØ�ÄDÇ�×qÈ]?ãÆÉÅ�ÐöÐkÇCÆ�ÖCÇqÈ�Ï¥Ð T Ö Þ Ç�ÐÍ ÇqÎ�Ï�Ð
T := T + {e};Ç�ÐDÈ ÔÇ�ÐDÈ ÔÇ�ÐDÈ?æ

¥ `aQE[gTl#ThZ��iT{ZEVXW1R Á NiZET{_Ý¬�Ni_�[gTh_BT{_�[SVXThZS_�[�¿�O#]áÈ{OÔ�UT{ZEY#`�_1l#T{ZE_�¿Dl#N Å l#`aT{QET»¬�Ni_�[gT_ d z|Y#]kNPo�Q
NPO#QSRUT8ÀÚ�PY#oa[«O#_1lÊ`a_ÊÙÎTh[gZSNiz|Y�[\RiT{È d RUT{_KÀ«`�ZEl �

¤ � ¦îNioao�Q�l1T{ZfÇ�e Ni_1_ Á NiO#] p |V | − 1 ¬�Ni_�[gTh_îx�_#`�z|Y�[� d oao�QE[g�i_#l#`aR~`�Q?[�¿±RUThY#TÊÈhO p ¢ x8¿FNP_#Q d _1QE[gTh_
Á T{Th_#l#T �

� ThZ«m\o�R d ZS`�[gY#]�O1Q-À-Th`�Q?[�Th`�_#Th_Ê]fN�Ã�`�]fNioaT{_»m�O1V®ÀÚNP_#ln� d _ O(|E|) = O(n2) NiO1V�¿1l N]fN�Ã�`�]fNio�Nio�oaT
¬�Ni_�[gTh_Êl1T{Q«m\O#QER�Ni_#RiQSRUZSNie#Y#Th_½T{`a_#]fNio�W Á T{ZEe#ZSW�V®[�ÀÎT{ZEl#T{_�¿ Á `�Qbl#ThZ\Ç/e Ni_#_ Á NiO1]�T{ZSÈhT{O#RP[�`aQE[ �

&�O#Z%$FT{Z?ÀÚNio�[gO#_1Rkl#ThZ\¬3_ d [ST{_áÀ«`�ZEl½T{`a_#T;}�_#` d _�§�¦D`�_#l�§ � NP[ST{_#Q?[gZSO1j�[SO#Zb�UThZEÀÎT{_#l#T8[�¿�ÀÎT{oaz|Y#TÌl1`�T� Á ThZSe#ZEW1VXO#_#R#¿ dUÁ ÈhÀÎT{`Î¬3_ d [ST{_ Á ThZST{`�[gQ��UThZ Á O#_1l#T{_BQE`�_#l�¿�Q d À«`�Tl NiQ�Û�`a_#È{O1VXW1RUT{_Ô_#T{O#ThZ/$FThZ Á `a_�§
l#O1_#RUT{_½ÜÊNPo�Q d l1`�T£$FThZSTh`�_#`aRUO#_#Rk� d _×¬3_ d [gTh_#]T{_#RUTh_ÊÜÊW Á T{ZS_1`�]]Ì[ � r±`�_#TÐ¼¾e�T{ZSNP[g` d _�NiO�VÎl1`�T{QET{Z
� N�[gT{_1QE[gZEO#j�[gO#Z;pØÛ�`�_1È{O1VXW#RiT{_KT{`a_#T{Z«¬�Ni_�[gTP¿ � Á T{ZEe#ZSW�VXO#_#RfNiO1V"$FT{Z Á O#_#l#Th_#Y#Th`a[ÆxÚY N�[«l#T{_nm\O1V®À-Ni_#l
O(α(n2, n)) ¿±À dUÁ Th` α(M, N) l#`�Tn`�_��iT{ZSQET½mbz|jPT{ZS]fNi_#_�VXO#_#j�[g` d _ë`�Q?[ � ^0Y#Z�¶ThZE[fT{ZSY É Y�[»QS`az|Yì]`a[
À-Niz|Y#QET{_#l#Th] M

Á È8À � N _�O#ZFT8Ã/[gZET{]�o�Ni_#RUQSNi] � Ç d `�Q?[ α(M, N) ≤ 4 VXW1ZFNio�oaTÚe#ZgNPj�[S`�QEz|YkNiO�V®[gZST8[gTh_�§
l#Th_��¶ThZE[gT¾� d _ M O1_#l N pØQ d oâNi_1RUT M ≤ 1080 x � � NiZgNP]fT8[gT{Z M `aQE[bl#`aT¾m\_1È�NiY#o�l#T{Z�¼¾e�T{ZgN�[g` d _#T{_
NiO�VDl1T{Z � NP[ST{_#Q?[gZEO#j�[gO#Z;pØ`a_�O#_#QET{ZSTh]�¦îNio�oaT n2 x-O#_#l N Q?[gT{oaoa[-l#`�T¾m�_#È�NPY#o�l#ThZ«rFoaT{]T{_�[gT3l#NiZ�psNioaQ d
n QSTho Á Q?[Æx �F� `�TKRUTh]f`�[S[gThoa[ST ¥ NiO1VXÈ{Th`a[Ð`a_#_#T{ZEY Nio Á Th`�_#ThQÐm\o�R d ZS`�[gY#]�O1Q�`�Q?[fe1ZgNij�[g`aQSz|Y j d _1QE[|NP_�[ �-� `�T
^0]e#o�Th]fTh_�[g`�ThZSO#_1RÂl#T{Z�}�_1` d _�§0¦<`�_1l�§ � N�[gT{_1QE[gZEO#j�[gO#Z-`�QE[«`a_nw � ¢ � t Á T{QSz|Y1ZS`�T Á Th_ �

m\oaR d ZE`a[gY1]�O#QbwÂQE[ST{oaoa[bl#`aT3^0_#`a[S`âNioa`�QE`�T{ZEO#_#R;`�] � QET{O#l d § c-d l#T;l#NiZ �

9¦J~© è�ZC«K¶D¶�«åXKR[Z
r±QFÀ«O#ZSl#Th_»T{`a_k_#`az|Y�[-Y#ThO#ZS`aQE[S`�QSz|Y1T{Q-O1_#lk]T{Y#ZET{ZET�Y#ThO#ZS`aQE[S`�QSz|Y1TU$FT{Z?VØNiY#ZET{_fVXW1ZÎl#`aT�¬�NP_�[ST{_ NPO#QEÀ-NiY#oÁ T{`a] c Z d QSQ d �iT{ZÎ`�]e#o�Th]fTh_�[S`�ThZE[ ��� NPQFVXW1Z±T{`�_1T{_ � O#ZEz|Y#oâNiO�V�ÈhO�iT{ZEÀÎT{_1l#T{_#l1T!$FT{Z?VØNiY#ZSTh_ÂÀ«`�ZSl Á T{`a]
Ç/[gNiZE[«l1T{Q«m\oaR d ZS`�[gY#]ÌO#QbNioaQ � NiZSNi]fT8[gThZb]f`�[gRUThRUT Á T{_ �

� óô	[ósÿ Ì µ � ·�µ � µ/°�æ � ²hå � õ
Ù-Th`1l#`aT{QET{Z±ÞnTh[gY d l#TÚÀ«`aZSl�l1T{ZFÇ�e#Ni_#_ Á NiO#]ñ]`a[DÈ{O1VØ�ioao�`aR\NiO1QSRUT8ÀÚ�iY1oa[gTh_Ð¬�Ni_�[gT{_ÐNPO#Q<�UThZSQEz|Y#`�Thl#T{_#Th_
¬�Ni_�[gTh_#]T{_#RUTh_Êl1T{Z�r±oa[gThZS_nNiO1VXRiT Á NiO�[��

¤i¡



Parent1 Parent2

Child

1

3 4

2

5

1

3 4

2

5

1

3 4

2

5

m Á#Á `�o�l1O#_#R   � c Z d QSQ d �iT{Z d Y#_#T�Û�ThO#ZS`aQE[S`�j

t � m�o�oaT«¬�NP_�[ST{_�¿�ÀÎT{o�z|Y1T¾`�_ Á Th`�l#Th_�r±oa[ST{ZS_�[ST{`�oaT{_Ð� d ZEj d ]]T{_~p A∩B xÆ¿�ÀÎT{ZEl#T{_�O#_��iT{Zg�P_#l#T{Z?[b`�_
l#NiQ«¬3`�_#lKW Á T{ZE_ d ]]fTh_ �

¢ ��� T{Z3Ç/e Ni_#_ Á NiO1]ïÀ«`�ZEl½]`a[\¬�Ni_�[gT{_�¿�ÀÎT{o�z|Y1T�`�_ÊT{`�_1T{]Äl#T{Z Á Th`�l#Th_~r±oa[gThZS_�[gTh`�oaT;� d ZSj d ]f]T{_
p A ∪ B − A ∩ B x8¿#�iT{Z?� d oao�QE[g�i_#l#`aRi[ �

Û�`�T{Z Á Th`�À-ThZSl#Th_~NioaQ d ¬�Ni_�[gT{_ Á T8� d ZEÈ{O#RP[�¿ À-Tho�z|Y#T�`�_ Á T{`�l1T{_ÊrFo�[gThZS_�[gTh`�o�Th_n� d ZSj d ]]fTh_�¿ Á T8� d Z�NiO1V
l#`aT¾W Á ZE`�RUTh_n¬�NP_�[ST{_Kl#ThZ«rFo�[gThZS_�[gTh`�o�T\È{O#ZEW#z|j�RUT{RUZE`að�T{_KÀ«`�ZEl � r±Qb`�Q?[«_#`�z|Y�[«T{Z?V d ZSl1T{ZSoa`�z|Y�¿1NiO1V<Ni_#l#ThZST
¬�Ni_�[gTh_ßl#T{QÌm\O#QER�Ni_#RUQERUZgNPe#Y#T{_ÝÈhO#ZSW#z|j�ÈhO#RUZSTh`aVXTh_�¿Hl N�]`a[�l#Th_(¬�Ni_�[ST{_ßl#ThZÂr±oa[gThZS_�[gTh`�oaTf]`a[;l#T{_
Ç�z|Y1ZS`a[E[gTh_�t\O#_1l ¢ Th`�_kRiW#oa[S`�RUThZÎÙ-NiO#] T{ZEÈ{ThO#Ri[ÚÀ«`aZSl �/� `aT{Q-]ÌO ÅÌÁ T{ZEW#z|j�QS`�z|Y�[S`�Ri[ÎÀ-ThZSl#Th_�¿1l N�l#O#ZEz|Y
l#`aT3�«T{j d ] Á `�_#NP[g` d _»jiTh`�_K_#ThO#T{Q � T{_#]fNP[gThZS`�Nio�`a_�l#`�T �Dd e#O1oâNP[S` d _»Th`�_#RiT Á ZSNiz|Y�[�À«`aZSl � Í�`az|Y�[«`a_�l#T{_
r±oa[ST{ZE_�[ST{`ao�T{_�� d ZSj d ]]fTh_#l#T«¬�Ni_�[gTh_j É _#_#Th_kQ d ]f`�[H_�O#Z±]`a[HÛ�`�o�VXTÚl#ThZ.ÞÊO1[|N�[g` d _�À«`�T{l1T{Z±T{`a_#RUT8VXW#Ri[
ÀÎT{ZEl#T{_ �

m Á1Á `�oal#O#_#R   `�o�oaO#QE[SZS`aT{ZE[àl1`�T{QET{QÕ$FThZEVØNiY#ZET{_[�q&�O#_ �iz|Y1QE[±À«`�ZEl�l#ThZHm Á j É ]]foa`�_#R�]f`�[H¬�Ni_�[ST{_�¿�À-Tho�§
z|Y#Tb`a_ Á T{`�l1T{_Âr±oa[ST{ZE_�[ST{`ao�T{_;� d ZEj d ]]fTh_�¿UNPO1VXRUT Á NiO1[�pXl#`�z|jPT«¬�NP_�[ST{_îx �U� NP_ Niz|YÂÀ«`�ZEl�l#T{ZHÙÚNiO#]ñ]f`�[
¬�Ni_�[gTh_�¿/l#`�T�_�O#ZÚ`�_fT{`a_#T{] l#ThZÚr±oa[ST{ZS_�[ST{`�oaT��iT{Z?À-Th_#l#Th[bÀ«O1ZSl#Th_�¿��iT{ZE� d o�oaQE[g�i_#l#`aRi[3pXl#W#_#_1T3¬�Ni_�[gT{_ x �

� óô	[ó�	 � µ/°àæ � ²hå � õ
&�O#_#�iz|Y#QE[3À«`aZSlqT{`a_#TÞÊTh_#RUT�� d _¶¬�Ni_�[gTh_�¿�ÀÎT{oaz|Y#Tf`a_~]f`a_#l#ThQE[gTh_#Q3T{`a_#T{]�r±oa[gThZS_�[gTh`�o�� d ZEj d ]]fTh_�¿
ThZSÈ{ThO#Ri[;p A∪B x � Í�O#_�À«`�ZSl»�iT{ZEQSO#z|Y�[�¿�NiO1QÚl#`�ThQSThZ�ÞÊT{_#RiT3l#T{_K_#ThO#T{_ÊÇ�e NP_#_ Á NiO#]CÈ{OKRUT{_1T{ZS`aT{ZET{_ �

&�O#Z3m�O#QEÀ-NiY#oFl#ThZ;¬�Ni_�[ST{_qÀ«`�ZSlqTh`�_#T y d O#ZE_ Ni]T{_�[E§�Ç�T{oaT{j�[g` d _��UThZEÀÎT{_#l#T8[ � Ù-T{`�ÖEThl#T{]Ç/z|Y#ZS`�[S[
ÀÎT{ZEl#T{_ ksel

¬�Ni_�[gTh_BÈ{O1VØ�Po�o�`aR�QSTho�T{j�[S`�T{Z?[ÌO1_#lB]`a[�Û�`aoaVXTÐT{`a_#T{Z;Û�ThO#ZS`aQE[S`�j�À«`�ZEl Á T{Q?[g`a]f]Ì[{¿�À-Tho�z|Y#T
l#`aT{QET{Z3¬�Ni_�[gTh_q_/O1_q[gNP[gQS�iz|Y#oa`�z|Y~È{O1Z3¬ d _1QE[gZEO#j�[g` d _~l#T{Q�ÙÚNPO#]fThQ\�UThZEÀÎT{_#l1Th[�À«`�ZSl � Û�`aT{Z�À«`�ZSl~l1`�T
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}�_�[ST{ZEQSz|Y#Th`�l#O#_1R×� d ZSRUTh_ d ]]fTh_�¿DÀÎT{oaz|Y#T{QÂQEe�ThÈ{`aT{o�oaT c Z d QSQ d �iT{Z?§~$FT{Z?VØNiY#ZSTh_(RiThÀ-�iY#oa[ÌÀ«O#ZSl#T×pXQS`aT{Y#T
_ NPz|Y1V d o�RiT{_#l#T�m Á QSz|Y#_#`�[S[STvx ��� `aT y d O#ZE_ Ni]T{_�[E§�Ç�T{oaT{j�[g` d _ÊThZSo�NiO Á [�T{Qh¿�l#O1ZSz|Y�l NPQ\¦ T{Q?[goaT{RUTh_½l#ThZ\È{O
�iT{ZEÀÎT{_1l#T{_#l1T{_�¬�Ni_�[ST{_ Ni_1È�NiY#o ksel

l#Th_Êr±`a_CB O Å l1T{ZbÛ�T{O#ZE`�QE[S`�jÈ{O Á T{Q?[g`�]]T{_ ��� NiQ¦$FThZEVØNiY#ZET{_�`aQE[
T8ð�Thj�[S`a�~O1_#lBNiZ Á Th`a[STh[�]`a[�o�`a_#T�NPZST{]ïm\O1V®À-Ni_#lÔe#Z d Y#`a_#È{O#RiThVXW#Ri[ST{Z�¬�Ni_�[gT �D� T{Z � ThQgNi];[|NiO1V®À-Ni_#l
Á T{`�l1T{Z�r±ZSÈ{ThO#RUO#_1RkT{`a_#T{Q«_#ThO#T{_½ÙÚNiO#]T{Q Á T{o��iO1V®[«QE`�z|YnQ d ]`a[«NPO1V O(n)

�
Ç�Th`�T{_ s, t, u, v ¬3_ d [ST{_�O#_#l es,t, eu,v

ÈhÀÎT{`�ÈhO1VØ�io�oa`�RUT½¬�Ni_�[gT{_*NiO1Q A ∪ B
� m�O Å T{ZEl#T{] À«`�ZSl

ksel = 2 Ni_#RUTh_ d ]]fTh_ � ¦DW#ZbNioao�T ksel > 2 RU`�o�[��/r±QÚÀ«`�ZEl�l NiQ�ÞÊ`a_#`�]�O1] Á ÈhÀ � Þ½N�Ã�`a]�O#]ÏW Á ThZbNioao�T
ksel

¬�Ni_�[ST{_ Á ThQE[g`a]f];[bO#_#lnl#`�T Á T{Q?[gT;¬�Ni_�[gT3À«`�ZElK�iT{Z?À-Th_#l#Th[ �

t � �/w�m�v�g�����g�ð/Í���Ù-T{`±l#`aT{QET{Z�Û�ThO#ZS`aQE[S`�j½`aQE[ ds,t
Ü�NioaQ d l#`aT � `�Q?[|Ni_#ÈÂÈ8À-Th`�ThZ;¬3_ d [gT{_�Ü½l NiQ3m�O#Q?§

À-NiY#oaj�ZS`a[ST{ZE`�O#] �1� `�T{QET�Û�T{O1ZS`�Q?[g`aj Á T8� d ZEÈ{O#RP[\¬�Ni_�[ST{_n]f`�[bRUT{ZE`�_#RiT{Z � `aQE[|NP_#È �
r±QbÀ«`�ZEln¬�NP_�[ST es,t

�UThZEÀÎT{_#l#T8[�¿�À-Th_#_½RU`aoa[�� ds,t < du,v

�
¢ � �/w�m�v�g�����g�ðÏÎÕ��Û�`�ThZ¾`�Q?[ rs,t

Ü�NioaQ d l#ThZ�¬ d ]]�O#_#`aj�NP[g` d _#Q Á T{l#NiZEVFÈ8À-Th`�T{Z�¬3_ d [ST{_½Ü½l NiQ3m�O#Q?§
À-NiY#oaj�ZS`a[ST{ZE`�O#] � ^0_×l1`�T{QET{]�¦�NPo�o�RUT{Y�[�]fNi_~l N�� d _×NiO1Q{¿�l N Å ¬�_ d [gTh_�¿�ÀÎT{o�z|Y1TQET{Y#Z3O1]VØNi_1RP§
ZET{`az|Y×]`a[ST{`a_ Ni_#l#ThZ\j d ]f]ÌO#_#`�Èh`�ThZST{_�¿�]`a[¾RiZ É Å ThZSThZ¾�BNiY1ZSQSz|Y1T{`�_1o�`�z|Y1jiT{`�[3�UThZ Á O#_1l#T{_×À-ThZSl#Th_
Q d o�o�[gTh_ �
r±QbÀ«`�ZEln¬�NP_�[ST es,t

�UThZEÀÎT{_#l#T8[�¿�À-Th_#_½RU`aoa[�� rs,t > ru,v

�
¤ � �/w�m�v�g�����g�ð�Ð=� � `�ThQST%$.NiZS`�Ni_�[gT«�UThZEÀÎT{_#l#T8[bl#`aT � `aQE[gNi_#È�O#_#lkl1T{_�¬ d ]f]ÌO#_#`�j�NP[S` d _1Q Á T{l NiZ?V�È{O#Z

m�O#QEÀ-NiY#o-T{`�_1T{ZÂ¬�Ni_�[gT �H� `aT � `aQE[gNi_#ÈkÀ«`aZSlß]`a[;l#T{] ¬ d ]]�O#_1`�j�NP[g` d _#Q Á Thl NiZEVÚ`�_ß�«T{o�NP[g` d _
RiT{QST8[gÈ8[�¿�O#]á¬�Ni_�[gT{_¶]f`�[�RUZ dUÅ T{Z ¥ �P_#RUTfN Á ThZÌNPO#z|YBRUZ dUÅ T{] Ù-T{l NPZEV Á T{QSQET{ZET c Y Ni_1z{T{_ßRiT8§
RiT{_�W Á T{Zf¬�NP_�[ST{_(]f`�[Ðj/oaT{`a_#T{Z ¥ �i_#RUTnO#_#l(_#`�Thl#ZS`aRUT{]�Ù-T{l#NiZEV3Th`�_#ÈhO#Zg�PO#]fTh_ � r±QÀ«`aZSl l#T{Z
]`a[E[goaT{ZST�¬ d ]f]ÌO#_#`�j�NP[S` d _1Q Á T{l NiZ?V<�iT{ZEÀÎT{_1l#Th[{¿�l#N»l#`�ThQST{Z\T{`�_1T{_�� d _~l#T{Z � Z É Å TÌl#ThZ¾m\O�VXR�N�§Á T{_1QE[gTho�oaO#_#R¾N Á Y �i_#Ri`�RUTh_�Ù-ThÈ{O#RUQ?À-ThZE[±l#NiZSQ?[gT{oaoa[DO#_#l�Q d ]`a[ Á Th`vÖEThl#T{Z y ThQE[S`�_#Q?[|Ni_#ÈÎ�UT{Z?À-Th_#l#T8[
ÀÎT{ZEl#T{_Êj�Ni_#_ �
Ç/T{` R `�QE[«l1T{Z«]f`�[S[So�T{ZET3¬ d ]f]�O1_#`�j�NP[S` d _#Q Á Thl NiZ?V ∑

s,t∈V (G)
rs,t

|G(V )|

�
m�o�Qbm�O#QEÀ-NiY#oaj/ZE`a[ST{ZS`aO#]CVXW1ZbT{`�_1T;¬�Ni_�[ST�l1`�T{_�[�� ds,t

rs,t+R

�
r±QbÀ«`�ZEln¬�NP_�[ST es,t

�UThZEÀÎT{_#l#T8[�¿�À-Th_#_½RU`aoa[�� ds,t

rs,t+R
< du,v

ru,v+R

�
� `�TÂmbl#l#`�[g` d _~l#T{Q;¬ d ]f]�O1_#`�j�NP[S` d _#Q Á Thl NiZ?VXQ rs,t

]`a[\l#T{]Ë]`a[E[go�ThZSTh_~¬ d ]]�O#_1`�j�NP[g` d _#Q Á TÆ§
l#NiZEV R l#ThQ � ZgNie1Y#T{_ Á T8À«`�ZSj�[�T{`a_#T�m Á QEz|Y�À-�iz|Y�O#_#RKl#ThQ�rF`a_CB O Å T{Q«� d _ rs,t

RUT{RUTh_�W Á ThZ\l#Th]
r±`a_CB O Å � d _ ds,t

Á T{`a] $FT{ZERUo�Th`�z|YK]`a[bTh`�_#ThZ«Ni_#l#ThZST{_½¬�Ni_�[gT �
¡ � �/w�m�v�g�����g�ð²ÑQ��^0_Âl1`�T{QET{Zå$.NiZS`�Ni_�[gTÎÀ«`aZSl;l#`�TÎ]f`�[S[goaT{ZET � `�QE[gNi_#È-Nio�oaT{ZD¬�_ d [gTh_ Á ThZSThz|Y#_#Th[FO1_#l Á T{`

l1T{ZHm�O#QEÀ-NiY#o Th`�_#ThZ±¬�Ni_�[gTbNioaQ±r±_�[gQSz|Y1T{`�l1O#_#RUQEY#`�o�VXTbY#T{ZSNi_#RUThÈ d RUTh_ � r±QHÀÎT{ZSl1T{_ÐQ d ]`a[H¬�Ni_�[gT{_Á Th� d ZSÈhO#Ri[{¿.l1`�TKRUZ diÅ T{_(¬ d ]]�O#_1`�j�NP[g` d _#Q Á Thl NiZEV�Y N Á Th_�¿.NiO#z|Y(ÀÎT{_1_6QS`aTnW Á ThZfTh`�_#TKRUZ dUÅ T
¥ �i_1RUT��iT{ZEVXW1RUT{_ � m\O#z|Y�Y#`aT{Z Á T8À«`�ZSj�[-l#`�T�mbl#l#`a[S` d _kl#T{ZÎl#O#ZSz|Y1QSz|Y#_#`�[S[So�`�z|Y1T{_ � `�Q?[|Ni_1È D T{`a_#T
m Á QSz|Y�À-�iz|Y�O#_#R�l#ThQ�rF`a_CB O#QEQSThQ�l#ThZ � `�Q?[|Ni_#È�`a] $FT{ZEY �io�[g_#`aQÚÈ{O#]�¬ d ]]�O#_#`ajPN�[g` d _#Q Á T{l NPZEV �
Ç/T{` D `�Q?[«l#`�T3]`a[E[go�ThZST � `�Q?[|Ni_#È�È8À-Th`�T{Z�¬3_ d [ST{_ ∑

s,t∈V (G)
ds,t

|G(V )|

�
m�o�Qbm�O#QEÀ-NiY#oaj/ZE`a[ST{ZS`aO#]CVXW1ZbT{`�_1T;¬�Ni_�[ST�l1`�T{_�[�� rs,t

ds,t+D

�
r±QbÀ«`�ZEln¬�NP_�[ST es,t

�UThZEÀÎT{_#l#T8[�¿�À-Th_#_½RU`aoa[�� rs,t

ds,t+D
> ru,v

du,v+D

�
£ � �/w�m�v�g�����g�ðÓÒ���Ù-T{`�l#`�ThQSThZ¾Û�ThO#ZS`aQE[S`�j»À«`�ZEl�Q d À d Y#o�l#T{Z\]f`�[S[goaT{ZET�¬ d ]]�O#_#`aj�NP[g` d _#Q Á T{l#NiZEV<NiO#Q

p ¤ xÂNio�QfNiO#z|Yìl#`�TK]`a[S[So�ThZST � `aQE[|NP_#È�NiO1Q�p ¡ xÂ�iT{Z?À-Th_#l#Th[ � r±`�_#TÊ¬�Ni_�[gTnÀ«`�ZSl(NiO1VXRiZSO#_#lìl#T{Q
� `�QE[gNi_#zhT8§��«T{í�O#`aZSTh]fTh_�[?§�$FThZSY �io�[g_#`aQSQET{Q«NiO#QERUThÀ-�iY#o�[ �
m�o�Qbm�O#QEÀ-NiY#oaj/ZE`a[ST{ZS`aO#]CVXW1ZbT{`�_1T;¬�Ni_�[ST�l1`�T{_�[�� ds,t+D

rs,t+R

�
r±QbÀ«`�ZEln¬�NP_�[ST es,t

�UThZEÀÎT{_#l#T8[�¿�À-Th_#_½RU`aoa[�� rs,t+R
ds,t+D

> ru,v+R
du,v+D

�

¤ w



Child: Kante (3,5) wurde hinzugefügt

Parent1: Kante (1,2) ausgewählt Parent2: Kante (3,5) ausgewählt
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m Á#Á `�oal#O#_#R�t ¨ � c Z d QSQ d �iT{Z\]`a[bÛ�T{O1ZS`�Q?[g`aj

w �ÕÔ m�î�Ö;�j��gïs�w×�/w�mDv�g�����g�ð5�D¦DW#ZbÖEThl#T»¬�Ni_�[ST{_ NiO1QEÀ-NiY#oFÀ«`�ZSlÔÈ{O1VØ�Po�o�`aR×pØRUoaT{`az|Y�À-NiY#ZEQSz|Y#Th`�_#oa`�z|Yîx3T{`a_#T
l1T{Z dUÁ `aRUT{_nÛ�T{O#ZE`�QE[S`�jPT{_K�UT{Z?À-Th_#l#T8[ �

ª � �/w�m�v�g�����g�ð�i r�¡xé í é�mhØÀr�m�i���fhm�v���Ù�� � `aT�Û�T{O1ZS`�Q?[g`ajk_ Niz|Ynm\Y�O�ÖSNÂO#_1l�ÞÊO1ZE[0èU¿#ÀÎT{oaz|Y#T�`�_K¬�N�§
e1`a[gTho ¤ � ¤ � ¢ Á T{QEz|Y#ZS`aT Á T{_n`�Q?[�¿#À«O#ZEl#T�`�]J��NiY#]T{_Kl#`aT{QET{Z«m\Z Á Th`a[«T Á T{_�VØNio�oaQÚ`�]e#o�Th]fTh_�[g`�ThZE[ �� Ni]f`�[<l1`�T{QETbÛ�ThO#ZS`aQE[S`�j�VXW#Z<l#Th_ � Th_#Th[S`�QSz|Y1T{_Ðm\oaR d ZS`�[gY#]ÌO#Q��iT{Z?À-Th_#l Á NiZF`aQE[�¿�]�O Å [gTÚThZH] d l#`Õ§
Ñ#È{`�ThZE[FÀÎT{ZSl1T{_�¿�O#] l NiQÎrFZ Á ]fNP[gThZS`âNPo l#T{Z-rFo�[gThZS_�[gTh`�o�T«ÈhO Á T{ZSW1z|j/QE`�z|Y�[g`aRUT{_ � Û�`aT{Z Á Th`îÀ«`aZSlÀ«`�T
V d o�Ri[.� d ZERUT{RUNi_#RUTh_[�1��`�ZEl»T{`a_KÍ\Niz|Y1j d ]]fT\T{ZSÈhT{O#RP[�¿#Q d À-ThZSl#Th_Ê`a_�T{ZSQ?[gThZ ¥ `a_#`�T�l#`aT3¬�Ni_�[gT{_
l1T{Z Á T{`al#T{_�rFo�[gThZS_�[gTh`�o�T3�iT{ZEÀÎT{_1l#Th[ � ��`�ZSlÊY#`�ThZ�jPT{`a_#T�RUThT{`�Ri_#Th[ST�¬�Ni_�[gT;RUThVXO#_1l#T{_�¿îÀ«`�ZEl~NiO1V
l1`�T3ZSThQE[So�`�z|Y1T{_n¬�Ni_�[gT{_nl#ThQ\r±`�_1R�N Á T{RUZSNie#Y#Th_nÈhO#ZSW1z|j/RiT{RUZE`að�T{_ �
m Á RUThQST{Y1T{_ � d _�l#`�ThQSThZ½Þ d l#`�Ñ j�NP[g` d _ìÀ«O#ZEl#Tql NiQ*$FThZEVØNiY#ZET{_*O#_��UThZg�i_#l1T{ZE[ÊW Á T{ZE_ d ]]fTh_ �
� `�T{QET~Û�ThO#ZS`aQE[S`�jß`�Q?[»ZET{oâN�[g`a�ÝZET{z|Y#Th_ NiO1V®À-�i_#l1`�RBVXW#Z»Th`�_#Th_ � T{_#T8[g`�QEz|Y#T{_ëm�o�R d ZS`a[SY#]�O#QÀ� � T{Z
m�O1V®À-Ni_#l Á Th[SZg�iRi[ O(n3) VXW#Z�l#`�T�r±ZSÈhT{O#RiO#_#R�T{`a_#T{Q�^0_#l#`��/`�l#O#O1]fQ�O#_#l O(n3) VXW1Z±ÖEThl#T£$FThZ?§Á T{QEQSThZSO#_#RfÈ{O#]J¦<`�_#l1T{_Kl#T{Q�o d jPNPo�T{_�¼3e�[g`�]ÌO#]fQ �

m Á1Á `�oal#O#_#R t ¨ ÈhT{`aRi[kl1`�T$ d ZSRiT{Y#Th_#QEÀÎT{`aQST Á T{`«l#T{Zfm\O#Q?ÀÚNPY#o�Th`�_#ThZ»¬�Ni_�[gTnÈ{O1] m�O1V Á NiOìl#T{Q
Í�Niz|Y#j d ]f]T{_#QÀ�5&�À-Th`D¬�Ni_�[ST{_KÀ-ThZSl#Th_�È{O1VØ�Po�o�`aRÂNiO#Q�l#ThZ%$FThZSTh`�_#`aRUO#_#RUQE]fTh_#RUT�l#ThZ�¬�Ni_�[ST{_½l1T{Z�rFoÕ§
[ST{ZS_�[ST{`�oaT;QET{oaT{j�[g`aT{ZE[ÂpØl#`az|jiT ¥ `a_#`�Th_îx � Í�O1_�À-ThZSl#Th_×l1`�T{QET Á T{`al#T{_~¬�Ni_�[ST{_~T{_�[SQSe#ZET{z|Y#Th_#lÔl1T{Z.ÖET8À-Th`�§
oa`�RUTh_�Û�ThO#ZS`aQE[S`�jK�UT{ZERUo�`az|Y#T{_qO#_1l~l#`�T Á T{Q?[gTÂl#ThZ Á Th`�l#Th_�À«`�ZEl~l#T{]ï_#T{O#Th_¶Ù-NiO#]ÄY#`�_#ÈhO#RUT8VXW#Ri[ � ^0]
RUThÈ{Th`�Ri[ST{_nÙ-T{`aQSe#`aT{o�À«O1ZSl#T�l#`�T�¬�Ni_�[STkp ¤ ¿ £ xÚNiO#QERUThÀ-�iY#o�[�O1_#ln�iT{Z?À-Th_#l#Th[ �
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Vor der Mutation Nach der Mutation
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m Á#Á `�o�l1O#_#R�tUtq� ÞÊO1[|N�[g` d _

9¦J�´ Ú T%]D\@]Dbd«KN
r±Q&À«`�ZEl�Th`�_#T±ÈhO1VØ�ioao�`�RiTH¬�Ni_�[gT.NiO#Qàl#Th]ÒÇ�e NP_#_ Á NiO#]ÓTh_�[EVXT{ZE_�[�O#_1l;l#O1ZSz|YÌTh`�_#TFNP_#l#T{ZET.¬�NP_�[ST.NiO#Q G ÛÀÎT{oaz|Y#TÌT Á Th_1VØNio�oaQbÈ{O1VØ�Po�o�`aRÐNiO#QERUThÀ-�iY#o�[�À«`aZSl�¿ ÈhO½T{ZEQST8[gÈ{Th_ ��� Nfl#ThZ�m�O#QSR�NP_#RUQSRiZgNie#Y G � d o�o�Q?[|�i_1l#`�R
`aQE[�¿1RU` Á [ÚT{Q�`�]]fThZÚNio�[gT{ZE_ NP[S`a�UT�¬�Ni_�[ST{_�¿ l#`aT3l#`�T3Th_�[SVXT{ZE_�[gT;¬�NP_�[ST�T{ZSQETh[SÈ{T{_Êj É _1_#T{_ �

t � r±_�[SVXThZS_#Th_½Th`�_#ThZbÈ{O1VØ�ioao�`aR�RUThÀ-�iY#o�[gTh_½¬�Ni_�[gT e NiO#Q�l#T{Z�¬�Ni_�[gTh_#]fTh_#RUT E l#ThQ¾Ç�e#Ni_#_ Á NiO#]T{Q
T
� r±Q Á ThÑ _#l1T{_½QE`�z|Yn_�O#_ n − 1 ¬�Ni_�[gTh_Ê`a_ E

�
¢ � m�O1V Á NiO½l#T{Z3}�_#` d _�§�¦<`a_#l�§�Ç/[gZEO#zh[SO#ZST�l#O#ZEz|Yqr±`�_1VXW#RiT{_~l#ThZ��UThZ Á oa`�T Á Th_#T{_q¬�Ni_�[gTh_qNiO#Q E

� r±Q
TÆÃ�`�QE[S`�ThZST{__�O#_kÈ8À-Th`�¬�_ d [gTh_#]fTh_#RUTh_ Á È8À � y Th`�o Á �iO#]Ti¿Ul#`aT«l#O#ZSz|Yfl NiQ.r±_�[SVXT{ZE_#T{_kl#T{Z.¬�Ni_�[gT
e T{_�[SQE[|NP_#l#T{_½QS`�_1l �

¤ � &�O�VØ�io�oa`�RUTÂm�O#QEÀ-NiY#oÚTh`�_#ThQÂ¬3_ d [ST{_ u NiO#QÌT{`�_1T{] y Th`�o Á NiO#]áO#_#lßTh`�_#ThQÂ¬3_ d [gTh_ v NiO#Q�l1T{]
NP_#l#T{ZET{_ y Th`�o Á NiO#] �H� `aT{QST Á T{`�l1T{_(¬�_ d [gTh_(ÀÎT{ZSl1T{_6l#O1ZSz|Yìl1`�Tn¬�Ni_�[gT e′ = (u, v) À«`aT{l#ThZ
�iT{Z Á O#_#l#Th_ � ¬�Ni_�[gT e′ T8Ã�`�Q?[g`�ThZE[{¿#l NÐl#T{Z«m\O1QSR�Ni_1RUQSRUZSNie#YK� d oao�Q?[|�i_#l1`�RÂ`�Q?[ �

� `aT{QET{Z«¼¾e�T{ZgN�[ d Z.À-Th`�QE[ÚT{`�_1T¾Y d Y#T ¥ d jPNPo�`a[g�P[\pØl#ThZÚ_#ThO#T�ÙÚNiO#] À«`�ZEl»_#`az|Y�[ÚÈ{O�QSThY#ZÚ�UThZg�i_1l#T{Z?[ÆxÚNiO1V
O#_1l Á ZS`�_1Ri[¾T8�UT{_�[SO#T{oao±QST{o�[gTh_q�iT{Z?À-Th_#l#Th[ST»¬�Ni_�[gTh_(pXÀÎT{RUTh_ÔÈhO×RiZ dUÅ ThZ � `aQE[|NP_#È d l#T{Z3ÈhO×RiT{ZS`a_#RUTh]
¬ d ]f]ÌO#_#`�j�NP[S` d _1Q Á T{l NiZ?V Á T{_ NPz|Y�[ST{`ao�`�RP[gTÊ¬�NP_�[ST{_îxÐÀ«`�T{l1T{Z»`a_6l#`�T �Dd e1O#oâNP[S` d _(T{`a_ �-� T{ZnÞÊO1[gNP[g`Õ§
d _1Q d e�T{ZSNP[ d Z«`aQE[«O#_ Á T{l#`a_#Ri[�T{ZEV d ZSl#ThZSo�`az|Y�¿#l Nl#`�T��«T{j d ] Á `a_ NP[g` d _�jiTh`�_Ê_#T{O#ThQ � T{_#]fNP[ST{ZS`�Nio�`a_Êl1`�T��d e#O#o�NP[g` d _�T{`a_ Á ZS`�_1Ri[�pØQE`�ThY#T £ � ¢ x �

m Á1Á `�oal#O#_#RßtUt»�iT{ZSNi_#QSz|Y#NiO#o�`az|Y�[kl#`aT{QET*$ d ZSRUThY#T{_1QEÀÎT{`�QET;�.¬�Ni_�[gT×p ¤ ¿ £ x;À«`�ZSlßTh_�[SVXT{ZE_�[fO1_#l(l1`�T
Th_�[SQE[gNi_#l#Th_#T{_ y Th`�o Á �iO#]T¾À-ThZSl#Th_½l#O#ZEz|YÊTh`�_#T�Ni_1l#T{ZET;¬�Ni_�[STkp ¤ ¿ ¡ xÎÀ«`�Thl#T{Z«È{O1QgNi]]fTh_#RUT8VXW#Ri[ �� ThZ3¼¾e�ThZgNP[ d ZbÀ-Th`�Q?[¾T{`a_#T{_Êm\O1V®À-Ni_#l O(n) NiO1V � Í\NPz|Y�l#T{]Är±_�[SVXThZS_#Th_�T{`a_#T{Z�¬�Ni_�[gT;NiO#Q\l1T{]
ÙÚNPO#]ï]ÌO Å l#`aTÂ¬�Ni_�[gT{_1o�`�Q?[gT�À«`�T{l1T{Z¾_#ThOqNiO1VXRUT Á NiO1[\À-ThZSl#Th_6psÇ�z|Y#ZS`�[S[ ¢ x8¿�l Ni]`a[�l#`�T Á Th`�l#Th_~T{_�[E§
Q?[|Ni_#l1T{_#Th_ y T{`�o Á �iO#]T3`�l1T{_�[g`�Ñ È{`aT{ZE[bÀÎT{ZEl#T{_½j É _#_1T{_ � Ç d l Ni_#_Êj�Ni_#_nT{`�_1T�_1T{O#T;¬�Ni_�[gTi¿ ÀÎT{oaz|Y#T;l1`�TÁ T{`al#T{_ y T{`�o Á �iO#]T�À«`aT{l#ThZÚ�UThZ Á `a_#l#Th[{¿ RUThVXO1_#l#T{_nO#_#lnT{`a_#RUT8VXW#Ri[ÚÀÎT{ZEl#T{_ � Ç�z|Y1ZS`a[E[gTÂt�O#_#l ¤ Y N Á T{_
j d _#QE[gNi_�[gTh_½m\O�V®ÀÚNi_1l O(1)

�

Ü ò5Â t ö8ú%Â ú«óÐ÷àý8úÚû=<nó>
� ThZKm\o�R d ZS`�[gY#]�O1QfÀ«O#ZEl#T¶NPO1VÌTh`�_#Th] Ç/è/QE[ST{] ]`a[ � T{_�[S`�O#]Â§0^�$ cÚ� } p?t � u � Û�ÈvxkO#_�[gThZ ¥ `a_�O�Ã
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Ù-Th`Hl#ThZ3^0]fe#oaT{]T{_�[g`aT{ZEO#_#R»l#ThQ � Th_#Th[S`�QSz|Y1T{_×m\o�R d ZS`�[gY#]�O1Q�À«O#ZEl#TÂl#`�T � g���v�r;vhÙ��dî���â±¡�g~w�ik�Q}£r;��r
�Ù�pkwx�yr;i�� í � s���v�gj�jé�lù�kp ¥ r � m¾x«�iT{ZEÀÎT{_1l#Th[ ��� `aT{QST;Ù-` Á o�` d [gY#ThjfÀ«O#ZEl#T�� d ]ïÞ½N�Ã � o�Ni_#z|j�^0_#Q?[g`a[SO1[
VXW#Zb^0_�V d ZS]fNP[g`ajfTh_�[0À«`�z|jiThoa[�O#_#lKÀ«`�ZElK� d _nm\o�R d ZS`�[gY#]`�z\Ç d oaO1[g` d _#Q«Ç d V®[0ÀÚNiZET � ] Á Û��iT{Z?[gZS`aT Á T{_ �

� `aTÐÙ-` Á oa` d [SY#T{j Á `aTh[STh[�T{`a_#Ty$¾`aT{oaÈ�NiY#o<Ni_~m\oaR d ZE`a[gY1]fTh_�O#_#l � NP[ST{_#Q?[gZEO#j�[gO#ZET{_¶VXW#Z\l#`�TÂ^0]e#o�TÆ§
]T{_�[g`aT{ZEO#_#RK]kN�[gY#Th]kNP[S`�QEz|Y#T{Z3O#_1l¶RUZSNie#Y#`aQSz|Y#ThZ ¥&É QEO#_#RUTh_ � $ d _×l#T{Z�RUZ dUÅ T{_×m\O1QEÀ-NiY#o¹¿àl#`aTÂl#`�ThQST
Ù-` Á `�oa` d [SY#T{j Á `aTh[gT8[�¿�À«O#ZSl1T{_�l#`aTA�¥w��j�\�iT{Z?À-Th_#l#Th[{¿ O#] l#`�T�¬�Ni_�[gTh_#]fTh_#RUT�l#T{QÚÇ�e Ni_#_ Á NPO#]fThQbN Á ÈhO�§
Á `ao�l#Th_ �

Ç�T8[gQ½QE`�_#l*]`a[ÊÇ�O#z|Y Á �PO#]fTh_Ó`�]e#o�Th]fTh_�[g`�ThZE[ �Ú� `aT¶¼¾e�T{ZSNP[g` d _#T{_ Ï�Ð ä ÇqÄÉÖKÚ Û ¿ ÈDÇCØqÇ;ÖCÇ=Ú Û O#_#l
àkÇ�à Í ÇqÄ@Ú Û Y N Á T{_ñl#T{_ m\O1V®À-Ni_#l O(logn) ¿ Ç�à�Ã�ÖT?@Ú Û O#_#l ä Ï�ÙDÇ=Ú Û l#T{_ m\O1V®À-Ni_#l O(1) ¿¾O#_#lÆÉØqÇö×ÉÄ@Ú Û l#Th_Êm�O1V®ÀÚNP_#l O(n) ¿1À dUÁ T{` n l#`�T3m�_#È�NPY#o&l#T{Z�r±o�Th]fTh_�[gT�`�]êÇ�Th[�l NPZSQE[ST{oaoa[ �

¦<W#Z;l#`�T»¼¾e�ThZgNP[ d ZSTh_äã ÅCÏ�ÐGÚ Û ¿ Ï�ÐDÖCÇqÄ ä ÇaÆ�ÖKÚ Û O#_#l È�Ï A]A Ú Û RU`�o�[��DÇ�Th`�T{_ßÇ�t�O#_#lÝÇ ¢ ÈhÀÎT{`«Ç�T8[gQ
l#ThQ y è�e�T{Q y ]`a[Ïå Ç�t=ååøJ_�t�O#_#læå Ç ¢ å"øJ_ ¢ ¿<l#Ni_#_ Á T{_ É [S`�Ri[ÂÇ�t � Ö d `�_&p¹Ç ¢ x3O#_#l Ç�t � l1`aðHp¹Ç ¢ x�l#T{_
m�O1V®ÀÚNP_#l O(n2 log(n1 + n2)) ¿îÇ�t � `�_�[ST{ZSQET{z8[�p¹Ç ¢ x Á T{_ É [g`aRi[ O(n1 log(n1 + n2))
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QEz|Y NPV®[gTh_�O#_#l×ÞnTh[gY d l#Th_½VXW#Z���Thj d ] Á `�_ N�[g` d _�¿�ÞÊO1[gNP[g` d _�¿�Ç�T{oaT{j�[g` d _½O1_#l~Ù-T8À-ThZE[gO1_#R#¿�l#Ni]f`�[�l#T{Z
� T{_#T8[g`aQSz|Y#T�m\oaR d ZE`a[gY1]�O#QÚl NP]f`�[«NiZ Á T{`�[gTh_nj�Ni_1_ �� `aTkÙ-` Á o�` d [gY1T{j Á `�Th[STh[ÌNiO#z|YBl1`�TkÞ É RUoa`�z|Y#jPT{`a[{¿àNio�oaTÐr±`�_#Q?[gT{oao�O#_1RUT{_×l#T{Q;m\oaR d ZS`�[gY#]ÌO#Q3`�_ÔT{`�_1T{Z
¬ d _1Ñ RUO1ZgNP[S` d _#QEl NP[ST{`îÈ{O»QEe�Th`�z|Y#ThZS_»O1_#l»l#`aT{QST Á Th`�]ÏÇ/[gNiZE[-È{Ok�iT{Z?À-Th_#l#T{_ � �¶Th`a[ST{ZSQÎj É _1_#T{_�^0]e#o�TÆ§
]T{_�[g`aT{ZEO#_#RUTh_ÔT Á Th_1VØNio�oaQ3l#`�ThQSTh_ßÞÊThz|Y Ni_#`aQS]�O#Q�_�O1[gÈhT{_BO1_#l¶`aY#ZSTÐe#Z dUÁ o�Th]fQEe�ThÈ{`�Ñ QSz|Y#T � NPZgNi]Th[ST{Z
`a_�l#T{ZH¬ d _1Ñ#RUO#ZgN�[g` d _#QSl N�[gT{`1N Á oaT{RUTh_ d l#ThZ±NioaQ±Ç/[gNiZE[Se NiZgNP]fT8[gT{Z<Ni_#RUT Á Th_ ��� `aTb¬ d _1Ñ RUO#ZSNP[g` d _#QEl NP[gTh`
O#_1l½Ni_1l#T{ZET��iT{Z?À-Th_#l#Th[ST � NP[ST{`�V d ZS]fNP[gT�À-ThZSl#Th_�`�]Cm Á QEz|Y#_#`�[S[�w � ¤ Á T{QEz|Y#ZS`aT Á T{_ �
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^0_»l1T{ZÎ� d ZSoa`�ThRUT{_#l1T{_»^0]e#o�Th]fTh_�[g`�ThZSO#_1R;l#ThQ � T{_#T8[g`�QEz|Y#T{_�m�o�R d ZS`a[SY#]�O#Q±VXW#ZÎl NiQÚ¼ c Ç y � l#`aT{_�[Úl1`�T
� d _ Æ Þ ÄkÅ¥à Å ä Å�àkÇ N Á RUTho�T{`�[gT8[gTf¬�o�NiQSQET >�ÄDÇöÇ B;Þ ÄaÅ¥à NioaQ��ÔZgNie1e�ThZ;VXW#Z;T{`�_1T{_ÝÇ�e#Ni_#_ Á NiO#] ÜqTh`�_#Th]
¼ Á ÖEThj�[�l#ThZ�¬�o�NiQSQET >=É]b]b ¿#À-Tho�z|Y#T�ÀÎT{`a[ST{Z«O#_�[gTh_ Á T{QEz|Y#ZS`aT Á T{_n`�QE[ �

m Á1Á `�oal#O#_#R�t ¢ È{Th`�Ri[3l#NiQ3}¾Þ ¥ § � `âNPRUZgNi]]�l#T{Z¾¬�o�NiQSQET{_#Y1`�T{ZSNiZSz|Y1`�T ��� `�T�¬�o�NiQSQET b�Ì Q?[gTho�oa[\l#T{_
� T{_#T8[g`aQSz|Y#Th_×m�o�R d ZS`a[SY#]�O#Q�QSTho Á Q?[�l NiZ � ¨iT{_1TÐ¬�o�NiQSQET Á T{QE`a[gÈ8[�T{`a_#T��«ThVXThZST{_1ÈfNPO1VFT{`a_ �Dd e#O1oâNP[S` d _#Q�§dUÁ ÖET{j�[3l#ThZ¾¬3oâNiQEQST bDÌTçWSCèWS ��� `�ThQSTÌÀ«`aT{l#ThZSO#] Á Th`�_#Y#Nioa[STh[�l#`�T �Dd e1O#oâNP[S` d _½Ni_�^0_#l1`a�/`�l#O1T{_�¿îÀ-Tho�z|Y#T
� d _fl1T{ZFN Á Q?[gZSNij�[gT{_f¬3oâNiQEQST Æ Þ ÄkÅ¥à Å ä Å�àkÇ N Á RUT{oaT{`a[STh[±QET{`a_f]�W1QSQSTh_ � ^0]@� d ZSoa`�T{RiT{_#l#Th_¦�NPo�o�À«`aZSlÂl#`aT{Q
l#O1ZSz|Y�l#`aT3N Á RUTho�Th`a[gT8[gT�¬3oâNiQEQST >�ÄDÇöÇ B;Þ ÄaÅ¥à T{ZEZST{`az|Y�[�¿�ÀÎT{oaz|Y#T3l#`aT\^0]e#o�Th]fTh_�[S`�ThZSO#_#R;l#T{Z-^0_#l#`a�/`al#O#T{_
W Á T{ZE_#`�]]Ì[DÜ�O#_#lfÈhÀ-NiZ.l#T{ZSNiZE[{¿�l N Å ÖET{l#ThQÚ¼ Á ÖEThj�[Îl#ThZ-¬3oâNPQSQST >�ÄDÇöÇ B;Þ ÄaÅ¥à Th`�_k¼ Á ÖET{j�[Îl#T{ZÎ¬3oâNiQEQST
>]É]b]b Á ThQS`�[gÈh[{¿#À-Tho�z|Y#ThQ�l1T{_nj d _#j�ZETh[gTh_qÇ�e NP_#_ Á NiO#]ê�iT{Z?ÀÚNio�[gT8[ �
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ea_advbase

+ ea_advbase* clone(pop_base& p)

+ performGeneration()
+ performCrossover(chromosome* p1, p2, c)
+ performMutation(chromosome* c, double prob)
+ terminate()
chromosome* getBestChrom()
+ int getGenBest()
+ double getTimeGenBest()

+ run()

+ tournamentSelection()

pop_base

+ chromosome* bestChrom()

+ initialize()
+ pop_base(int popsize)

+ chromosome* at(int index)
+ replace(int index, chromosome* newchrom)

+ double getWorst()
+ double getMean()
+ double getDev()

GenerationalEA

performGeneration()
int select()
+ ea_base* clone(pop_base& p)
+ generationalEA(pop_base& p)

population

+ chromosome* bestChrom()

+ initialize()
+ population(chromosome& template, int popsize)

+ chromosome* at(int index)
+ replace(int index, chromosome* newchrom)

TREE

+ Create(TREE* A, B)
+ Mutate()
+ double Cost()

set<int> E
GRAPH* G

+ TREE(GRAPH* G)
+ Clone(TREE* T)
+ Random()

TreeChrom

TREE* T

+ initialize()
+ mutate()
+ crossover()
+ clone()
+ objective()
+ equals()

popsize
1

GRAPH

MATRIX* D, R, U

+ GRAPH(char* filename)
+ d(u,v), r(u,v), e(u,v), ...

3

MATRIX

+ MATRIX(int dimension)
+ Set(int i, k, x)
+ int Get(int i, k)

1

1
po

ps
iz

e

1

chromosome

# objective()
+ equals(chromosome& c)
+ isWorse(chromosome& c)
+ isBetter(chromosome& c)

+ initialize(int count)

+ clone(chromosome& orig)

+ crossover(chromosome& parA, parB)
+ mutate(double prob)

m Á#Á `ao�l#O#_1R�t ¢ � ¬3oâNPQSQSTh_#l#`�NiRUZgNP]f]
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ë Ð5Ï¥Ö Ï;×DØDÏ�ÙDÇÕÚ�ìTèWí]b�îÈì D Ï�Ð�Ö�Ð�Å�ÈDÇ]çaÆÉÅ�ÊöÐ�Ö Û"Ô
j�Ni_#_fl Ni]`a[FRUT{NiZ Á T{`�[gT8[ÎÀÎT{ZEl#T{_ �1� `�T�^0_#`�[g`âNPo�`�QE`�ThZSO#_#R\Y NP[Îl#T{_»m�O1V®À-Ni_#l O(nodecount)
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_#Th_Êl1`�T3T{`a_#È{Tho�_#Th_½¬3_ d [gT{_��iT{Z Á O#_#l#Th_½À-ThZSl#Th_ ��� `�ThQ«RUT{QEz|Y#`�ThY�[�]`a[«Û�`�oaVXT\l#T{Z�¦ O#_#j�[g` d _

Í ÅöÅöØ B Å�ÐöÐkÇCÆ�ÖKÚ�ìCèWí]bYî*ì D Ï�Ð�Ö�Ð âED Ï�Ð�Ö�Ð7F ÛåÔ
ÀÎT{oaz|Y#T�l#`�T Á T{`al#T{_Ý¬3_ d [gT{_Ý_�t�O1_#lÝ_ ¢ `�_ßl#ThZÂ¬3_ d [gTh_#o�`aQE[ST�Íê�UThZ Á `a_#l#Th[ÐO1_#l Á Th`br±ZEV d oaR Ö�ÄqÊaÇ
ÈhO#ZSW#z|j�oa`�ThVXThZE[ � Ç�`�_#ll#`aT Á T{`al#T{_k¬3_ d [gTh_ Á T{ZET{`�[gQF�UT{Z Á O#_#l1T{_�¿�À«`�ZEl A ×DØ ä Ç ÈhO#ZSW#z|j�RUTho�`aThVXT{Z?[ � r±Q.À«`aZSlTh`�_#T�O#_#` d _�§ Ñ#_#l�§0Q?[gZEO#zh[SO#ZST;]f`�[�e#NP[gY�z d ]e#ZSThQSQS` d _½�iT{ZEÀÎT{_1l#Th[{¿&O#]�VXT{QE[SÈ{O#Q?[gTho�o�Th_�¿îÀ-Tho�z|Y#TÂ¬3_ d [gT{_
Á T{ZET{`a[SQ<�UThZ Á O1_#l#T{_QS`a_#l ��� T{Z±m\O�V®ÀÚNi_1ll1`�T{QET{Z±¦ O#_1j�[S` d _Â`aQE[FNP] d Z?[g`aQS`�ThZE[ O(1) ¿il � Y � ÖET{l#ThZ y ThQE[�¿ diÁ¬3_ d [ST{_K�UThZ Á O#_1l#T{_�QE`�_#l�¿ Á Th_ É [g`aRi[«j d _#QE[gNi_�[gT{_Êm\O1V®À-Ni_#l � ÙÎT{`�]JÛ�`�_1È{O1VXW#RiT{_nl#T{Q�_#T{O1T{_�¬3_ d [gT{_
À«`aZSlKÖEThl d z|Y¶T{`a_#TÈ{O#QS�P[gÈho�`�z|Y1T»� d O1[g`a_#Tl#O#ZSz|Y1oâNiO1VXTh_�¿àO#]ál#`�T`�_�[ST{ZS_1T � N�[gT{_1QE[gZEO#j�[gO#ZÌÈ{OßNij�[SO N�§
oa`�QS`aT{ZET{_ÝpXe NP[gYqz d ]fe1ZST{QEQS` d _îx ��� `�ThQST{Z�ÈhO#Qg�P[SÈ{oa`�z|Y#TÂm�O1V®ÀÚNP_#lÔ`aQE[�`a]W$FThZSY �io�[g_#`aQ3N Á T{Z3QET{Y#Z�RUThZS`�_1R#¿
Q d l N Å ThZ«jiT{`a_#T�_#T{_1_#T{_#Q?À-ThZE[ST�m\O#Q?À«`�ZEj/O1_#RkNPO1V<l1T{_ � ThQgNi]Ì[gNiO1V®À-Ni_#lnY NP[ �
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� l#T{Q�r±`�_1R�N Á T{RUZSNie#Y#Th_ � m\oao�T/&�O#RiZS`að�T3NiO�V<l#`aT¾�¶ThZE[ST�l1T{Z�Þ½NP[SZS`�Ã»Y N Á T{_nl#T{_Êm\O1V®À-Ni_#l O(1)
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� `aT{QETk¬3oâNPQSQSTÐj�Nie#QET{o�[;l1T{_Br±`a_#R�N Á T{RUZSNie#Y#Th_ �Â�à� `�T�«T{e#ZS�iQSTh_�[|NP[S` d _×l#T{Q � ZSNie#Y#Th_ÔThZEV d oaRi[�W Á T{Z
l#ThQSQET{_K�«T{í�O#`�ZET{]T{_�[gQE]kN�[gZS`ÕÃf�*O1_#l � `aQE[|NP_#z{Th]kNP[SZS`ÕÃ �Ì�1� `�T\m�_#R�N Á T�l#T{Z-rF`a_#R�N Á T{l#NP[gTh`�O#_1l»l NiQ
r±`�_1o�T{QET{_Kl#ThZ � NP[gTh_ÊThZEV d oaRi[«`�]C¬ d _1QE[gZEO#j�[ d Z�l#ThZ�¬3o�NiQSQET;�

ËcÉ�Ì�S]Ê�îëË Ò ÐaÇ Ý ËcÉDÌ�S]ÊKÚ Ë A ÏqØqÇ�Ðk×�àkÇ Ë�ÛåÔ
&�O#QS�P[gÈho�`az|YfÈhO»l#`�ThQSTh_�Ç/[gNi]f]l NP[ST{_ÐÀ-ThZSl#Th_�l#`�T�j�W#ZSÈhT{Q?[gT{_ � VØNil1T\ÈhÀ«`aQSz|Y#Th_KNio�oaT{_¬3_ d [ST{_ Á T{ZET{z|Y�§
_#T8[ÂO#_#lß`a_ßl#T{ZÂÞ½NP[gZE`�ÃB}êRUThQSe�T{`�z|Y1T{ZE[ �H� `aT�Ù-ThZST{z|Y1_/O1_#RÔl1T{ZÞ½NP[SZS`ÕÃB}CY NP[Âl#Th_ pØT{`a_#]fNio�`aRUT{_îx
m�O1V®ÀÚNP_#l O(n3)

� �ÔT{`�[gT{ZEQ3À«`�ZSlql#ThZ;l1O#ZSz|Y#QEz|Y#_#`�[S[goa`�z|Y#T¬ d ]f]ÌO#_#`�j�NP[S` d _1Q Á T{l NiZ?VFO#_#lÔl#`�TÂl#O1ZSz|Y�§
QEz|Y#_#`a[E[goa`�z|Y#T � `�Q?[|Ni_1È Á ThZSThz|Y#_#Th[�§bl#ThZ\m\O�V®ÀÚNi_1l Á T8[gZg�PRi[.ÖET8À-Th`�o�Q O(n)

� m�o�oaTÌ¦ O#_#j�[S` d _�¿îl#`aTÌ_ NPz|Y
l#ThZ�rFZEÈ{ThO#RUO#_#Rl#ThQ¾¼ Á ÖEThj�[SQ\NPO1VXRUT{ZEO1VXT{_�ÀÎT{ZEl#T{_�¿�Y N Á T{_nl#Th_Êm�O1V®ÀÚNP_#l O(1)

�

¡ t



#[óô	[ó � Ì � ³ ²�²{µ , � �!�
� `aT{QET¾¬3oâNiQEQST�T{_�[gY#�ioa[-T{`�_1T ¥&É QEO#_#R�l#ThQÚm\oaR d ZE`a[gY1]�O#Q{¿UNio�Q d T{`a_#T{_�Ç�e Ni_#_ Á NPO#] � Ç�`aT�`aQE[ÎQ d ]`a[ÎNiO#z|Y
Th`�_ c Y#Z d ] d Q d ]Cl#T{Q � T{_#T8[g`�QEz|Y#T{_Êm\oaR d ZS`�[gY#]ÌO#Q-O#_1ln�iT{ZEVXW1Ri[«W Á T{Z«l#`�T3ThZEV d ZEl#T{ZEo�`az|Y#T{_ÊÞÊT8[gY d l#T{_
ÈhO#Z�Ç�T{oaT{j�[g` d _�¿ �«T{z d ] Á `a_ NP[g` d _»O#_1l�ÞÊO�[|NP[S` d _ �

� Th]�¬ d _#Q?[gZEO#j�[ d Z«l#ThZ�¬3o�NiQSQET¾À«`�ZSlKl#ThZ�rF`a_#R�N Á T{RiZgNie#YKW Á T{ZERUT Á T{_��
>]É]b]bYîò> Ò ÐaÇ Ý >]É]b=bKÚ�ËcÉ�Ì]S]ÊYî�Ë Û"Ô

ÞÊT8[gY d l#T���Ni_#l d ]½p¹x.T{ZSÈhT{O#RP[\Th`�_#Th_�&�O�VØNio�oaQSQSe#Ni_#_ Á NiO#] �

>�ó@ôWÉC×;ÐDÈaÅ¥à?Ú Û"Ô
ÞÊT8[gY d l#T B ÄDÇö×;ÖCÇÕÚ�>]É]b]b�îßÌ D >=É]b]bYîòõ Û VXW#Y#Z?[¾l#`aT;�«T{j d ] Á `a_ NP[S` d _ÊNiO#Q�l#T{_~r±o�[gT{ZE_#T{oaT{]T{_�[gTh_½m
O#_1l½Ù d Y#_1T;Û�T{O#ZE`�Q?[g`�jfl#O#ZEz|Y[�

>�ó@ô B ÄCÇö×;ÖCÇ=Ú�>]É]b]bYî�Ì D >]É=b]bYî{õ Û"Ô
m�oa[gThZS_ N�[g`a�ÈhOnl1`�T{QET{Z«ÞnTh[gY d l#T Á `aTh[STh[bQE`�z|YKl#`�T�V d o�RiT{_#l#T3ÞÊTh[SY d l1T B ÄDÇö×;ÖCÇÕÚ�>]É]b]b�î�Ì D >]É]b]bYîòõ DÏ�Ð�Ö Þ à Å�ÈCÇ D A ØöÅq×;Ö Þ ÃDÄkÅ Í D Ï�Ð�Ö Þ l ä ÇCØ Û Ni_�¿ Á Th`.ÀÎT{oaz|Y#T{ZÌ]f`�[;l1T{] � NiZSNi]fT8[gThZ Þ à Å;ÈDÇ l#`�TÈ{O
�iT{ZEÀÎT{_1l#T{_#l1T�Û�T{O#ZE`�Q?[g`�j�Ni_1RUT{RUT Á Th_�À-ThZSl#Th_Âj�Ni_#_ �i� `�TÎ`�]e#o�Th]fTh_�[S`�ThZE[gTh_ÌÛ�T{O#ZE`�Q?[g`�jPT{_�QE`�_#lÌl#`�TÎO#_�§
[ST{Z�m Á QSNP[gÈ £ � ¢ � ¢ Á ThQSz|Y#ZE`�T Á T{_1T{_E$FT{Z?VØNiY#ZSTh_ ��� T{Z � NiZSNi]fT8[gThZ Þ ÃDÄaÅ Í Nij�È{The1[g`aT{Z?[��ÔT{Z?[gTÌ� d _ ¨ Á `�Q
t¾O1_#l»RU` Á [Úl#`aT��¶NiY#ZEQSz|Y#Th`�_#oa`�z|Y#jPT{`�[bNi_�¿�]f`�[FÀ-Tho�z|Y#ThZbl#`�T�Û�ThO#ZS`aQE[g`aj Á Th`�l#ThZ-m\O1QEÀ-NiY#o�Th`�_#ThZÚ¬�Ni_�[gT
�iT{ZEÀÎT{_1l#Th[±À«`aZSl � ¨iTÚj�o�Th`�_#ThZDl#ThZ<�ÔT{ZE[{¿PO1]fQ d ]fThY#ZàÀ«`�ZSlÌl#T{Z<rF`a_CB O Å l#T{Z±Û�T{O#ZE`�Q?[g`�j�N Á RUT{QEz|Y�ÀÚ�iz|Y�[ �� ThZ � NiZgNi]Th[ST{Z Þ l ä ÇDØ l#ThÑ _1`�T{Z?[Úl#`aT�m�_#È�NPY#o�NP_�¬�Ni_�[gT{_�¿/ÀÎT{oaz|Y#T¾È{O1Z y d O#ZS_#Ni]fTh_�[E§?Ç/T{o�Thj�[g` d _kY#ThZ?§
Ni_1RUT{È d RUT{_fO#_#lf]f`�[.Û�`�o�VXTbl#T{ZÎÛ�ThO#ZS`aQE[S`�jÂNiO1QSRUT8À-ThZE[gT8[-ÀÎT{ZEl#T{_ � ¨iT�RiZ É Å ThZFl#T{ZF�¶ThZE[{¿/O1]fQ d Q?[|�iZEjiT{Z
`aQE[«l#ThZ�r±`a_CB O Å l#ThZ�Û�T{O#ZE`�Q?[g`�j��

>�ó@ô B ÄCÇö×;ÖCÇ=Ú�>]É]b]bYî�Ì D >]É=b]bYî{õ D Ï�Ð�Ö Þ à Å�ÈDÇ DA Ø�Åq×;Ö Þ ÃDÄaÅ Í D Ï�Ð�Ö Þ l ä ÇDØ Û"Ô
ÞÊT8[gY d l#T;ÞÊO1[gNP[gTUp¹x-VXW#Y#Z?[«T{`a_#T;ÞÊO1[|N�[g` d _nl1T{Q�Ç�e Ni_1_ Á NiO#]T{Q�l#O#ZSz|Y��

>�ó@ô k ÊDÖC×;ÖCÇ=Ú Û"Ô
ÞÊT8[gY d l#T c-d Q?[�p¹xÚoa`�ThVXThZE[bl1`�T�¬ d QE[gTh_Êl1T{Q\Ç�e Ni_#_ Á NPO#]fThQ«È{O#ZEW#z|j��

ÈaÅ�Ê Í ØÉÇìÆÉÅ ä Ö Ò >�ó@ô B Å ä ÖKÚ Û"Ô
� `aT½m�O1VXZSO1VXT½l#T{ZKÞnTh[gY d l#Th_�T{ZEV d o�RUTh_6NiO#Qkl#T{Z�¬3o�NiQSQET >�ÄCÇöÇ B;Þ ÄkÅ¥à ¿«N Á RiT{o�Th`a[STh[� d _�l#ThZ�¬3oâNiQEQST
Æ Þ ÄaÅ�à Å ä Å¥à�Ç l1T{Z�r±m ¥ ` Á ¿�À-Tho�z|Y#T�l#`aT�Ç/[gThO#T{ZEO#_#Rl#T{Q«m\oaR d ZE`a[gY1]�O#Q3pj$FT{Z?ÀÚNio�[gO#_1Rl1T{Z �Dd e1O#oâNP[S` d _�¿Ç�Tho�Thj�[S` d _�¿ r±ZSÈ{ThO#RUO#_1Rfl#ThZ«_#T{O#Th_ � T{_#ThZgNP[S` d _�O1_#l y T{ZE]f`a_ NP[g` d _îxFj d _�[gZ d o�oa`�ThZE[ �

�%J�´ çß\Õ]DR-bdþx«KZa®¯\Õ]
� `aT.rF`a_#R�N Á T±l#ThQ<m\O1QSR�Ni_1RUQSRUZSNie#Y#Th_ÌThZEV d oaRi[àW Á T{ZàT{`a_#T y TÆÃ�[Sl NP[ST{`¹¿vÀÎT{oaz|Y#TÎl1`�T Á Th`�l#Th_Ìl#Th_ � ZgNPe#Y#T{_
l#T8Ñ _#`aT{ZSTh_#l#Th_ßÞ½NP[SZS`aÈ{T{_ R O#_#l D Th_�[gY �io�[ � Ç�z|Y1o�`�T Å o�`az|Y�À«`�ZEl×l#NiQ�m\O#QER�N Á ThV d ZE]kNP[ Á T{QEz|Y#ZS`aT Á T{_�¿
ÀÎT{oaz|Y#T{Q�l#`�T Á T{Q?[gT�RUThVXO1_#l#T{_1T ¥&É QEO#_#Re#Zg�PQST{_�[S`�T{Z?[ �
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#[óô�[ósÿ ��� ·�ºî³ ä µ�¸��îæ�´¶³1å
� NPQ�¦ d ZE]kN�[ÚVXW#Z«r±`�_#RUN Á ThRUZgNPe#Y#T{_Ôp n × n Þ½NP[gZE`�ÈhT{_ R O#_1l D x-`aQE[bÀ«`aT¾V d o�Ri[Úl#ThÑ _1`�T{Z?[��

Ó È â æ�FßÈ â æ�ö¸È â æU÷|æöæöæöæ'È â æøZ�ù ï]ú ô
Ó Ó ÈTFGæ�ö¸ÈTFKæU÷|æöæöæöæ'ÈTFKæøZ�ù ï]ú ô
Ó Ó Ó È=öGæU÷|æöæöæöæ'È=öGæøZ�ù ï]ú ô
æöæöæöæ æöæöæ�æ
Ó Ó Ó Ó æöæöæöæ Ó ù ï]ú ô
Ó Ä â æ�FßÄ â æ�ö¸Ä â æU÷|æöæöæöæ'Ä â æ~Ð7ù ï]ú ô
Ó Ó ÄTFGæ�ö¸ÄTFKæU÷|æöæöæöæ'ÄTFKæ~Ð7ù ï]ú ô
Ó Ó Ó Ä=öGæU÷|æöæöæöæ'Ä=öGæ~Ð7ù ï]ú ô
æöæöæ æöæöæ�æ
Ó Ó Ó Ó æöæöæöæ Ó

� `aTÌThZSQE[STÐÞ½NP[SZS`ÕÃ½`a_�l#ThZ � NP[ST{`<`aQE[\l#`�TÌrF_�[EVXT{ZS_�O#_1RUQS]fNP[gZE`�ÃBpØl1`�QE[gNi_#zhT�]kN�[gZS`ÕÃ#x ��� NiZSNiO1V±V d oaRi[\l1`�T
Ù-Thl NiZ?VXQS]fNP[gZE`�Ã pXZSThí/O1`�ZSTh]fTh_�[Ì]fNP[gZE`�Ã#x �à� `�TÐT{`a_#È{Tho�_#Th_ � Ni_#È{È{NiY#o�À-ThZE[gTfQS`a_#lÔl1O#ZSz|Y¶��Y1`a[gThQSe NPz{T{Q
RUT8[gZET{_#_�[ � r±`a_ ¥ `�_1T�¦ T{Thl�§L&�Th`�z|Y#Th_uû ¥ ¦p�6p~ø ¨ Ã�t ¨ x�QS`�Ri_ Nio�`aQS`aT{ZE[�T{`a_#T{_ù&�T{`ao�T{_�O#] Á ZSO#z|Y � m\o�QàÙÎT{`�QEe#`�Tho
QET{`&l#`aT�rF`a_#R�N Á T{l#NP[gTh`�VXW#Z«l#`�T y T{Q?[g`a_#QE[gNi_#È�Ù-T{ZEZEè�wÐRUT{RUT Á Th_[�

Ó öýüÈþæÿ��
Ó�Ó ö(FÈ÷��
Ó�Ó¸Ó ö��(F
Ó�Ó¸Ó�Ó ÿÈF
Ó�Ó¸Ó�Ó¸Ó â
Ó�Ó¸Ó�Ó¸Ó�Ó
Ó þ â ö â F � ÿ
Ó�Ó � ÷ F ü
Ó�Ó Ó ö â�Óãâ þ
Ó�Ó Ó Ó âöâ �
Ó�Ó Ó Ó Óãâ F
Ó�Ó Ó Ó Ó Ó

� `aT�¬3_ d [ST{_�ÀÎT{ZEl#T{_q� d _ßt Á `�Q n l#O#ZSz|Y1_/O1]fThZS`�ThZE[ �&� `�TÌÍ�O#]T{ZE`�ThZSO#_#Rkl#T{Z�¬�Ni_�[gTh_�À«`�ZEl Á Th`-t;ÜÁ T{RU`a_#_#Th_#lÂ� d _Ðo�`a_#j�Q dUÁ T{_Ð_ Niz|YZSThz|Y�[SQFO#_�[gT{_�Ü;VXW#ZFNioao�TÎ�ÔT{Z?[gT«RUZ É Å T{Z ¨ À«`aTÚV d o�RP[<� d ZSRUTh_ d ]]fTh_[�
Ú âED F Û Ú âED ö Û Ú âED ÷ Û Ú âED þ Û æöæöæßÚ âED Ð ÛÚ3F D ö Û Ú3F D ÷ Û Ú3F D þ Û æöæöæßÚ3F D Ð ÛÚ�ö D ÷ Û Ú�ö D þ Û æöæöæßÚ�ö D Ð Ûæöæ�æ æöæöæ

Ú�Ðeó âED Ð Û
r±`�_fj d ]e#oaTh[S[ST{Z � ZSNie#Y»]`a[ n ¬3_ d [gTh_ Á T{QE[ST{Y�[«NiO1Q n(n−1)

2
¬�Ni_�[gT{_ � ¦<W1ZàÖET{l1T{_ � ZgNie1Y#T{_»TÆÃ�`�QE[S`�ThZE[

NioaQ d Th`�_#T ¥ `�Q?[gT3]`a[«¬�Ni_�[gTh_n� d _×t Á `�Q |E| = n(n−1)
2

�
¬�Ni_�[gTÐt£øêp�tU¿ ¢ x øJp ¢ ¿�t�x
¬�Ni_�[gT ¢ øêp�tU¿ ¤ x øJp ¤ ¿ ¢ x���a�
¬�Ni_�[gT n − 1 = (1, n) = (n, 1)¬�Ni_�[gT n øêp ¢ ¿ ¤ x øêp ¤ ¿ ¢ x���a�
¬�Ni_�[gT |E| = (n − 1, n) = (n, n − 1)

�

¡�¤



#[óô�[ó�	 ã °D²hº�³ ä µ/¸~��æ�´¶³�å
� `aT�m�O#QSRUN Á T�l#T{Q ¥&É QSO#_1R Á NiO#]T{QÎT{Z?V d o�Ri[.W Á T{Z.l#`aT¾Ç/[gNi_#l NPZSl�§ m\O#QER�N Á TÂpØQ?[gl d O1[Æx �1� NPQÚ¦ d ZS]fNP[F`aQE[
À«`aT¾V d o�Ri[Úl#ThÑ _1`�T{Z?[��

ÚhZ m `TX Û ó�Xc`fdeX�ó-ÚoZ m `TX Û ù ï]ú ôÚhZ m `TX Û ó�Xc`fdeX�ó-ÚoZ m `TX Û ù ï]ú ôæöæöæ
ÚhZ m `TX Û ó�Xc`fdeX�ó-ÚoZ m `TX Û

¨iThl#Th&�Th`�oaT�T{_�[gQEe#ZS`az|Y�[kT{`a_#T{Zf¬�Ni_�[gTn`�] Ç/e Ni_#_ Á NiO1] � ¨iT{l1T½m\O1QSR�N Á T{l#NP[gTh` Á T{QE`a[SÈh[fQ d ]`a[ n − 1&�Th`�o�Th_ � ¨iThl#T!&�T{`�oaT�p~ø3¬�Ni_�[gT�x Á ThQE[ST{Y�[ÚNPO#QFl#T{] ThZSQE[ST{_k¬�_ d [gTh_½pX`�_ÐZSO1_#l#T{_k¬3oâNi]]fThZS_îxÆ¿Pl1T{Z.¬�Ni_�§
[ST{_#_�O#]]fThZ�pXÈhÀ«`aQSz|Y#Th_×l1T{_qÙ-`a_#l#T{Q?[gZE`�z|Y#Th_îx�O#_1l�l#T{]ÄÈhÀÎT{`�[gTh_q¬�_ d [gTh_ÝpØ`a_½ZSO1_#l#T{_q¬3o�Ni]f]T{ZE_îx �
m�o�Q«Ù-Th`�QSe1`�T{o�l#T{Z�Ç�e NP_#_ Á NiO#]�]`a[Úwf¬3_ d [ST{_�� d _�Ù-ThZSZEè �

Ú âqÛ ó â ó-Ú3F ÛÚ3F Û ó��Yó-Ú�÷ ÛÚ�ö Û ó â F7ó-Ú3ü ÛÚ�÷ Û ó â ÷Yó-Ú3ü ÛÚ3þ Û ó â þ7ó-Ú3ü Û
� `aT�Í�O#]T{ZE`�ThZSO#_#RÐl#ThZ�¬�NP_�[ST{_nl#T{Q�r±`�_1R�N Á T{RUZSNie#Y#Th_Ê`aQE[«O#_�[gThZ�¬�NPe#`a[ST{o&w � ¤ � t Á ThQSz|Y#ZE`�T Á T{_ �

�%J%$ MOT!þ�ZaTUþ�»H\@Za\G®¯R�]DR[Z
� `aT�Y#`aT{Z Á T{QEz|Y#ZS`aT Á T{_#Th_Br±`�_#Q?[gTho�o�O1_#RUT{_�ÀÎT{ZEl#T{_q� d ] � T{_#T8[g`�QEz|Y#T{_×m\oaR d ZE`a[gY1]�O#Q��iT{Z?À-Th_#l#Th[;O#_#l
Á T{Q?[g`�]]T{_l#T{QEQST{_$FThZSY Nio�[gTh_ �/� `�ThQST � NiZgNP]fT8[gT{ZÎj É _1_#T{_�l#Th] � Z d RUZSNi]f]�Nio�QÎ¬ d ]]fNi_#l d ÈhT{`ao�T{_/§
e NPZgNi]Th[ST{Z Á T{`�]Cm\O1VXZEO1VD]f`�[gRUThRUT Á T{_ d l#T{Z«NiO1Q�Th`�_#ThZ«¬ d _�Ñ RUO#ZSNP[g` d _#QSl#NP[gTh`&RUT{oaT{QSTh_nÀÎT{ZEl#T{_��
Çö×�à Å;È Ù-T{_�O1[SÈh[gThQÚr±m�§�Þ d l#T{oao~��Ç/[ST�Nil�è#Ç�[|NP[ST�p ¨ x d l#ThZ � T{_1T{ZgN�[g` d _ Nioàp�t�x � Ù-Th`�] Ç�[gT�NPl1è1Ç/[|NP[ST8§

Þ d l1T{o�o±À«`aZSl¶`a]f]T{Z3_�O#Z;T{`a_¶^0_#l#`��/`�l#O#O1]Ëe#Z dq� T{_1T{ZgN�[g` d _ÔThZSÈ{ThO#Ri[{¿�À-�iY#ZET{_#l Á T{`a]� Th_#T{ZSNP[g` d _ NioÕ§?Þ d l#T{oaoîl#`�T3RUThQgNi];[gT �Dd e1O#oâNP[S` d _�_1T{OnT{ZSÈhT{O#RP[�À«`aZSl �
ÇDØDÏ¥Ö rFoa`a[S`�QS]ÌO#Q���rF`a_6p�t�x d l1T{Z�m\O#Qkp ¨ x � ��`�ZEl¶r±oa`a[g`aQS]�O1Q\�UThZEÀÎT{_#l#T8[�¿HQ d À«`aZSl×l NiQÚÖEThÀÎT{`ao�Q

Á ThQE[gTÎ^0_#l#`���`al#O#O#]Ó_1`�T{]fNioaQ�l1O#ZSz|Y�Th`�_;_#T{O�ThZSÈhT{O#Ri[ST{QH^0_1l#`a�/`�l1O#O#]ÒW Á T{ZSQEz|Y#ZS`aT Á T{_ � m\O�V
l#`�ThQSTÎ�ÔT{`aQSTÎjPNP_#_�T{`a_#T.T{`�_1]kNio�RUT8VXO#_#l#Th_#T Á T{Q?[gT ¥&É QEO#_#R¾_#`az|Y�[<À«`�Thl#T{Z��UThZSo d ZST{_ÌRUT{Y#Th_ �

ÈqÊöÃaÇCØDÏ�à � O#e#oa`�j�NP[gT�Tho�`�]`�_1`�T{ZET{_[�a¨UN�p�t�x d l#ThZ\Í�T{`�_Bp ¨ x � �¶ThZSl#Th_ Á Th`�] c Z d QSQ d �iT{Z Á T{ZET{`a[SQ�TÆÃ�`�§
QE[g`aT{ZET{_#l#T�^0_#l#`���`al#O#Th_kT{ZEÈ{ThO#Ri[¾p � O#e1o�`�j�NP[STvxÆ¿�Q d ÀÎT{ZEl#T{_»l1`�T{QET\_#`az|Y�[-`a_fl#`aT ��d e#O#o�NP[g` d _
NiO1VXRUTh_ d ]]fTh_ �

ØöÅ�ÎDÇ��ÉÖ rFZ?À-Th`a[ST{ZSO1_#RÐl#T{Z ¥ d RUl N�[gT{` � ^0_Kl#`aT{QET � NP[gTh`Fp Å�Ða×�à�Ç á ØöÅ�ÎCÇ��ÉÖ x«ÀÎT{ZEl#T{_n^0_1V d ZE]kNP[S` d _1T{_
È{O#Z ¥ NPO1VXÈ{Th`a[l#T{Qkm\o�R d ZS`�[gY#]�O1QÂRUT{QEz|Y#ZS`aT Á T{_ � Ù-T{`HÖET{l#ThZ�F�_#l#T{ZEO#_#RBl1T{Z ��d e#O#o�NP[g` d _
À-ThZSl#Th_�l#`�T � T{_#ThZgNP[S` d _#QE_�O#]f]T{Zh¿ l#T{Z Á T{Q?[gTÌO1_#l½l#ThZ\QEz|Y#o�Thz|Y�[ST{Q?[gTÂ¦<`�[g_#T Å ÀÎT{ZE[{¿îl#T{Z
ÞÊ`a[E[gT{o�À-ThZE[3O1_#l~l#`�TÂÇ/[|Ni_1l NiZSl#N Á À-Th`�z|Y�O#_#Rnl#T{Z�¦D`a[g_1T Å ÀÎT{Z?[gT�l#ThZ � ThQgNi];[ge d e#O#o�NP[g` d _
NiO#QSRiT{RUT Á Th_ �
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