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Abstract. We consider computational problems on covering graphs with
bicliques (complete bipartite subgraphs). Given a graph and an inte-
ger k, the biclique cover problem asks whether the edge-set of the graph
can be covered with at most k bicliques; the biclique partition problem
is defined similarly with the additional condition that the bicliques are
required to be mutually edge-disjoint. The biclique vertex-cover problem
asks whether the vertex-set of the given graph can be covered with at
most k bicliques, the biclique vertex-partition problem is defined simi-
larly with the additional condition that the bicliques are required to be
mutually vertex-disjoint. All these four problems are known to be NP-
complete even if the given graph is bipartite. In this paper we investigate
them in the framework of parameterized complexity: do the problems
become easier if k is assumed to be small? We show that, considering &
as the parameter, the first two problems are fixed-parameter tractable,
while the latter two problems are not fixed-parameter tractable unless
P =NP.

Keywords. bicliques, parameterized complexity, covering and parti-
tioning problems.

1 Introduction

Let G be a simple undirected graph and let S be a set of (not necessarily vertex-
induced) subgraphs of G. The set S is a cover of G of size |S| if every edge of
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G is contained in at least one of the subgraphs in S. The set S is a vertez-cover
of G if every vertex of GG is contained in at least one of the subgraphs in S. If all
subgraphs in S are bicliques, that is, complete connected bipartite graphs, then
we speak of a biclique cover or a biclique vertex-cover, respectively.

We consider the following four problems.

BicLiQuE COVER
Instance: A graph G and a positive integer k.
Question: Does G have a biclique cover of size at most k7

BICLIQUE PARTITION

Instance: A graph G and a positive integer k.

Question: Does G have a biclique cover of size at most k consisting of
mutually edge-disjoint bicliques?

BICLIQUE VERTEX-COVER
Instance: A graph G and positive integer k.
Question: Does G have a biclique vertex-cover of size at most k?

BICLIQUE VERTEX-PARTITION

Instance: A graph G and positive integer k.

Question: Does G have a biclique vertex-cover of size at most k consist-
ing of mutually vertez-disjoint bicliques?

We observe that the BICLIQUE VERTEX-COVER and BICLIQUE VERTEX-
PARTITION problem are equivalent, since we can always make the bicliques of a
biclique vertex-cover disjoint without increasing the size of the cover (and we can
do so without introducing trivial bicliques, that is, bicliques having one vertex
only). However, BICLIQUE COVER and BICLIQUE PARTITION are not equivalent.
Take for example the bipartite graph with vertex set Uy UUs, Uy = {x1, x2, x5},
Us = {y1,y2,y3}, and all possible edges between vertices in Uy and Us except
for the edges z1y3 and x3y;. This graph has a biclique cover of size 2, namely
the biclique cover with bicliques ({z1,y1, 2,92}, {T1y1, 1y2, X2y1, X2y2}) and
({z2, y2, x3,ys}, {x2ye, T2ys, x3y2, T3ys}). However, any biclique cover that con-
sists of mutually edge-disjoint bicliques has size at least 3.

One can consider variants of the above problems where solutions must consist
of nontrivial bicliques only. However, minimal solutions for BIcLIQUE COVER
and BICLIQUE PARTITION clearly do not contain trivial bicliques, and it is easy
to see that for BICLIQUE VERTEX-COVER and BICLIQUE VERTEX-PARTITION
there is always a minimal solution where only isolated vertices are contained in
trivial bicliques. Hence, the computational complexities of the four problems do
not change if solutions must avoid trivial bicliques.

The BicLIQUE COVER problem arises in both theoretical and practical areas
for more than thirty years. From a theoretical point of view, the BICLIQUE
COVER problem is equivalent to the set basis problem [22] and related to boolean
algebraic forms associated with graphs and combinatorial optimization problems.
There, the minimum number of bicliques necessary to cover all the edges of a



graph G is also called the bipartite dimension of G, which is considered to be
an interesting graph property on its own. For more details we refer to [1,3,7].
From a more practical perspective, bicliques are used to model the rectangle
cover problem that asks if a rectilinear polygon can be expressed as the union
of a minimum number of rectangles [16]. Both the BICLIQUE COVER and the
BICLIQUE PARTITION problem play a significant role in the analysis of so-called
HLA reaction matrices used in biology [19]. Other practical applications lie in
artificial intelligence and data mining. In Formal Concept Analysis, context
is structured into a set of concepts with binary relations. It turns out that
each concept corresponds to a so-called closed item set in data mining and,
by representing the binary relations as bipartite graphs, to a maximal biclique.
See [24] for more details. Applications of BICLIQUE VERTEX-COVER include
data mining, e-commerce, information retrieval and network management. In
all these applications, large bipartite graphs are analyzed in order to discover
so-called cross associations corresponding to bicliques [13].

All four problems are computationally hard problems: BICLIQUE COVER is
NP-complete and remains NP-hard for chordal bipartite graphs [18,21]. The BI-
CLIQUE PARTITION problem is also already NP-complete for bipartite graphs [15].
Very recently, Heydari et al. [13] showed that BICLIQUE VERTEX-PARTITION,
and consequently, BICLIQUE VERTEX-COVER are NP-complete for bipartite
graphs.

In this paper we investigate the questions of whether these problems become
easier if the given upper bound k on the number of bicliques in the cover is
assumed to be small. We undertake this investigation in the framework of pa-
rameterized complexity as developed by Downey and Fellows [6], considering
the upper bound k on the number of bicliques in the cover as the parameter.
We give some basic background of parameterized complexity in Section 2.2. In
principle, the problems under consideration can fall into any of the following
three categories.

1. For every fixed k the problem can be solved in polynomial time where the
order of the polynomial is independent of k; in this case we say that the
problem is fixed-parameter tractable.

2. For every fixed k the problem can be solved in polynomial time but the order
of the polynomial grows with k.

3. For some fixed k the problem is NP-hard.

Problems that fall into the second category can be further categorized by means
of the complexity classes W[1], W[2],...,XP (see Section 2.2). In the literature,
a similar study has been performed for the problems CLIQUE COVER and CLIQUE
PARTITION. These NP-complete problems ask if a given graph has a cover
consisting of at most k cliques or k£ mutually edge-disjoint cliques, respectively.
Both CLIQUE COVER [10,12] and CLIQUE PARTITION [17] are fixed-parameter
tractable. The problem CLIQUE VERTEX-COVER (or PARTITION INTO CLIQUES)
asks if the vertices of a given graph can be covered by at most k cliques. This
problem is NP-complete for each fixed k > 3 and polynomial-time solvable for
k<219, GT15].



New Results

Our results show that the problems under consideration fall into all three of the
above categories, spanning a wide range of parameterized complexities.

1. Problems BICLIQUE COVER and BICLIQUE PARTITION are fixed-parameter
tractable.

We show these results in Section 3. We make use of kernelization, that is, we
give an algorithm that reduces an instance of BICLIQUE COVER or BICLIQUE
PARTITION in polynomial time into an equivalent instance where the number of
vertices is bounded in terms of the parameter k.

2. For k < 2 the problem BICLIQUE VERTEX-COVER can be solved in polyno-
mial time for bipartite graphs. For every fixed k > 3 the problem BICLIQUE
VERTEX-COVER s NP-complete and remains NP-hard for bipartite graphs.

As the problem BICLIQUE VERTEX-COVER is equivalent to the problem Bi-
CLIQUE VERTEX-PARTITION, the above result is also valid for the latter problem.
In Section 4.1 we establish the NP-completeness result by a reduction from an
NP-complete variant of the LIST-COLORING problem. Note that our NP-com-
pleteness result is stronger than the one in [13] as we assume that k > 3 is a
constant and not part of the input. In Section 4.2 we show the polynomial case
k = 2. The result for this case follows directly from a stronger result on a graph
homomorphism problem defined on the complement graph (we explain this in
detail in Section 4.2).

In view of the NP-hardness it makes sense to study the more restricted prob-
lem b-BIiCLIQUE VERTEX-COVER where the bicliques in the cover are bicliques
where at least one of the bipartite sets contains at most b vertices. Indeed, in
Section 4.3, we show that this restriction moves the problem from the third to
the second of the above categories:

3. For every fixed b > 1 the problem b-BICLIQUE VERTEX-COVER is W[2]-
complete and remains W[2]-hard for bipartite graphs.

2 Preliminaries

2.1 Graph Theoretic Terminology

For graph theoretic terminology not defined in this paper, we refer the reader
to standard text books [2,5]. In this paper we consider connected simple graphs
G = (V, E). The set of neighbors of a vertex v in a graph G is denoted by N¢(v),
and we set Ng(T') = U, Na(v) for T C V (we often omit the subscript G if
it is clear from the context which graph G is considered). A set D C V is a
dominating set of G if every vertex of G is either in D or has a neighbor in D.
The distance dg(u,v) between two vertices v and v in G is the number of edges
of a shortest path from u to v. The diameter diam(G) of G is the maximum
distance over all pairs of vertices of G; diam(G) = oo if G is disconnected.



If V! C V, we denote by G[V’] the subgraph of G induced by V’. We write
G = (W1, V2), E) for a bipartite graph G = (V, E) having the vertex bipartition
V = V1 U Ve, We say that G = ((V1, Va), E) is a biclique if G is connected and F
contains all possible edges between vertices in Vi and vertices in Vo. A biclique
((U1,Us), E) is a star centered at a verter w if Uy = {u} or Uy = {u}.

2.2 Parameterized Complexity

We give some basic background on parameterized complexity; for a detailed dis-
cussion we refer the reader to other sources [6,20]. In parameterized complexity
theory, we consider the problem input as consisting of two parts; that is, a pair
(I,k), where I is the main part and k (usually an integer given in unary) is
the parameter. We say a problem is fized parameter tractable if an instance
(I,k) can be solved in time O(f (k) +n°) or O(f(k)n®), where f denotes a com-
putable function and ¢ denotes a constant that is independent of the parameter
k. Therefore, such an algorithm may provide an efficient solution to the prob-
lem if the parameter is reasonably small. We denote by FPT the class of all
fixed-parameter tractable decision problems.

A well known technique to show that a parameterized problem I is fixed-
parameter tractable is to find a reduction to a problem kernel (this is also called
kernelization). It replaces an instance (I, k) of IT with a reduced instance (I’, k")
of IT (called problem kernel) such that

(i) ¥ <k and |I'| < g(k) for some computable function g;
(ii) the reduction from (I, k) to (I’,k’) is computable in polynomial time;
(iii) (I,k) is a yes-instance of IT if and only if (I’, k') is a yes-instance of IT.

It is well known that a parameterized problem is fixed-parameter tractable if
and only if it is kernelizable [12, 14, 20].

Parameterized complexity offers a completeness theory, similar to the theory
of NP-completeness, that allows the accumulation of strong theoretical evidence
that some parameterized problems are not fixed-parameter tractable. This com-
pleteness theory is based on a hierarchy of complexity classes W[1], W[2], ..., XP.
Each class contains all parameterized decision problems that can be reduced to
a certain fixed parameterized decision problem under fpt-reductions. An fpt-
reduction from a parameterized problem IT to a parameterized problem I’ is
an algorithm that computes for every instance (I, k) of IT an instance (I', k') of
IT" in at most f(k)|I|° time for some computable function f and constant ¢ such
that

(i)

k" < h(k) for some computable function h, and
(i) (I

<
,k) is a yes-instance of IT if and only if (I’, k') is a yes-instance of IT’.

This means that if 1T’ belongs to some parameterized complexity class W then
IT also belongs to W. For instance, the class W[1] contains all parameterized
problems that can be reduced to WEIGHTED 3-CNF-SATISFIABILITY by an
fpt-reduction. The latter problem asks for a given instance F of 3CNF and a



positive integer k , whether F can be satisfied by setting exactly k variables to
true. The class XP consists of parameterized decision problems I such that for
each instance (I, k), it can be decided in O(f(k)|I|19®)) time whether (I,k) € IT,
where f,g are computable functions depending only k. That is, XP consists
of parameterized decision problems which can be solved in polynomial time if
the parameter is considered as a constant. The above classes form the chain
FPT C WJ[1] C W[2] C ... C XP where all inclusions are conjectured to be
proper; FPT # XP is known [6, 8].

3 Covering the Edges

As mentioned in the introduction, the decision problem corresponding to BI-
CLIQUE COVER is NP-complete even for bipartite graphs [21]. In this section we
establish fixed-parameter tractability.

We start with two simple reduction rules that can be easily applied to simplify
an instance of the BICLIQUE COVER or BICLIQUE PARTITION problem.

Rule 1. Given an instance (G, k) and a vertex v € V(G) of degree 0, then (G, k)
is a yes-instance if and only if (G — v, k) is a yes-instance.

Rule 2. Given an instance (G, k) and a pair of (non-adjacent) vertices u, v such
that N(u) = N(v), then (G, k) is a yes-instance if and only if (G —{v}, k) is
a yes-instance.

Clearly, the following is true.

Lemma 1 Rules 1 and 2 are correct for both problems BICLIQUE COVER and
BICLIQUE PARTITION, and can be applied in polynomial time.

We say that an instance (G, k) is reduced (with respect to Rules 1 and 2) if these
rules cannot be applied.

Theorem 2 (Kernelization) If (G,k) is a reduced yes-instance of BICLIQUE
COVER or BICLIQUE PARTITION then G has at most 3* vertices. Furthermore,
if G is bipartite, then it has at most 2F+1 vertices.

Proof. Let (G, k) be a reduced instance of the BICLIQUE COVER or BICLIQUE
PARTITION problem with biclique cover & = {C1,...,C;} of size | < k, where
C; = (X4, ), E;). We will argue similarly as Gramm et al. [10]. We assign to
each vertex v € V(G) a vector b, € {0, 1, 2} where the i-th component b, ; = 1 if
v is contained in X;, b, ; = 2 if v is contained in Y;, and b, ; = 0 otherwise. Since
(G, k) is reduced, each vertex belongs to at least one biclique of S. Consider
an arbitrary but fixed vector b € {0,1,2}!. Let V} be the set of vertices of G
such that b, = b for all u € V}. Suppose V} contains two distinct vertices z,y.
Since b, = by, it follows that x and y belong to the same partition classes of
the same bicliques. Then N(xz) = N(y) and we obtain a contradiction. Hence
|Vi| = 1. Therefore we conclude that G has at most |{0, 1,2} < 3* vertices.



If G is bipartite, we can define b, ; = 1 if v is contained in C; and b,; = 0
otherwise. Then we find that each set V, must be complete (as otherwise we
could apply rule 2 for two vertices =,y with b, = by), and thus contains at most
two vertices. This means that G has at most 2 x [{0, 1}!| < 2*+1 vertices if it is
bipartite. O

A direct consequence of Theorem 2 is that BICLIQUE COVER and BICLIQUE
PARTITION are fixed-parameter tractable.

Corollary 3 Both the BICLIQUE COVER and the B;CLIQUE PARTITION problem
can be solved in O(f(k)+n?) time where f(k) = 32 T3 for non-bipartite graphs
and f(k) = 92k>+3k for bipartite graphs.

Proof. We represent a graph G = (V, E) on |V| = n vertices by its adjacency
matriz, i.e., the n X n matrix A = (a;;) with rows and columns indexed by the
vertices of V' such that a,, = 1 if uv € F and a,, = 0 otherwise. Then it takes
O(n?) time to detect and remove all isolated vertices in G' (Rule 1) and O(n?)
time to verify if N(u) = N(v) for any two vertices v and v (Rule 2). Then, by
Theorem 2, we find a reduced graph G’ with 3* vertices and consequently O(9%)
edges if it is non-bipartite and 251 vertices and consequently O(4*%) edges if it
is bipartite in O(n?) time.

A brute force algorithm that solves the BICLIQUE PARTITION problem with
input (H, k), where H is a graph with m edges, guesses for each edge of H to
which biclique it belongs and verifies if the resulting partition of E(H) yields
a biclique cover of size at most k. This takes O(m*) time. As any partition
of E(H) fixes the vertices of both bipartition classes of each biclique, we only
have to verify if all the fixed sets of vertices indeed induce mutually edge-disjoint
bicliques. This verification process takes O(|V (H)|?) time. We can do exactly
the same for the BICLIQUE COVER problem except that here we do not care
if the bicliques are mutually edge-disjoint. Hence, for both problems, we find
f(k) = 3243k if G is non-bipartite and f(k) = 22 3% otherwise. This finishes
the proof of Corollary 3. O

4 Covering the Vertices

As we observed in Section 1 that BICLIQUE VERTEX-COVER and BICLIQUE
VERTEX-PARTITION are equivalent, we will only consider the former problem in
this section.

4.1 NP-Hardness

We now proceed to show that BIiCLIQUE VERTEX-COVER is NP-complete for
fixed k > 3, even if the given graph is bipartite. We present a polynomial-time
reduction from the following problem.



LisT-COLORING

Instance: A graph G = (V, E) and a mapping L that assigns to every
v €V alist L(v) of colors allowed for v.

Question: Is there a coloring ¢ of V(G) such that c¢(v) € L(v) for each
v €V and c(u) # c(v) for each uv € E?

If such a coloring c exists, then we call ¢ an L-coloring of G, and we say that G is
L-colorable. If the number of available colors k = |,y L(v)| is fixed, then the
problem is called k-LiST-COLORING. This problem is known to be NP-complete
for bipartite graphs and k > 3 [11].

Our reduction proceeds as follows. Let (G,L) be an instance of k-LIST-
COLORING where G = ((U,V),E) is a bipartite graph. We assume that
Upev L(v) = {1,2,...,k}. We construct a graph H as follows (see Figure 1
for an example):

1. Let G* be the bipartite complement of G; i.e., V(G*) = V(G) = U UV and
EG)={w:uveUwveV,u ¢ E(G) }.

2. For ¢+ = 1,... )k, introduce k new edges u;v; for i = 1,...,k using 2k new
vertices u;, v; ¢ V(G*).

3. Now take G* and the k edges u;v;. For every € U and i € {1,...,k}, if
i € L(z) add an edge zv;. For every y € V and i € {1,...,k}, if ¢ € L(y)
add an edge yu;. Call the resulting graph H. Thus, H is a bipartite graph
containing G* as a proper subgraph (note that V(H) = (UU{w; :1<i<
EDUWVU{v:1<i<k})).

{172} z1 Y1 {172}
{2} T2 Y2 {2}
{132} €3 Y3 {2}

Fig.1. A graph G with list assignment L and the graph H obtained from G. The
L-coloring ¢ of G with ¢(z1) = ¢(z3) = ¢(y1) = 1 and ¢(z2) = c¢(y2) = ¢(y3) = 2 and
the corresponding biclique vertex-partition of H are indicated with black and white
vertices.

In general, it is clear that H can be constructed in polynomial time and
|V(H)| = |V(G)| 4+ 2k. Furthermore, the following can be established (as illus-
trated in Figure 1).

Lemma 4 G is L-colorable if and only if V(H) can be covered by k bicliques.



Proof. Suppose that G has an L-coloring c. Define a partition of V(H) as follows.
Fori=1,...,k, define

Ci ={veV(Q):cw) =1} U{u;v;}.

Let § := {H[C4],...,H[Ck]}. Note that each vertex of H belongs to precisely
one element of §. We claim that S is a biclique vertex-cover of H. Choose
an arbitrary element H[C;] € S. Let z,y € V(G) be two vertices in H[C}]
belonging to different classes in the vertex bipartition of H induced by the vertex
bipartition of G. Clearly zy ¢ E(G) because c¢(z) = c(y). Thus zy € E(G*)
which in turn implies that xy € E(H|[C;]). Moreover, by definition of H, u;y €
E(H[C;)) for every y € C; NV, and v,z € E(H|[C;]) for every z € C;NU. Thus,
H|[C;] is a biclique of H. Thus, we conclude the set S is a biclique vertex-cover
of G.

Now suppose that H has a biclique vertex-cover S = {G1, ..., Gi}. The edges
u;v;, i = 1,..., k belong to distinct bicliques since w;v; ¢ E(H), i,7 € {1,...,k},
i # j. Hence we may assume, w.l.o.g., that u,v; € F(G;), i = 1,...,k. Let
C; = V(G;)—{u;,v;}. Theset {C1,...,Cy} defines k disjoint independent sets
in G since H[C;] is a biclique or a subset of U or a subset of V. Now define a
function v : V(G) — U,ev (g L(v) as follows:

y(v):=1i ifand onlyif v e C;.

For every v € C; we have, by definition of H, i € L(v), and as we deduced above
~v(z) # v(y) for xzy € E(G). Thus « defines an L-coloring of G. O

For every fixed k the problem BiCLIQUE VERTEX-COVER belongs to NP.
Since, as mentioned above, k-LiST-COLORING is NP-complete for bipartite
graphs for k > 3, the reduction in Lemma 4 yields following result.

Theorem 5 BICLIQUE VERTEX-COVER is NP-complete for every fized k > 3.
This also holds if only bipartite graphs are considered.

Corollary 6 BICLIQUE VERTEX-COVER is not fized-parameter tractable unless
P = NP.

4.2 Polynomial Cases

Next we study the question of whether £ > 3 is an optimal bound for the
NP-hardness of BICLIQUE VERTEX-COVER. If k& = 1 the problem is trivially
solvable in polynomial time: G has a biclique vertex-cover of size one if and only
if the complement graph G (which has vertex set V(G) = V(G) and edges uv
whenever uv ¢ E(Q)) is disconnected or |V| = 1. The case k = 2 is still open.
However, we can establish polynomial-time results for a special graph class that
includes all bipartite graphs.

For this purpose we transform BICLIQUE VERTEX-COVER for £ = 2 into
an equivalent problem involving graph homomorphisms. We need the following



definitions. Let G, H be two simple graphs. A mapping h: V(G) — V(H) is a
homomorphism from G to the reflexive closure of H if for every edge uv € E(G)
we have either h(u) = h(v) or h(u)h(v) € E(H). The homomorphism h is
vertez-surjective if for each ¢ € V(H) there is some v € V(G) with h(v) = c. Let
C}, denote the cycle on k vertices ci,...,cr where ¢; and c; are adjacent if and
only if |i — j| = 1(mod k). We make the following observation, which is easy to
see.

Observation 7 A graph G has a biclique vertex-cover consisting of two non-
trivial vertez-disjoint bicliques if and only if there is a vertez-surjective homo-
morphism from the complement graph G to the reflexive closure of Cy.

A dominating edge of a graph G is an edge xy with N(x) U N(y) = V(G).

Theorem 8 We can check in polynomial time whether a graph G allows a
vertex-surjective homomorphism to the reflexive closure of Cy if

(i) G has a dominating edge, or

(i) G has diameter not equal to two, or
(i1i) G has bounded mazimum degree, or
(iv) G is triangle-free.

Proof. Let G = (V, E) be a graph. The following terminology is useful. Let h
be a vertex-surjective homomorphism from G to the reflexive closure of Cy. If h
maps a vertex v € V to ¢;, we say that v has color i. This way h induces a coloring
with exactly four different colors 1,2,3,4 such that neither color pair (1,3) nor
(2,4) is used on the end vertices of an edge. We call h a diagonal coloring.
Since any diagonal coloring corresponds to a vertex-surjective homomorphism
from G to the reflexive closure of Cy as well, we are done if we can decide in
polynomial time if G has a diagonal coloring for cases (i)-(iv). We prove each
case separately.

(i) Suppose zy is a dominating edge of G. Clearly, {x,y} will be assigned two
different colors by any diagonal coloring h of G.

Suppose such a coloring h exists. Then we may, w.l.o.g., assume that x has
got color 1 and y has got color 2. We will show how we can check in polynomial
time whether this precoloring can be extended to a full diagonal coloring of G.
We call a set U C V colored if every vertex in U has received a color. In a
precoloring, we denote the set of all colored neighbors of a vertex u by N¢(u),
and we call a colored set U j-chromatic if the number of different colors in U
equals j.

We proceed as follows. First we guess an uncolored vertex s not adjacent
to z that we assign color 3 and an uncolored vertex ¢ not adjacent to y that
we assign color 4. Note that the number of guesses is bounded by O(|V']?). We
apply the following rule as long as possible: if there exists an uncolored vertex
u with 3-chromatic N¢(u) then u can only get one possible color, which we then
assign to u. Afterwards we check if there exists a vertex w with a 4-chromatic
colored neighbor set. If so, then pair (s,t) was a wrong guess, because we cannot
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assign an appropriate color to w. We then guess another pair (s',¢') that we
assign color 3,4 respectively, and so on.

Suppose that for a particular pair (s,t) we have applied the above rule as
long as possible and such a vertex w (with 4-chromatic N¢(w)) does not exist.
Since zy is a dominating edge, we can partition the uncolored vertices of G
into the following sets: sets U; ; consisting of vertices adjacent to vertices with
color ¢ and j for (4,7) € {(1,2),(1,3),(1,4),(2,3),(2,4)} and sets U; consisting
of vertices only adjacent to color ¢ for ¢ = 1,2. Then we extend the precoloring
of F' by assigning color 1 to the vertices in Uy o UU; 4 U Uz 4 UU; UUs; and color
2 to the vertices in Uy 3 U Us 3. This proves case (i).

(ii) Suppose G does not have diameter 2. If diam(G) = 1, then G is a complete
graph and does not have a diagonal coloring. Let diam(G) > 3. Then there
exist vertices u,v in G with dg(u,v) = diam(G) > 3. We can find such a pair
u,v in polynomial time. We assign color 1 to u, color 2 to all neighbors of w,
color 3 to all vertices of distance 2 from u, and color 4 to all remaining vertices
in G. As this coloring is diagonal, we have shown case (ii).

(iii) Suppose G has maximum degree d for some fixed integer d. By (ii) we may
assume that G has diameter 2. This means that V has at most d? + 1 vertices,
which proves case (iii).

(iv) Suppose G is triangle-free. By (ii) we may assume that diam(G) = 2. If G
has a dominating vertex u, i.e., N(u) = V\{u} then G does not have a diagonal
coloring (since u would become adjacent to a forbidden color). Suppose G does
not have a dominating vertex. We claim that G has a diagonal coloring if and
only if |V| > 4.

Suppose G has a diagonal coloring c¢. As |¢(V)| = 4, we obtain |V| > 4. To
prove the reverse implication, suppose |V| > 4. Let u € V be a vertex with
degree at least two. We color u by 1, one of its neighbors by 2, its remaining
neighbors by 4 and all the other vertices by 3 (as u is not dominating, G has
at least one vertex not adjacent to u). Since G is triangle-free, N(u) is an
independent set, and we have obtained a diagonal coloring of G. This proves
case (iv) and completes the proof of Theorem 8. O

Corollary 9 BICLIQUE VERTEX-COVER for fixed k = 2 can be solved in poly-
nomial time for the class of graphs that contain a pair of nonadjacent vertices
with no common neighbor. In particular, BICLIQUE VERTEX-COVER for fized
k = 2 can be solved in polynomial time for bipartite graphs.

Proof. The first statement immediately follows from Observation 7 and Theo-
rem 8. So, let G be a bipartite graph with bipartition classes A, B. If G has two
nonadjacent vertices x € A and y € B, then we are done by the first statement.
In the other case G is a biclique. This proves Corollary 9. ]

Remark 10. A homomorphism f from a graph G to a graph H is called edge-
surjective or a compaction if for each xy € E(H) with & # y there is some
wv € E(GQ) with f(u)f(v) = zy. The problem that asks whether there exists
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a compaction from a given graph to the reflexive closure of C} is known to be
NP-complete [23]. For a graph G with diameter 2 it is equivalent to asking if
G allows a vertex-surjective homomorphism to the reflexive closure of C4. This
can be seen as follows.

We first note that any compaction, which is edge-surjective, is also vertex-
surjective. To show the remaining implication, suppose f is a vertex-surjective
homomorphism from G to the reflexive closure of Cy. Suppose f(u) = ¢; and
f(v) = ca. If uv € E, then ¢; and ¢y are images of the end vertices of an edge.
Otherwise, since G has diameter two, there exists a vertex s adjacent to u and v.
Then f(s) = c¢1 or f(s) = co. In the first case sv and in the second case su is the
desired edge. We use the same arguments for edges caocs, cscq, and cqc;. Hence
the reverse implication is valid too.

So far, we could only show that the problem that asks if G allows a com-
paction to the reflexive closure of Cy4 stays NP-complete if we restrict the input
graphs to graphs with diameter 3. We do this by slightly modifying the NP-
completeness reduction given in [23]. As this is beyond the scope of this paper,
we leave out the proof details.

Remark 11. Of related interest is the concept of H-partitions as studied by
Dantas et al. [4]. Let H be a fixed graph with four vertices hy,...,hs. An
H-partition of a graph G = (V, E) is a partition of V into four nonempty sets
X1,..., X4 such that whenever h;h; is an edge of H, then G contains the biclique
K = ((Xi,X;), Ex). H-PARTITION denotes the problem of deciding whether a
given graph admits an H-partition. Evidently, BICLIQUE VERTEX-COVER for
k = 2 is equivalent to the problem 2K5-PARTITION where 2K denotes the graph
on four vertices with two independent edges. H = 2K is the only case for which
the complexity of H-PARTITION is not known. All other cases are known to be
solvable in polynomial time.

Remark 12. The BICLIQUE VERTEX-COVER problem for k = 2 is also equiva-
lent to asking if G has a disconnected cut, i.e., a set U C V such that both G[U]
and G[V\U] are disconnected. We are not aware of any previous work on the
problem expressed this way.

4.3 Bounding One Side of the Bicliques

In the following we study the question of whether BICLIQUE VERTEX-COVER
becomes easier when the number of vertices in one of the two classes of the
vertex bipartition of bicliques is bounded. For a complete bipartite graph K =
((U1,U3), E) we define 3(K) = min{|U1|, |Uz2|}. Clearly, 5(K) = 1 if and only
if K is a star. A b-bounded biclique is a biclique K such that 8(K) <b. A
b-biclique vertex-cover of a graph G is a set of b-bounded bicliques of G such
that each vertex of G is contained in one of these bicliques.

Let b be a fixed positive integer. We consider the following parameterized
problem.

12



b-BICLIQUE VERTEX-COVER
Instance: A graph G and a positive integer k.
Parameter: The integer k.

Question: Does there exist a b-biclique vertex-cover § of G such that
|S| < k?

It is not difficult to see that b-BICLIQUE VERTEX-COVER is in XP as follows.
Let G = (V,E) be a graph with n vertices and k¥ > 0. We assume w.l.o.g.
that G does not contain isolated vertices. We choose independently subsets
X1,...,X CV of size at most b, there are O(n*") possibilities. For each choice
Xi,..., X) we define Yi,..., Y, where Y; = [, cx, N(x). Then we check in
polynomial time if every vertex of GG is in at least one set X; or Y;, and if all Y;
are non-empty (note that ¥; = () implies | X;| > 2 because we assume G does not
have isolated vertices). If both conditions are satisfied, then we have found a
b-biclique vertex-cover of size at most k. Furthermore, if there exists a b-biclique
cover of size at most k then one of the guesses will succeed.

Next we will identify the exact parameterized complexity of b-BICLIQUE
VERTEX-COVER. In Lemma 14 we show that the b-BICLIQUE VERTEX-COVER
problem is in W[2]. In Lemma 15 we show that the -BICLIQUE VERTEX-COVER
problem is W[2]-hard. These two lemmas together imply the following result.

Theorem 13 The b-BICLIQUE VERTEX-COVER problem is W[2]-complete for
every b > 1. This also holds if only bipartite graphs are considered.

To show W[2]-membership we use the following parameterized problem known
to be W[2]-complete [6].

DOMINATING SET

Instance: A graph G and a positive integer k.

Parameter: The integer k.

Question: Does there exist a dominating set of G of size at most k7

Lemma 14 There is an fpt-reduction from b-BICLIQUE VERTEX-COVER to
DOMINATING SET.

Proof. Consider an instance (G, k) of b-BICLIQUE VERTEX-COVER. For a set
S CV(G) let 8" C V(G) denote the set of common neighbors of vertices in S,
ie., 8" =(,cg N(v). Furthermore, let 7 denote the set of subsets S C V(G)
with 1 < [S| < band S’ # 0.

We construct a graph H = (V', E’) as follows. We let V' counsist of V(G),
two new vertices 2,2’ and a new vertex vg for every S € 7. We let E’ consist
of E(G) together with the edge zz’ and all edges vsw for w € SU S" U {z},
S € T. Note that H can be constructed in polynomial time as |7| = O(bn®)
where n = |[V(G)|. We show that G has a b-biclique vertex-cover of size at most
k if and only if H has a dominating set of size at most k + 1.

Let S be a b-biclique vertex-cover of G and |S| < k. Note that S C 7. For
every K € § we choose a vertex xx € V(H) as follows. If K is trivial, i.e.,
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V(K) = {v}, then we put xx = v. Otherwise we put xx = vg. Evidently
D={zkg: K e S}U{z} is a dominating set of H, and |D| < k + 1.
Conversely, let D be a dominating set of H with |D| < k + 1. We may
assume, w.l.o.g., that z € D (otherwise 2z’ € D and we can replace 2z’ by z).
For every © € D\{z} we identify a biclique K, of G as follows. If z = vg for
some set S C V(G) then we let K, = ((S,5"), Ek,). Otherwise, if x € V(G),
then we define K, = (({z},N(x)),Exr,). Welet S = {K, : z € D\{z}}.
Again it is easy to verify that S is a b-biclique vertex cover of G, and clearly
|S| < |D|—-1=k. O

To show W/[2]-hardness we use the following parameterized problem known to
be W[2]-complete [6].

HiTTING SET

Instance: A pair (Q,C), where Q = {q1,...,¢m} and C = {C1,...,Cp}
with C; C S for ¢ = 1,...,n, and a positive integer k.

Parameter: The integer k.

Question: Does there exist a subset H C @ with |H| < k, such that
HNC;#(fori=1,...,n7

Lemma 15 There is an fpt-reduction from HITTING SET to b-BICLIQUE
VERTEX-COVER for bipartite graphs.

Proof. Let I = ((Q,C),k) be an instance of HITTING SET, where Q =
{¢1,.-,qm} and C = {Ci,...,C,}. We transform [ into an instance of
b-BiCLIQUE VERTEX-COVER as follows. First construct a bipartite graph
G = ((Q,C), E) by letting ¢,C; € E(G) if and only if ¢; € C;. Now add two
new vertices z and 2z’ to G, such that z is adjacent to every ¢; and 2’ is adjacent
to z only. Finally, for each vertex C; add bk new vertices vj,,...,v;, and add
edges such that N(v;,) := N(C;), d = 1,...,bk. Call the resulting graph G'.
An example of a graph G’ is given in Figure 2. Clearly, G’ is bipartite. Let

VU1 V1, U1, U1y Vg V2, V2, U2y 2 2 2 2 2 9 U= Ve ] Vg, Ve

Fig. 2. The graph G’ for the instance ((Q,C),3) and b = 1, where Q = {q1,...,¢5}
and C = {Ch,...,Cs} with C1 = {q1}, Co = {¢q2, 4}, Cs = {q2,93}, Cs = {q1,45},
Cs ={g3,¢5} and Cs = {qa, g5}
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U’, V' be the bipartition classes of V(G’), such that z € V', and consequently,
U' = QU {z'}. We show that (Q,C) has a hitting set of size at most k if and
only if G’ has a b-biclique vertex-cover of size at most k + 1.

Let H be a hitting set of (Q,C) with |H| < k. Define K, := Ng/(q) U{q} for
all ¢ € H. These |H| stars together with the star that consists of z, 2’ and the
elements of Q\H form a b-biclique vertex-cover of G’ with size |H| + 1 < k+ 1.

Conversely, suppose that G’ has a b-biclique vertex-cover S of size at most
k+1. We may assume, w.l.o.g., that S contains a star K centered at the vertex
z. Let & := S\{Ky}. For a biclique K = ((X,Y), Fx) € S’ we may assume,
w.lo.g., that X C Q and Y C V'. Then |X| <bor |Y]| <b. Let @ be the union
of all vertices that are in a set X of at least one biclique K = ((X,Y), Ex) € &
with |X| < b. We claim that C = Ng(Q'). Suppose to the contrary that there
is a vertex C; € C\Ng(Q'). Consider the set V; = {Cj,vj,,...,v;,}. Since
Cj ¢ Na(Q'), we have V; N Ng/(Q'") = 0 by construction of G'. Thus, for each
biclique K = ((X',Y’), Ex) € &' containing an element v € Vj, it follows that
|X'| > b and |Y’| < b. However, then |S’'| > k + 1, since |V;| > bk. This means
that |S| = |S’| + 1 > k + 2. This is a contradiction. Therefore, we obtain a set
H C @ that is a hitting set of (Q,C) of size at most k by including in H precisely
one vertex in Q' N X for each K = ((X,Y), Ex) € §'. 0

Remark 16. Since the non-parameterized HITTING SET problem, where k is
just part of the input and not a parameter, is well known to be NP-hard, and
since the reduction in the proof of Lemma 15 is in fact a polynomial-time reduc-
tion, it follows that the non-parameterized b-BICLIQUE VERTEX-COVER problem
is NP-hard.

5 Final Remarks

We have classified the parameterized complexity of the problems BICLIQUE
COVER, BICLIQUE PARTITION, BICLIQUE VERTEX-COVER, and BICLIQUE
VERTEX-PARTITION: the first two are fixed-parameter tractable, the latter two
are equivalent and not fixed-parameter tractable unless P = NP. It would be
interesting to improve our algorithm for BICLIQUE COVER and BICLIQUE PAR-
TITION. In particular, it would be interesting to improve on the 3* kernel or to
show that under plausible complexity theoretic assumptions a kernelization to
a kernel of size polynomial in k is not possible. Our results for the BICLIQUE
VERTEX-COVER problem are negative. It would be interesting to identify spe-
cial graph classes for which the problem becomes fixed-parameter tractable, and
to determine the complexity of BICLIQUE VERTEX-COVER for fixed k£ = 2.

Acknowledgment

The authors thank Mike Fellows for helpful discussions.

15



References

1.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

J. Amilhastre, M. C. Vilarem, and P. Janssen. Complexity of minimum biclique
cover and minimum biclique decomposition for bipartite domino-free graphs. Discr.
Appl. Math., 86(2-3):125-144, 1998.

G. Chartrand and L. Lesniak. Graphs & digraphs. Chapman & Hall/CRC, Boca
Raton, FL, fourth edition, 2005.

D. Cornaz and J. Fonlupt. Chromatic characterization of biclique covers. Discrete
Maith., 306(5):495-507, 2006.

S. Dantas, C. M. de Figueiredo, S. Gravier, and S. Klein. Finding H-partitions ef-
ficiently. RAIRO - Theoretical Informatics and Applications, 39(1):133-144, 2005.
R. Diestel. Graph Theory, volume 173 of Graduate Texts in Mathematics. Springer
Verlag, New York, 2nd edition, 2000.

R. G. Downey and M. R. Fellows. Parameterized Complezity. Monographs in
Computer Science. Springer Verlag, 1999.

P.C. Fishburn and P.L. Hammer. Bipartite dimensions and bipartite degrees of
graphs. Discrete Math., 160: 127-148, 1996.

J. Flum and M. Grohe. Parameterized Complezity Theory, volume XIV of Texts
in Theoretical Computer Science. An EATCS Series. Springer Verlag, 2006.

M. R. Garey and D. R. Johnson. Computers and Intractability, Freeman, 1979.

. J. Gramm, J. Guo, F. Hiiffner, and R. Niedermeier. Data reduction, exact, and

heuristic algorithms for clique cover. In Proc. ALENEX’06, SIAM, pages 86-94,
2006.

S. Gravier, D. Kobler, and W. Kubiak. Complexity of list coloring problems with
a fixed total number of colors. Discr. Appl. Math., 117(1-3):65-79, 2002.

J. Guo and R. Niedermeier. Invitation to data reduction and problem kernelization.
ACM SIGACT News, 38(2):31-45, Mar. 2007.

M. H. Heydari, L. Morales, C. O. Shields Jr., and I. H. Sudborough. Comput-
ing cross associations for attack graphs and other applications. In 40th Hawaii
International International Conference on Systems Science (HICSS-40 2007), 3-6
January 2007, Waikoloa, Big Island, HI, USA, page 270, 2007.

F. Hiiffner, R. Niedermeier, and S. Wernicke. Techniques for practical fixed-
parameter algorithms. The Computer Journal, 51:7-25, 2008.

T. Jiang and B. Ravikumar. Minimal NFA Problems are hard. SIAM J. Comput.,
22: 1117-1141, 1993.

A. Lubiw. The boolean basis problem and how to cover some polygons by rectan-
gles. SIAM J. Discrete Math., 3: 98-115, 1990.

E. Mujuni and F. Rosamond. Parameterized complexity of the clique partition
problem. In 14th Computing: The Australian Theory Symposium (CATS 2008),
22-25 January 2008, New South Wales, Australia, pages 75-78, 2008.

H. Miiller. On edge perfectness and classes of bipartite graphs. Discrete Math.,
149(1-3):159-187, 1996.

D.S. Nau, G. Markowsky, M.A. Woodbury, and D.B. Amos. A mathematical
analysis of human leukocyte antigen serology. Math. Biosci., 40: 243-270, 1978.
R. Niedermeier. Invitation to Fized-Parameter Algorithms. Oxford Lecture Series
in Mathematics and its Applications. Oxford University Press, 2006.

J. Orlin. Contentment in graph theory: covering graphs with cliques. Nederl.
Akad. Wetensch. Proc. Ser. A 80, Indag. Math., 39(5):406-424, 1977.

L.J. Stockmeyer. The set basis problem is NP-complete. Technical Report RC-
5431. IBM, 1975.

16



23. N. Vikas. Computational complexity of compaction to reflexive cycles. SIAM J.
Comput., 32(1):253-280, 2002/03.

24. R. Wille. Restructuring lattice theory: an approach based on hierarchies of con-
texts. In Ordered Sets, NATO ASI vol. 83, Reidel, Dordrecht, Holland, pages
445-470, 1982.

17



