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Abstract

Many different voting rules have been proposed in the literature and they can select very
different alternatives. This naturally raises the question of whether this diversity in outcomes
often occurs. Previous works have shown that the probability that voting rules agree on the
same outcome is generally quite low under impartial culture. In this article, we use a similar
probabilistic approach on single-peaked cultures, which are more structured and typically more
realistic than impartial culture. We provide conditions for voting rules to agree under standard
single-peaked cultures, and show that the probability of agreement between rather large families
of voting rules is much higher under such cultures, with fast convergence of this probability with
respect to the number of voters. We finally provide some insights on other structured preference
distributions, observing that many exhibit similar convergence in agreement, including the
Mallows’ distribution. Our study reveals a tendency of several well-known voting cultures to
bias the outcome of voting rules, which is worth knowing before conducting experiments on
synthetic data.

1 Introduction

A major topic in voting theory is the design of good voting rules. However, the social choice literature
is famous for impossibility theorems, e.g., Arrow’s [1] or Gibbard-Satterthwaite [26, 44] theorems,
basically stating that no perfect voting rule exists. Many different voting rules have been designed
along the years, and a large body of literature is devoted to their axiomatic characterization [2]. In
fact, different voting rules can select very different alternatives. However, does this behavior often
occur? This question has been raised by many articles [25] which study the probability that different
voting rules disagree on their outcome. Indeed, exploring the agreement among voting rules can help
understand the similarity between voting rules, in an orthogonal perspective than the axiomatic study.

Most of the works on voting rules’ agreement focus on the impartial (anonymous) culture, where each
preference order (or score), is uniformly drawn from the whole set of linear orders over candidates. Such
study is necessary because the impartial culture can arguably be seen as the most neutral. However,
it does not capture real voters’ preferences, which are usually far from being uniformly distributed.
Moreover, most results on impartial culture highlight that voting rules rarely agree. Therefore, exploring
more structured and realistic cultures may provide new insights on differences between voting rules.
In this article, we will focus on cultures generating single-peaked preferences [6], which make sense
in several contexts such as, e.g., political elections where a left-right axis can structure most voters’
preferences. Even though single-peaked cultures are still far from being a perfect match to real data
[19], they are much more realistic than impartial culture, so these models can be seen as a better
approximation of the reality in some contexts.

In another point of view, studying agreement between voting rules under single-peaked cultures can
also improve the understanding of such cultures. A key question in computational social choice, and in
particular in voting theory, is how to generate relevant synthetic data for experiments on elections [8].
Conducting an empirical study via computer simulations can indeed be very useful to support or



complement theoretical results for many voting problems, e.g., manipulation, winner determination,
bribery and control, or the analysis of possible and necessary winners [10]. The ideal solution to
perform experiments would be to use real-world data [15, 41, 42], see, e.g., the Preflib platform [35].
However, typically, we only have access to limited and context-dependent real-world data, which
makes the experimental results potentially difficult to generalize. In contrast, using synthetic data
allows to simulate elections of any size and to control the experiments’ parameters. However, for
experiments to be meaningful, we also need to simulate realistic elections, raising the question of a
compromise between realism and flexibility. A large number of statistical cultures exist for generating
elections [45]. Among them, single-peaked distributions are quite often used, as reported by Boehmer
et al. [8]. Therefore, exploring voting rules’ agreement under single-peaked cultures is relevant to better
understand these commonly used cultures and better interpret experimental studies.

Let us illustrate possible issues in the interpretation of experiments. For instance, if one would like to
compare how often different rules violate the majority criterion (i.e., a candidate ranked first by half
of the voters should be elected), then experiments could be used. However, the conclusions may be
very different depending on the voting culture used to generate synthetic data. In particular, using
single-peaked cultures may lead to different conclusions compared to impartial culture, especially if
the results on voting rules’ agreement are very different. In particular, if two voting rules frequently
agree under a given culture then the results will be similar because the voting rules are close under
that culture, not because of the problem itself. In any case, knowing how the statistical tool works is a
prerequisite for a good empirical study.

In this article, we study the probability of agreement of different voting rules under single-peaked
cultures. Up to our best knowledge, this question has been surprisingly neglected for cultures more
structured than impartial ones. One notable exception is the work of Chatterjee and Storcken [13] on
unimodal profiles. We focus our study on two well-known models to generate single-peaked elections:
Walsh’s [46] and Conitzer’s [14] models. They consider different ways of uniformly drawing single-
peaked preference orders: either uniformly within the whole single-peaked domain [46], or uniformly
with respect to the peak candidate in the order [14].

We particularly examine positional scoring rules (PSRs), which compute scores for the candidates based
on their position in the voters’ preferences. This family covers many famous voting rules, such as
k-approval rules like plurality or veto, and the Borda rule. We show that for both Walsh’s and Conitzer’s
distributions, many PSRs tend to elect the median candidate(s) in the single-peaked axis, which turns out
to be the asymptotic Condorcet winner, implying that these rules also agree with Condorcet-consistent
rules. We also provide a lower bound on the speed of convergence to such a winner, meaning that this
result holds for reasonable election sizes. We characterize these rules for both cultures and observe that
this set is larger for Walsh’s distribution, which is coherent with its definition. Conitzer’s distribution
seems to be more neutral toward the candidates, in the sense of probability to be elected. We further
study this aspect by examining when single-peaked distributions are unbiased, i.e., when they do not
favor any candidate with respect to a given voting rule.

Finally, we provide some insights on the agreement among voting rules under two other structured
preference distributions: unimodal distributions, which include Mallows’ cultures [34], where we
complete Theorem 4.1 of Chatterjee and Storcken [13] to prove a rapid convergence to a large probability
of agreement; and Polya-Eggenberger urns [17], where we show that even if the probability of agreement
remains high, the convergence toward one is not guaranteed.

Due to space restrictions, some proofs or parts of proofs are deferred to the supplementary material.



2 Related Work

The question of agreement among voting rules was initiated by Gehrlein and Fishburn [22, 23] who
give an explicit probability of agreement between two positional scoring rules in the case of three
candidates under impartial culture. They prove that the probability of all scoring rules to agree in large
elections is 0.5346. Many necessary conditions have then been derived to characterize the agreement
of all positional scoring rules [39, 40, 43]. In particular, Merlin et al. [39] give the probability (i.e.,
0.50116) under impartial culture that many rules (including positional scoring rules, elimination rules
and Condorcet-consistent rules) agree on the same winner in the case of three candidates. This work
was complemented via Monte-Carlo simulations by Lepelley et al. [32] for more than three candidates.
Similar results with explicit formulas have been found under anonymous impartial culture for three
candidates [20]. Most of these works focus on three candidates, sometimes four [30], under the impartial
(sometimes anonymous) culture and try to provide explicit formulas. In contrast, we focus on single-
peaked distributions with an arbitrary number of candidates and analyze the conditions of convergence
toward the same outcome.

In another perspective, many works have studied the Condorcet efficiency of voting rules (see Gehrlein
and Lepelley [25] for a survey), i.e., their probability to elect a Condorcet winner, which can be seen as
exploring how much these rules agree with Condorcet-consistent rules. This question has also been
investigated for structured cultures, such as impartial (anonymous) culture over the single-peaked
domain [21, 31, 33], and Pdlya-Eggenberger urns [24, 37] but, as far as we know, only for three candidates.

Another close question is the notion of consensus [18, 28], which is essentially setting a distance to find
the closest election that satisfies consensus, i.e., the one where the minimum number of voters would
disagree. Beyond voting rule agreement, the likelihood of the occurrence of voting paradoxes has been
widely investigated [25, 48]. In addition, following the idea of asymptotic results, many studies have
been conducted in machine learning, making the link between a voting rule and a maximum likelihood
estimator [4, 12, 47]. In the same perspective, a work on the asymptotic probability of ties in elections
was proposed [49]. While these directions may sometimes be outside of voting theory, it highlights the
importance of our research question.

3 The Model

For any positive integer k, let [k] denote the set {1,...,k}. Let N be a set of voters where N = [n],
and M be a set of m candidates where M = {z1,..., %, }. Each voter i € N has preferences over
candidates represented by a linear order >; over M; the preference profile is denoted by == (>;);en-
Let II" be the set of all possible preference orders for m candidates. For a given preference order
;€ II"", the rank of candidate z in >; is denoted by 7y, (z), i.e., 7o, (z) := {y € M : y =; z}|.

We consider a common preference restriction, namely single-peakedness [6]. A preference profile
=€ (IT"™)™ is single-peaked if there exists an axis > on M such that, for every voter i € N, and each
triple of candidates x > y > z, we have y >; x or y >; z. All along the article, we consider, w.Lo.g.,
an axis > on M such that 1 > - -+ > x,,. Let IIZ be the set of all possible single-peaked preference
orders w.r.t. axis > on M.

3.1 Voting Rules

A voting rule F : (II"™)" — 2M \ {()} selects a non-empty subset of candidates for each preference
profile =¢ (II™)". A scoring rule F is associated with a score function s* : M — R and selects
the candidates maximizing this score, i.e., F(=) € argmax,es s” (7) for every preference profile
- (IIm)n.



A positional scoring rule (PSR) F is characterized by a positional score vector & = (a1, .. ., Qy,) such
that ay > -+ > aup, and g > Qup, in such a way that the winner of the election under F maximizes
the sum of the position scores given by each voter according to the position of the candidate in the
voter’s preferences, i.e., F(>-) € arg maxgen Y ;e n Qr, (x) for every preference profile >~ € (II'")".
The k-approval voting rule, for k € [m — 1], is a particular case of PSR where o; = 1 for all j € [k],
and a; = 0 for all k < j < m. The plurality rule corresponds to the 1-approval rule and the veto rule
is the (m — 1)-approval rule. The Borda rule is the PSR characterized by an evenly spaced positional
score vector, e.g, = (m—1,m—2,...,1,0).

Instead of evaluating the candidates on their absolute position in the voters’ preferences, other voting
rules take into account pairwise comparisons of candidates. A candidate x is the Condorcet winner
in preference profile =€ (II")" if it beats all the other candidates in pairwise comparisons, i.e.,
H{ie N:xz>;y}| >|{i € N:y>; x}|, for every candidate y € M \ {z}. A weak Condorcet winner
xissuchthat|[{i € N :2z >=; y}| > |{i € N :y »; x}|, for every candidate y € M \ {z}. In general,
a (weak) Condorcet winner does not always exist. However, a weak Condorcet winner always exists

when the preferences are single-peaked as well as a Condorcet winner when, additionally, m is odd [7].
A voting rule which always elects the Condorcet winner, when it exists, is called Condorcet-consistent.
Note that PSRs are not Condorcet-consistent [16].

3.2 Voting Cultures

Let us denote as C'(n, II7? ) the probability distribution of drawing n preference orders from I, C II™

to constitute a preference profile & (II"™)". Such a probability distribution C'(n,II7",) is called a
culture.

When voters’ preferences are selected independently and identically distributed, the culture can be
defined as drawing n preference orders >; from a given preference distribution 7™ : II"* — [0, 1]
with >y 7 (i) = 1. The probability for a candidate z; to be ranked at position k € [m]
under preference distribution 7 is given by P7'(j, k) = E>i€Hm:r>i(x]~)=k 7™ (>;). Moreover, the
probability for a candidate = to be ranked before a candidate y under preference distribution 7" is
given by PT(z > y) = >_. cpymgy,y ™ (=4). When the context is clear, the superscript m may be
omitted.

Let S7 (x) denote the random variable giving the score of a candidate z € M for a voting rule F. Let
IE;[S7 (z)] denote the expected score of candidate x for voting rule F under distribution . For a PSR
F characterized by a positional score vector a and a preference distribution 7, the expected score of
each candidate x is given by E;[S7 (z)] = Do ienm T(=i) Q. (a)-

3.3 Convergence to the Expected Winners

When voters’ preferences are identically and independently drawn w.r.t. distribution 7 and E,[S7 (z)]
is finite for any x € M, by the law of large numbers, the expected winners W, (F) of F under 7 are
Wi (F) := arg maxyep E;[S7 (7)]. A candidate z is an asymptotic (weak) Condorcet winner under
distribution 7 if P (z >; y) > 1 (resp., Pr(z =; y) > 3), foreveryy € M \ {z}.

In addition to the guarantee of convergence to the election of expected winners, we provide below a
lower bound on the probability that an expected winner actually wins, when we draw voters’ preferences
independently and identically with respect to a distribution 7.

Theorem 1. Consider a positional scoring rule F defined by a score vector v, and a preference dis-
tribution T over the set of candidates M. When the set of expected winners, defined as Wy(F) =
arg maxge s . [S7 ()], is a singleton, i.e, Wy (F) = {x}, the probability that F elects = satisfies

Pr(z € F(>-)) = Lz (F),



where:

2
L.(F):=1-—2- max _exp <—2n- (,uf(y) - E”[Sf(y)]) >
YyEM\Wr (F)

(max; a;j — min; aj)2

maxgen Ex[S7 (2)] + Ex[S7 (y)]
2

and 7. (y) =

We can thus deduce a lower bound for the speed of convergence for the agreement of several voting
rules.

Corollary 2. For two positional scoring rules F and Fo whose expected winner set under a preference
distribution T is the same, i.e., C := Wy (F1) = Wr(F2), the probability of their agreement for electing
the same unique candidate from C' is such that: P (F1(>-) = Fa(>)) = min{Lr(F1), L-(F2)}.

3.4 Single-Peaked Distributions

We particularly consider distributions based on the single-peaked domain. For a given axis > over M,
a culture C'(n, II") is single-peaked if C'(n, II") = C'(n, 1I7).

Let us define the symmetry with respect to the single-peaked axis via the bijection 7 : [m] — [m] which
associates with each candidate x; its symmetric candidate z(;) where 7(j) = m—j+1. A single-peaked
preference distribution 7 : I — [0, 1] is said to be symmetric if P7"(j,1) = P7*(7(j), 1), for every
candidate z; € M. Symmetric single-peaked distributions form a rather large family of single-peaked
distributions which include, e.g., the distributions 7 such that P7* (z; >=; zj4+1) = P (z,(j) =i T+(j11))
for every j € [| % ]], but not only. Using symmetric single-peaked distributions turns out to be very
natural, in order to derive experiments on the single-peaked domain, without any additional information
than the single-peaked axis. In particular, two distributions are commonly used in the literature to
sample single-peaked elections: Walsh’s [46] and Conitzer’s [14] distributions; they are symmetric and
capture different types of impartial culture on the single-peaked domain. Roughly, the idea is either to
uniformly draw every single-peaked preference order [46], or to uniformly draw every peak candidate
and then construct the rest of the preference order by uniformly choosing the next candidate to rank
between the closest available candidates on the single-peaked axis [14].

Definition 1 (Walsh’s distribution). Walsh’s distribution wyy : 117 — [0, 1] is such that myy (>-;) = Qm%l,

for every =;€ 11T,

Definition 2 (Conitzer’s distribution). Conitzer’s distribution m¢ : II'? — [0, 1] is such that m¢(>;) =
L. 1T>_(mm)}_1 for every —;c 117

m  gmin{ry (z1),

This definition adequately translates the algorithm proposed by Conitzer [14]. The peak is selected
uniformly at random, corresponding to the % term. Once the peak is fixed, the next candidate is chosen
uniformly among the two candidates adjacent on the axis >, making the process dependent on the
relative positions of the two extreme candidates. Specifically, once one of these two extreme candidates
is selected, the rest of the ranking is completed by successively adding the remaining candidates on the
same side with respect to the axis >.

In this article, we aim at understanding the behavior of voting rules under single-peaked distributions.
In particular, we analyze the conditions under which PSRs agree, how the expected winners are located
with respect to the single-peaked axis and whether they are asymptotic (weak) Condorcet winners.

4 The Single-Peaked Domain

Let us start with structural properties of the single-peaked domain. We first recall that [II7| = 2m~1,

We give below a useful observation on possible candidates’ positions in single-peaked orders.



Observation 3. Candidate x; can never be ranked at a position k > max{j, m—j+1} in a single-peaked
order.

We continue our preliminary remarks on the structure of the single-peaked domain with the next
lemma, already stated by Boehmer et al. [9], which will be useful to compute the probability for a
candidate to be ranked at a given position.

Lemma 4 (Boehmer et al. [9]). The number of single-peaked preference orders in 117" in which candidate
xj is ranked at position k is given by the following formula, for each j,k € [m]:

D, k) = 247 ((T:f) ! (T—_:D i

Let C* denote the set of median candidates in the single-peaked axis, this set is a singleton in case m is
odd and is a pair of candidates in case m is even, i.e.,

{z[m1} if m is odd
C* = 2 .
{rm,xmiq1} ifmiseven

These candidates play an important role in the single-peaked domain. We first show below that more
preference orders rank them at good positions compared to the other candidates.

Lemma 5. For every median candidate x. € C* and any other candidate x; € M \ C*, there exists
an index v, (j) € [max{j,m — j + 1}] such that D, (c, k) > D (j, k) forevery 1 < k < v, (j) and
DG, k) > Dm(c, k) for every v, (7) < k < max{j,m —j + 1}.

Moreover, we show below that many natural single-peaked distributions favor the median candidates
by tending to make them (weak) Condorcet winners.

Proposition 6. Every symmetric single-peaked preference distribution makes the median candidate(s)
asymptotic weak Condorcet winner(s). When m is odd, the unique median candidate is the asymptotic
Condorcet winner under any symmetric single-peaked distribution m which assigns a positive probability
to rank the median candidate first, i.e., P (c, 1) > 0 for z. € C*.

Proof. Let us consider a symmetric single-peaked distribution 7. Let us compare a median candidate
x. € C* and any other candidate z; € M\ C* where, wlo.g.,c = [ ]and j < c. By single-peakedness,
a preference order with a candidate x, as a peak candidate must rank x. before x; if £ > c. It follows
that Py (z. =; 2j) > > ;- . Pr(¢,1). Recall that " | Pr(¢,1) = 1.

If m is odd then, by symmetry, we have > 5_ | P, (¢,1) = > teei1 Pr(£,1), and thus Py (z. >=; x;) >
S Pr(¢,1) > 1. This inequality is strict if Pr(c, 1) > 0.

If m is even then, by symmetry, we have Yy P(£,1) = >/~ | P(¢,1), and thus Py (2. >; x;) >
S Pr(e,1) > % It remains to compare x, with the other median candidate x.. The arguments

are similar: a preference order with a candidate =, as a peak candidate must rank z. before z.; if
¢ < c. Therefore, Py (z¢ =i Zeq1) > Y g Pr(4,1) = % O

5 Walsh’s Distribution

We first study Walsh’s distribution (Definition 1), which corresponds to impartial culture on the single-
peaked domain. The probability that a candidate appears at a given rank then directly follows from
Lemma 4.

'By convention, (:) =0whenk >nork <0.



Observation 7. The probability Py, (j,k) that candidate x; is ranked at position k under Walsh’s

distribution, for each j, k € [m), is equal to P, (j,k) = %

We first establish that this distribution favors the median candidates since their expected score under
every PSR is at least as large as the one of any other candidate.

Proposition 8. For every PSR F, the median candidates always belong to the expected winners of F under
Walsh’s distribution, i.e., C* C Wy, (F).

Sketch of proof. One can show that the expected score of a median candidate is at least as large as the
expected score of any other candidate, no matter the chosen positional score vector for the PSR. When
comparing the expected score of a candidate ¢ € C* with the one of any other candidate z; € M \ C*,
we can restrict our attention, w.l.o.g., to the median candidate z. := Tpmy € C* and to any candidate
x; such that j < [%] (by symmetry w.r.t. the single-peaked axis). By Observation 3, the expected score
of a candidate x, for Walsh’s distribution and a PSR F characterized by the positional score vector

a, is given by E,, [Sf(a:j)] = Z:ljﬂ % -y and By, [S7 (z0)] = ,E 1J+1 jgﬁ,ﬁk) ay. One
can then show to conclude that Eq,, [S7 (z.)] — Ery, [S7 (z;)] > 0. a

We now aim to characterize the PSRs for which the median candidates are the only expected winners.
We identify them as the PSRs whose associated positional score vector « is such that there exists an
index £ € [| %] + 1] with ay > ayq1. We call them first-prioritizing PSRs. Note that all k-approval rules
for k < [ %] + 1 are first-prioritizing, as well as the Borda rule.

Theorem 9. The median candidates are the unique expected winners of a PSR F under Walsh’s distribution,
i.e, Wr, (F) = C*, iff F is first-prioritizing.

Sketch of proof. Consider a PSR F characterized by a score vector a such that there exists an index
¢ € [|%] + 1] for which ay > g y1. We compare a median candidate z. € C* and another candidate
xj; € M\ C* where, wlo.g., ¢ := [§] and j < c. By Observations 3 and 7 and Lemma 5, one can
prove that:

[Sf (fic)] — Eny, [S7 ()]
I+ c, m
Ek 1 j;:n ]{C) O[k - k= 1]+1 927n(]’1k‘) O[k

= it (Sl k) — i) - ot

Fyer (e k) = (G, ) - )

« ; 2]+l m—j .
> S (5 G k) = S Fnlik)) =0

Hence, the expected score of a median candidate is always greater than the one of any other candidate

Zj.
For a PSR F characterized by a vector o where a = - -- = oy, with £ > | % | 4+ 1, one can prove that
both z(m) € C* and 21my_, € M \ C* are expected winners. O

By Proposition 6 and Theorem 9, the first-prioritizing PSRs tend to elect the (weak) Condorcet winner(s)
under Walsh’s distribution.

Corollary 10. Under Walsh’s distribution, all first-prioritizing PSRs and Condorcet-consistent rules
asymptotically agree to elect the median candidates.

We show a good lower bound for the convergence to the same outcome for a subset of first-prioritizing
PSRs, which contains k-approval rules and the Borda rule.



Proposition 11. For all k-approval voting rules that are first-prioritizing and the Borda rule, under
Walsh’s distribution, the probability of their agreement for electing one candidate from C* is lower bounded
by L (F1) where F; refers to the plurality rule.

As an illustration, by Proposition 11, for m = 5, we have P, . (Fi(>) = C*) > 1 — 2¢~ 13 and for
n = 600, the probability of agreement is lower bounded by 0.98.

6 Conitzer’s Distribution

We now analyze Conitzer’s distribution (Definition 2), which considers a uniform distribution not on the
whole single-peaked domain, as Walsh’s distribution, but on the peak candidates of the single-peaked
orders. It follows that the probability for a given candidate to be ranked at a given rank is a bit less
direct, as already stated by Boehmer et al. [9].

Lemma 12 (Boehmer et al. [9]). The probability that candidate x; is ranked at position k under
Conitzer’s distribution, for each j, k € [m), is equal to P, (j,k) = Q(j, k) + Q(m — j + 1, k) where:

ifk <j
ifk=7j

2
0 otherwise

S

QU k) =

We first characterize the expected winners of all k-approval rules.

Proposition 13. The expected winners of the k-approval rule 7 under Conitzer’s distribution are:

M ifk=1
Wre(F) =< {ap, tm-p1} ifl <k < [%]+1 ‘
{zj € M : max{j,m —]+1}§k‘} otherwise

Sketch of proof. We compute the expected score of a candidate x; where, w.lo.g., j € [[%]]. By Lemma
12,

2k ifk < j
3k 1 : .
-1 fk=
Er.[S7 (z;)] = 2]_1++ 2’” L=1Z1} 1 , J , We can then derive the expected
1 ifk>m—j+1
winners w.r.t. k. O

Hence, the only k-approval rule which tends to elect the median candidate(s) as unique expected
winner(s) is [ |-approval (and %5 4 1-approval if m is even).

We now characterize more precisely the PSRs which tend to elect the median candidate(s).
Theorem 14. The median candidates are the unique expected winners of a PSR F under Conitzer’s

distribution iff the positional score vector o associated with F satisfies the following inequality, for every
1<5< [%1

[51-1 m—j
Z oy + 6(m) + a%]l{m even} = Z Qy + 5(]7 m)
l=j+1 =[2]+1

where 3(m) := ([%3] = Doz + (5] + Va1 and §(j,m) == (j — Daj + (m — j + oum—j41.
A sufficient condition is 3(m ) 5(j,m), for every j < [5].



Sketch of proof. Consider a PSR F characterized by a score vector «.. Let us compare a median candidate
r, € C* and another candidate z; € M \ C* where, wlo.g., j < ¢ := [ ]. The median candidates
are unique expected winners iff, for every j < ¢, we have E;.[S7 (z.)] — Ex.[S” (x;)] > 0. One can

prove that this is equivalent to Zl[z]_;ll g+ ([F] = Dagmy + (1] + Doz 11+ ol eveny >

(j— Doy + Z?:?%Hl g+ (m—j+ 1)am—j1.
We always have > l[fjw Jr_ll oy + a%]l{m even} = E;n:?% 41 - Hence, a sufficient condition is ([ 5] —

Dopmy + (1] + Daym > (G — Daj + (m = j+ Dom—jt1. O

We observe that the Borda rule satisfies the sufficient condition of Theorem 14, as well as [ |-approval
(and (5 + 1)-approval if m is even), proving that these rules eventually elect the median candidates
(as already observed in Proposition 13 for the approval rules). While Theorem 14 is not immediately
interpretable, the following provides some intuition. Indeed, the underlying intuition is that the
characterization corresponds to PSRs associated with a score vector («, - - - , ;) such that the first
half of the scores is strictly greater than the second half but, for more than 4 candidates, not with too big
a gap. More precisely, for m=3 and m=4, we must have as > a3 and ag > a3 or aig > au, respectively,
and for m=5, we must have oy > a3 or a3 > a4 and ag < 5 - g — 4 - cvy. Note that, in addition to
Borda and [m/2]-approval, this also includes, e.g., all PSRs such that a; = 0if i > |m/2| + 1 and
o < 2- Q|m/2|+1-

Corollary 15. The median candidates are the unique expected winners of the Borda rule and the [ |-
approval rule (as well as (3 + 1)-approval if m is even) under Conitzer’s distribution.

By Proposition 6 and Corollary 15, the Borda rule, [ |-approval, as well as all rules identified in
Theorem 14 tend to elect the (weak) Condorcet winner(s).

Corollary 16. Under Conitzer’s distribution, the Borda rule, [ |-approval, and Condorcet-consistent
rules asymptotically agree to elect the median candidates.

As an illustration, when we apply Theorem 1 with Borda for m = 5, we have P, (F(>-) = C*) >

1 — 2¢~5200. For example, for n = 2000, we have a lower bound of 0.99 for the probability to elect the
median candidate.

7 Unbiased Distributions

In this section, we aim to identify single-peaked distributions which do not favor any candidate by
design, with respect to a given PSR. A preference distribution 7 : II"* — [0, 1] is said to be unbiased
w.rt. a given PSR F if all candidates are expected winners of F under 7, i.e., E;[S7 (z)] = E,[S7 (y)],
for every x,y € M. Note that the existence of an unbiased distribution w.r.t. a given PSR can be decided
in polynomial time by solving a system of linear equations with real variables.

We first characterize the single-peaked distributions which are unbiased w.r.t. k-approval rules.

Theorem 17. There exists an unbiased single-peaked distribution w.r.t. the k-approval rule iff k divides
m.

Sketch of proof. If k divides m, then there is an integer g such that m = k-q. We partition the candidates
M in q groups of size k where X := {@(j_1)k+1,-..,%;x} foreach j € [¢], and M = |, X;. For
each group Xj, let P; denote the non-empty set of single-peaked preference orders where the k
candidates in X; are ranked among the first k candidates, i.e., Pj := {>;€ IIT : ., (z) < k,Vz € X;}.
One can prove that the distribution 7 such that 3, . p 7(~i) = % for each j € [¢], and w(>;) = O for
all ;€ 117\ Uj¢(q Ij is unbiased w.rt. k-approval. O
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From Theorem 17, no single-peaked distribution can be unbiased w.r.t. k-approval, for any k > m /2
when m > 2, which includes the veto rule (i.e., (m — 1)-approval). Alternatively, there exists a family
of single-peaked distributions which are unbiased w.r.t. the plurality rule (i.e., 1-approval), including
Conitzer’s distribution. In addition, we show that Conitzer’s distribution is unbiased only w.r.t. plurality,
leading to the following statement.

Proposition 18. Conitzer’s distribution is unbiased w.r.t. a positional scoring rule F iff F is the plurality
rule.

Sketch of proof. Suppose that Conitzer’s distribution 7¢ is unbiased w.r.t. some PSR F defined by
the positional score vector a. Since all candidates are expected winners of F, we have in particular
Er.[ST (21)] = Er,[S7 (22)], which leads to au, = 2 - ap + ™2 - iy, 1. Because g > +++ > ayp,
it implies that ay = - - - = aup, and a1 > auy, thus F corresponds to the plurality rule. O

In contrast, we prove that Walsh’s distribution can never be unbiased because, no matter the chosen
positional score vector, the expected score of a median candidate will always be strictly greater than
the one of an extreme candidate in the single-peaked axis.

Proposition 19. No PSR can make Walsh’s distribution unbiased.

Proof sketch. One can prove that, no matter the chosen positional score vector, the expected score
of a median candidate will always be strictly greater than the one of an extreme candidate in the
single-peaked axis. d

We now consider a very degenerate distribution which only puts positive equal probability on the two
extreme orders in the single-peaked domain.

Definition 3 (Polarized distribution). The polarized single-peaked distribution 7 : II" — [0, 1] is defined
as:

7T(>‘i)—{ T fTy i e T OF Ty e X

"1 0 otherwise

Although it is degenerate, the polarized distribution is nevertheless symmetric and is the only single-
peaked distribution which is unbiased w.r.t. the Borda rule.

Theorem 20. A single-peaked distribution is unbiased w.r.t. the Borda rule iff it is the polarized distribution.

Proof. The Borda rule is characterized by, e.g., the positional score vector (m — 1,m — 2,...,1,0).
Under the polarized distribution, each candidate x; can be ranked either at position j or at position
m — j + 1, with equal probability. It follows that the expected score of each candidate z; is equal to
2(m —j) + 1(j — 1) = 3(m — 1). Therefore, the polarized distribution is unbiased w.r.t. the Borda

rule.

Let us now prove that no other distribution is unbiased w.r.t. the Borda rule. Suppose that there exists a
single-peaked distribution 7 which is unbiased w.r.t. the Borda rule. Observe that, globally, all the Borda
scores that have been distributed to the candidates are equal to Zhenr; T(=i) D pem(m—re,(2)) =

ZHEH’Q (=) - m(n;l) = m(gil)
score, it must be equal to mT_l Let us denote by IT7'(1) and ITZ (m) the set of single-peaked orders where
candidate 1 and x,,, are ranked last, respectively. We have I = IT7"(1) UIIZ (m). Candidates x; and
T get zero points in 1T (1) and IIZ (m), respectively. Since the maximum number of points to get is
(m — 1), for ; and x,, to get an expected score of mTfl, the distribution should be balanced between
I17(1) and I17"(m), i.e., we must have Zhen’;(l) (=) = Z>¢EH7§L(m) m(>;) = 1. Moreover, for

. Therefore, since all m candidates must have the same expected
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x1 and x,, to reach an expected score of exactly mTfl on only half of the single-peaked orders, they
must get m — 1 points, i.e., be ranked at the first position, in the orders with positive probability in
their half. Since both x; and x,,, are ranked first in exactly one single-peaked order, i.e., in the extreme
orders xy >=; Xo =; -+ > Ty and X, >4 - -+ > T2 >=; X1, respectively, m must assign positive equal
probability to exactly these two orders, leading to 7 being the polarized distribution. O

8 Other Structured Distributions

Finally, we explore structured preference distributions other than single-peaked ones in order to
determine whether similar results can be reached. In particular, we study unimodal distributions,
including the famous Mallows’ distributions [34], introduced in voting theory by Goldsmith et al. [27],
and Polya-Eggenberger urn [17] introduced in voting theory by Berg [5].

8.1 Unimodal Distributions

The Kendall tau distance evaluates the similarity between two preference orders by counting the number
of pairwise comparisons on which the two orders disagree, i.e., distr (=i, ;) = [{(z,y) € M?:
xz > yand y >; z}|, for every >;, ;€ II". The frequency of a preference order >;€ II" in a
preference profile ¢ (II")™ is denoted by f(>;, >). A preference profile € (II")" is unimodal [13]
if there exists a mode >*& II", ie., a reference preference order, such that f(>;,>) > f(>;, >
) iff distgr(=*, =) < distgr(>=*,>;), for every pair of preference orders >;, ~;€>~. Positively
discriminating rules [13] are social welfare functions which always return the mode as the outcome of
the election. Both PSRs and Condorcet-consistent rules are positively discriminating.

We adapt the definition of unimodal profile to distributions. A preference distribution 7 : II" — [0, 1]
is said to be unimodal if there exists a mode >*& II" such that 7(>;) > 7 (>}) iff dist g7 (>, ;) <
distgr(>=*, "), for every pair of preference orders >;, >:€ II". We consider independent and identical
voter preference drawings. By using the Glivenko-Cantelli theorem [11], we deduce that any unimodal
distribution will asymptotically generate a unimodal profile, where PSRs and Condorcet-consistent
rules agree to select the winner of the mode.

Corollary 21. Under unimodal distributions, all PSRs and Condorcet-consistent rules asymptotically agree
to elect the first-ranked candidate of the mode.

We go further and give a bound for the speed of convergence toward agreement in terms of election
size.

Proposition 22. For a unimodal preference distribution m, the probability that all PSRs and Condorcet-
consistent rules agree is lower bounded by By := 1—2exp(—2ne?), fore := miny o crm |7(>;) —7 (>~

)l

A typical example of unimodal distributions are Mallows’ distributions M%7, for given o € II"™ and
¢ € [0,1], defined by P (0,0 (i) = %gj)distKT(*iv") where Z = Y. pm pdister(=10) - Mallows’
distributions are unimodal when ¢ < 1. We give below an example of the speed of convergence under
Mallows’ distributions.

Example 1. Under a Mallows’ distribution 7%, we gete = ¢* - (1 — ¢) with k := max, distxr(o, =;)

and thus the bound for agreement is B, 4o = 1 — 26$p(—2n(W)2).

If¢p =01, m = 3 (thenk = 3) and n = 2,000,000, we have B_s,- = 0.92. If p = 0.9, m = 3 and
n =400, B, s, = 0.97. When more weight is given to orders close to the mode, voting rules agree faster
than when the Mallows’ distribution gets closer to impartial culture (i.e., ¢ = 1).
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8.2 Poélya-Eggenberger Urn

In the Pélya-Eggenberger urn model, we consider an urn initially containing m! balls representing the
m/! different preference orders from I1™, i.e., each oth
probability 8, = # To draw our preference profile > with n voters, for each voter, we draw a ball and
assign to the voter the corresponding preference order and put it back into the urn with R additional
balls with the same preference order and R > 0. We will assume R = m! - r, for a given parameter 7.

preference order from IT"™ is initially drawn with

The following result generalizes the asymptotic result from Gehrlein [20] for three candidates under
impartial anonymous culture (when R = 1).

Proposition 23. Under the Polya-Eggenberger urn culture, the probability that all PSRs asymptotically
agree is lower bounded by % ifr < % andm = 3, and by i ifr < % and m = 4.

We now analyze the agreement between plurality and Borda rule.

Proposition 24. Under the Polya-Eggenberger urn culture, the probability that plurality and Borda
asymptotically agree is lower bounded by% ifr < % andm = 3, and by% ifr < % andm = 4.

To give a comparison, under Walsh’s distribution, for the agreement of plurality and the Borda rule
to the election of median candidates C*, we have a lower bound given by the plurality rule F; (by
Proposition 11) which is as follows: if m = 4, P, (Fi(>) = C*) > 1 — 2¢73 is larger than 3
when n > 52. Therefore, we are able to compare lower bounds and tell that the lower bound of
Pélya-Eggenberger urn for r < % is reached from n > 52 for the lower bound of Walsh’s distribution.

We finally prove a positive probability of disagreement asymptotically for every pair of PSRs.

Proposition 25. If the election is drawn with a Pélya-Eggenberger urn culture with R < 4 then ev-
ery pair of positional scoring rules F1 and Fo asymptotically disagree with a positive probability, i.e.,
limy, 00 P(F1(>) # Fa(>)) > 0.

This result means that any pair of positional scoring rules will disagree on a nonempty set asymptotically.
Thus, we cannot achieve the same type of convergence results as in single-peaked distributions.

9 Conclusion

We have studied the probability of agreement of different voting rules under two single-peaked cultures,
classically used for experiments in social choice, namely Walsh’s and Conitzer’s distributions. These
distributions tend to favor the election of median candidate(s) in the single-peaked axis, and these
candidates also turn out to be (weak) Condorcet winner(s), implying the agreement of several positional
scoring rules (PSRs) with all Condorcet-consistent rules. This (weak) Condorcet efficiency holds in
general for all symmetric single-peaked distributions, which are natural distributions for experiments
when no additional information other than the single-peaked axis is available. We nevertheless observe
that Conitzer’s distribution is less biased toward the median candidates because it happens to be
unbiased w.r.t. one PSR (namely plurality), contrary to Walsh’s distribution. While these single-peaked
distributions enable fast convergence to agreement, this is also the case for other structured distributions,
such as unimodal ones, where the agreement is very general among voting rules and convergence is rapid.
This behavior cannot be extended to Polya-Eggenberger urns where the probability of disagreement is
non-negligible, even if it remains high in some particular cases.

Our findings highlight that particular attention should be taken when using voting cultures for ex-
periments in social choice. Indeed, since we identify cultures in which the agreement of different
voting rules rapidly agree as the number of voters increases, conclusions drawn from experiments

12



testing different voting rules for a problem should be interpreted with caution. One could imagine very
different conclusions about a problem, not because of the problem itself, but because of the culture
used: impartial cultures versus single-peaked cultures, for example. The take-home message of our
results is to warn the community to be careful when using such cultures in experiments because some
interpretations could be biased by the fact that voting rules mostly agree under these cultures.

Future work could consider bounds on the probability to agree in finite elections with Polya-Eggenberger
urn. The difficulty, however, lies in the dependent structure of this distribution. One idea could also be
to consider nearly single-peaked distributions to bridge the gap between impartial and single-peaked
cultures and be closer to real political elections. Furthermore, when voting rules asymptotically agree,
we might conjecture that the probability of not satisfying certain axioms might also decrease as the
election size increases. Finally, the same study could be done in a strategic model where voters can
manipulate [38].
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Technical Appendix

A The Model

In the case of m = 2 candidates, all PSRs coincide and gaining one point for a candidate in a PSR is
equivalent for this candidate to be ranked before the other candidate, breaking the gap between absolute
and relative evaluation of candidates. In that case, majority voting can appear as the only reasonable
voting rule [36]. Therefore, given the focus of our paper, we reasonably assume that m > 2.

Lemma 26 (Hoeffding [29]). Let X} be some independent real random variables, and (ay) e[y and

(bk)kefn) two real sequences such that for every k € [n], we have ay < by and P(ar < Xy < by) = 1.
—2¢2

Then, for everyt > 0, (S, — E(S,) > t) < eZk=1®x=)" where S, = 37| X

Lemma 27 (Hoeffding [29]). Let X}, be some independent real random variables, and (ax)ic[n) and

(bk)kefn) two real sequences such that for every k € [n], we have ay < by and P(ar < Xy < by) = 1.
—2¢2

Then, for everyt > 0, P(S,, — E(S,) < —t) < eZk=106=%) where S, = S°7_, Xp.

Theorem 1. Consider a positional scoring rule F defined by a score vector o, and a preference dis-
tribution 7 over the set of candidates M. When the set of expected winners, defined as Wy (F) =
arg maxge s . [S7 ()], is a singleton, i.e, Wy (F) = {x}, the probability that F elects = satisfies

Pr(x € F(>)) > Lr(F),

where:

L.(F):=1-2- max
yeEM\Wr (F)

o (—2n- (w7 (v) - Ew[sﬂy)})?)

(max; o — minj aj)?

max,ey Ex[S7 ()] + Ex[S7 (y)]
2

and i (y) :=

Proof. Let IE;[S” (y)]; be the expected score of candidate y with rule F for voter i. Let W, (F) = {z},
we have:

Pr(x € F(-) =Pty # 2, ) ST ()i > > 57 ()]
=1 =1

Using Bonferroni’s inequality we get:

Prlvy # 2,y 57 ()i > ) 57 (y)i]
=1 =1

> PR[) ST (2)i > )T ()] — (m—2)
i=1 i=1

TFY

> (m = 1) minPe[} | 57 ()i > 3 57 (y)i] — (m - 2)
i=1 1=1

Let us now compute a lower bound for P [>" | S7(z); > Y7, S7 (y);]. Using again Bonferroni’s
inequality we have:

P[> 57 (@) > 57 (y)i]
i=1 i=1
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n

> Prly 57 (@) <n-pf () + P ST (2)i > n-pf (y)] - 1
=1 i=1

Now, we work on each term separately,

P[> 57 (@) < n-ul (y)]

=1

=1-P> 87 (@)i = n-ul (v)]
=1

Using the first Hoeffding’s inequality (Lemma 26) with a; = min, o, and b; = max, oy,

P[> 87 (x)i = n -l ()]
=1

= IPW[Z ST(@)i —n B [ST W) = n- pf (y) — n - Ex[ST (y)]i]

—2n(uz 1) —Ex|S” w)])?
< e (maxy ay—ming ay)

We reproduce the exact same reasoning for the second term P[>, S7 (x); > n - u (y)] but we use
the second Hoeftding’s inequality (Lemma 27). We summarize and find:

P[> 57 (@) > 3 ST ()
=1 =1

—2n(uf (1) =Ex (ST (v)])? —2n(uf (1) =Ex[s” (2)],)?
< 1 —e (maxy ay—miny ay)2 —e (maxy ay—ming ay)2

Finally, we get:
Pr(z € F(-))
—2n-(u () Ex[S” (1))

2 1—-2. maxe (maxy ay—miny ay)2
y7#w

d

Corollary 2. For two positional scoring rules F1 and Fo whose expected winner set under a preference
distribution 7 is the same, i.e, C' := Wy (F1) = Wx(F2), the probability of their agreement for electing
the same unique candidate from C'is such that: P (F1(>) = Fa(>)) = min{ L. (F1), L. (F2)}.

Proof. We apply twice Theorem 1 and deduce that both rules F; and 3 have to agree on the same
outcome with a probability higher than the minimum of both lower bounds. O

B The Single-Peaked Domain

Observation 3. Candidate x; can never be ranked at a position k > max{j, m—j+1} in a single-peaked
order.

Proof. If k > m — j + 1 (resp., k > j), then it means that there are not enough positions between

position k and position m to place at least all candidates x1,...,xj_1 (resp., £j41,. .., Zy), which is
necessary in order to rank x; at position k, by single-peakedness. It follows that, under such a condition,
no single-peaked preference order can rank x; at position k. d
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Lemma 5. For every median candidate x. € C* and any other candidate x; € M \ C*, there exists
an index vy, (j) € [max{j,m — j + 1}] such that Dy, (c,k) > D (4, k) forevery 1l < k < v (j) and
DG, k) > D (c, k) for every v, (7)) < k < max{j,m — j + 1}.

proof. Let us compare a median candidate . € C* and another candidate z; € M \ C* where,
wlo.g., c:= [§]and j < c. Our goal is to compare Zy,(c, k) and Z,,(j, k) for a given position

k € [m — j + 1], and thus, by Lemma 4, to compare (T:lk) + (Zf,f) and (T:lk) + (] k) Observe that

("5) = (n=t) = (=), and thus (757) = (_j"* ). implying that (77F) = (72F) when m is
odd.

Let us recall that, when n is fixed, the binomial coefficient (Z) is strictly increasing from £ = O to £ = 5
and then strictly decreasing from £ = 5 to £ = n (in case n is odd, the two maximal values are taken

for ¢ = |5 ] and £ = [§], so it is fine to 31mply consider that the closest £ is to 3, the biggest the value
( ) In our case, we have n = m — k, therefore the maximal value of ( P k) is taken for ¢ the closest to

m— Observe that "5~ k> ¢ — k. It follows that (m k) > (T If) since we are in the i 1ncreasmg part.

Moreover the max1mal value ¢ = Tk is always closer to ¢ — 1 than to j — ke if TE k> e 1 it 1s

obvious and if 5= k< ¢ — 1, then supposing j — k is closer would imply ™% — j + k <c—1-"5=
and thus, because j<c=[%],wewouldhavec>m —j+1> [T+ 2 a contradiction. It follows

that () > (7).

j—k
Firstobservethahfk: <c—j+1, thenwehavej—l <c—kandthusj—k<j—1<c—k<c—1.
Since ¢ — k < =% it follows that ( ) > (7;‘_71]“), and thus, since (”g:f) > (zn:]f ), we have that

Don(c, k) = Do, ).

By Observation 3, we know that %,,(j, k) = 0iff k& > max{j, m — j + 1}, therefore Z,,(c,k) =0
when k > [ 3] + 1 and Z,,(j, k) = 0 when j > m — j + L. It follows that Z,,(j, k) > Z(c, k) for
all [ F|+1<k<m—-j+1

To summarize, now we know that when k¥ < ¢ — j + 1, we have Z,,,(c, k) > Z.(j, k) and when
k> |3 ]+1, wehave Z,,,(j, k) > P (c, k). It means that there exists an index k such that Z,,,(c, k) >
Dm(j, k) and D, (j, k +1) > Dp(c, k4 1). Let us consider the greatest such index k¢ as our base case
and suppose, by induction, that Z,,(c, k') > 2,,(j, k') for all indices k' such that k¥ < k/ < kg for a
given index k < ko. We will prove that if Z,,,(c, k) > P, (J, k) holds, then Z,, (¢, k—1) > D, (j, k—1)
also holds, which will be sufficient to prove our statement about the existence of a unique threshold
¥m/(j) to distinguish when Z,,, (¢, k) > P (j, k) and when Z,,,(j, k) > Dm(c, k).

Suppose that Z,,(c,k) > Zm(j,k) holds for a given position k. By Lemma 4, it means that
(m_k) + ( m—k ) > (m—k) + (7;1__,5) By Pascal’s identity, we thus have (m_kH) — (m_k) +

-1 =L oa) j—1 -1 c—2
(i) = (M ) = () = (722) + (5550 — (7). which s equivalent to
(") I 2 ) G5 + () + () — () = () 1
(722) + (o Zh ) = (722) = (Z4f1) = 0 holds, then we have (" %) + (77 M) >
(m kH) (T 15111) and our claim follows, i.e., we have Z,,(c,k — 1) > Z,,(j, k — 1). Let us thus
assume, for the sake of contradiction, that ("'~ 2k )+ ( cflinIl:Z 0dd}) - (T:Qk ) — ( jT,;fl) < 0.

() () < (G2) (50
c=1=Tmoay) ~\i=2) " \j—k+1
( > c—1 +( m—k ) C_ﬂ{modd}
-1 m — k—c—i—2 c—]l{modd} m—k—0+1+]1{modd}
<<m k>ﬂl+<mk>mﬂ
j—1) m—-k—j+2 j—k) j—k+1
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e (D ()
m—k—c+2 c—1 ¢ — Lim oddy
<mk:>' (m —k+1) 1, even) _
c (m—k—c+2)(m—k—c+1)

m—k j—1 . m—k m—j
j—1) m—-—k—j+2 j—k) j—k+1

Since we have assumed Z,,, (¢, k) > P, (J, k), it follows that:

c—1 m—k m—k
m—k—c+2 <(j—1>+<j—k>>+
‘ (m —k+1) - L even) _

(m—k—c+2)(m—k—c+1)

(m k:) o i-1 +<m—k‘>' m—j
j—1) m—k—j+2 j—k) j—k+1
<:><m k) c—1 j—1 >+
j—1 m—k—c+2 m—k:—j—i—Z
(m k> m k—|—1) ]l{meven} <
(m— k—c+2)(m kE—c+1)
m—k c—1
<] k) (] k—l—l m—k—c+2>
<:><m k) ( c—1 j—1 )+
j—1 m—k—c+2 m—k—j—|—2
) H;:]1+1(m k—c—i—p) (m_k—i_l)‘]l{meven}

G -1+p) (m—k—c+2)(m—k—c+1)

<m k
J—1 o
k 1(

<m k:) [[=1( —k+p) <m—j B c—1 )
j—1 im—k—j+1+p) \J—k+1l m-k—c+2

- c—l j—1 +
m—k—c+2 m—k—j+2
I1,

l(m k—c+1—|—p) (m*k‘i‘l)']l{meven}

HC J+1(]—1+p) (m—k—c+2)
[1-1G—k+p) < m—j  c—1 )
Hl;;%(m—k‘—j+1+p) j—k+1 m—-k—c+2

(c—)m—k+1)
(m—k—c+2)(m—k—j+2)
Hp l(m k—c—l—l—i—p) (m_k+1)']l{meven}
LG - 1+p) (m—k—c+2)
Hl; %( —k+p) m—k+1)(m—c—j+1)

[im—k—j+14p) (G—k+Dm—k—c+2)

(c—7) +H,, 1m—k—c+1+p)
(m—Fk—7j+2) I G —1+4p)

54

= -1 {m even} <
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[1-1G—k+p) (m—c—j+1)
[Ilm—k—j+1+p) G-k+1)
[ m—k—c+1+p)
=G —1+p)

15250 — &k +p)
[y (m—k—j+1+p)
[ y(m—k—j+1+p)

[153(G — k+p)
[ m—k—c+1+p) [[Z3(m—k—j+1+p)

M G-1+4p ISG-k+p)
<(m—-c—j+1)

Hﬁam—k—j+1+m+

[5G — k+p)

Hﬁrﬁ%m—k—c+1+m

<:>(C - ]) + : ]l{m even} <

(m—c—j+1)

“(c—17)-

* L{m even}

S(c—=7)

‘]l{meven} < (m_c_j+1)

Ffe—j—1,-
L7 G —k+1+p)
k—1 —k—i+1
Since j < ¢ = (%L we have m — j + 1 > j and m — ¢ > j, therefore Hp:2k(7_nl(j Z_—:p)—&-p) > 1
p=2\J"

1277 (m—k—ct+1+p)

and EF TGkt 1p) > 1. It follows that (¢ — j) + Ly eveny < (M — ¢ — j + 1), whereas
m—c+1= 5|+ 1= c+ 1y, even)> a contradiction. O

C The Walsh’s Distribution

Proposition 8. For every PSR F, the median candidates always belong to the expected winners of F under
Walsh’s distribution, i.e., C* C Wy, (F).

Proof. When comparing the expected score of a candidate ¢ € C* with the one of any other candidate
r; € M\ C*, we can restrict our attention, w.l.o.g., to the median candidate . := r[m1 € C* and to
any candidate x; such that j < [%] (by symmetry w.rt. the single-peaked axis). The expected score of
a candidate x;, for the Walsh’s distribution and a PSR F characterized by the positional score vector a,
is given by E,, [ST (2)] = Y1t Py (G, k) - o = >0y %’:,L(ff) - ay. By the fact that j < ¢ =[],
we have max{j,m —j+1} = m —j+1and max{c,m —c+1} = |5 | + 1. And thus, by Observation
3, Dm(c,k) = Oforevery k > || + 1 and Z,,(j,k) = Oforevery k > m —j+1> [B] + 1.

Therefore, we have E [Sf(xj)] = Z:ljﬂ % oy and Er, (ST (z0)] = ,ﬁﬂ“ % -y,

Let us compare the expected scores of both candidates:
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mgq i
L k) 2 D, )
- om—1 Tk Z gm—1 Ok
k=1 k=1
=t | 2 Dl k) — T ) -t
k=1
m—j+1
Z (gm(cv k) - @m(ja k)) s
k=ym(j)+1
o [Z]+1 m—j+1
A DR ENCY
=0

The inequality comes from the fact that, by Lemma 5, Z,(c, k) > P, (4, k), for every k € [y, (j)] and
Dm(c, k) < D (7, )foreveryfym( ) <k<m-—j+1andthata; >+ > ay >+ > . The

last equality to 0 is because Zk 2l D (c, k) = ZLIJH D (j, k) = 2m~ L,

Hence, the expected score of a median candidate z. is always at least as good as the expected score of
any other candidate, which completes the proof. d

Theorem 9. The median candidates are the unique expected winners of a PSR F under Walsh’s distribution,

i.e, Wr, (F) = C*, iff F is first-prioritizing.

Proof. Consider first a PSR F characterized by a positional score vector « such that there exists an index
¢ € [|%] + 1] for which ap > ay41. Let us compare, w.l.o.g., the median candidate z. with ¢ := [
and a candidate ; such that 1 < j < cwhere, by definition, z; € M\ C*. By the fact that j < ¢ = [ %],
we have max{j,m —j+1} = m — j+1and max{c,m —c+1} = [ ] + 1. And thus, by Observation
3, Dm(c, k) = 0forevery k > || +1and Z,,(j,k) = 0foreveryk >m —j+1> ||+ 1. Letus

compare the expected scores of both candidates:

Ery [S7 ()] = By [$7 ()]
L5+t m—j+1

D (c, k) Dm (s k)
- om—1 "k Z gm—1 "k
k=1 k=1
:2m—1 Z (@m(C,k) _'@m(ja k)) COgt
k=1
m—j+1
Z (@m(cvk)_@m(ja k)) ey
k:'Ym(j)‘f'l
0 () [+ m—j+1
TYm J
> Z.@ck Z@g,
=0
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The inequality comes from the fact that, by Lemma 5, Zp,(c, k) > 2, (4, k), for every k € [y, (j)] and
Dm(c k) < Dm(j, k) for every ym(j) <k <m —j+ 1L, andthata; > --- > a5y = -+ > am.
This inequality is strict because there exists an index £ such that 1 </ < [ | +1 <m — j + 1 for
which oy > ay1. Hence, the expected score of a median candidate is always greater than the expected
score of any other candidate x;, and thus the median candidates are the only expected winners.

Consider now a PSR F characterized by a positional score vector a where a; = - - - = o for a given
¢ > |3 + 1. Let us compare, w.lL.o.g., the median candidate x, with ¢ := [ ] and the candidate z._;
(which must exist since m > 2) where, by definition, x._1 € M \ C*. By the factthatc —1 < c = [ ],
we have max{c,m —c+ 1} = [ ] + 1and max{c —1,m — (¢ — 1) + 1} = |5 | + 2. And thus, by
Observation 3, Z,,,(c,k) = 0 for every k > [ | + 1 and Z,,(c — 1,k) = 0 for every k > | 3] + 2.
Note that, by assumption, we have ¢ > L%J +1,and thus oy = --- = Qmyy = Qpmg. Let us
compare the expected scores of both candidates:

g ek g - 1k)

= 2m—1 Qg — Z 2m—1 " O

k=1 k=1

N |2 )+1 || +2

1
=T > Dmle k)= Y Dmlc—1,k)
k=1 k=1

=0

Hence, the expected scores of x. and z._; are equal, whereas x._; is not a median candidate. Therefore,
the median candidates are not the only expected winners. O

Proposition 11. For all k-approval voting rules that are first-prioritizing and the Borda rule, under
Walsh’s distribution, the probability of their agreement for electing one candidate from C* is lower bounded
by L (F1) where F refers to the plurality rule.

Proof. Let A be the set of all k-approval rules that are first-prioritizing. Thanks to Corollary 2, it is
enough to look at minre 4{L(F)}. Using the expression of L in Theorem 1, we can greatly simplify
our question to the finding of F such that max,¢c s Exyy, [S7 ()] — Ery, [S7 (y)] is minimal, where
maxzens By, [S7 ()] = Ery, [ST (¢)] if ¢ € C* and y € M\ C*. However, max e s By, [S7 ()] —
Ery [S7(y)] = ]E,Zlﬁl @;,Sf’lk) S — Zzljﬂ @;,Szi’lk) - ;. This can again be reduced to the
following minimization: Z,EZIJH Dm(c k) — Z:lj 1 2,.(y, k). Thanks to Lemma 5 and the fact
that > ,&zfﬂ D (c, k) = 2™~1, we can conclude that the plurality rule minimizes this quantity. It
remains to show that the Borda rule always reaches a higher bound L. In fact, it is enough to show
that max,ep Ery, [S7 ()] — Ery, [S7 (y)] is at least m — 1 times bigger than for plurality since we
will divide by (max; o; — min; a;) = m — 1. Nevertheless, the Borda score for the candidate ranked
first is m — 1, so that this quantity has to be larger for Borda. It is even strictly larger thanks to the
next Borda scores. 0

D The Conitzer’s Distribution

Proposition 13. The expected winners of the k-approval rule F under Conitzer’s distribution are:

M ifk=1
WWC(]:) = {mk,l’m,k+1} ifl <k< L%J +1 .
{z; € M : max{j,m — j + 1} < k} otherwise
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Proof. Since the Conitzer’s distribution is symmetric, we restrict our analysis, w.l.o.g., to the case of a
candidate x; where j € [[3 ]]. By Lemma 12, we have the following expected score for x;:

Eﬂc[sﬂfm:z’zl Pro(ih)
= Ykt 9, 0) + SR Em I Qm — j+1,0)

2k ifk < j
3k1 ey
_ + o L=z ifk=7
2@5- ifj<k<m-—j+1
1 iftk>m—j+1

Ifk > L%j + 1, then there exist candidates x; such that k& > m — j + 1, and all of them get the maximal
expected score of 1, thus they are all expected winners. If k = 1, then E,,[S7 (1)] = 2.1 = L and

2m m

Er.[S7 (z;)] = % = L for all other candidates ;. It follows that all candidates are expected winners.
Finally, if 1 < k& < || + 1, then the expected winners are those corresponding to the case where

k = j because 3k — 1 > 2k when k > land 25 — 1+ k < 3k — 1 when j < k. O

Theorem 14. The median candidates are the unique expected winners of a PSR F under Conitzer’s
distribution iff the positional score vector o associated with F satisfies the following inequality, for every
1<j<[%]:

[asry

[

m—j
€+B(m) +O‘%]l{meven} > Z a€+5(j7m)
L=[]+1

1
where 5(m) := ([5] = Darzy + ([3] + Dz jpy and6(G,m) == (5 — Doy + (m — j + Dam—j41.
A sufficient condition is S(m ) 5(j,m), for every j < [F].

F
M“%

=

Proof. Consider a PSR F characterized by a positional score vector «. Let us compare a median candidate
x. € C* and another candidate z; € M \ C* where, w.lo.g., j < ¢ := [%]. By Lemma 12, the expected

score of candidate z is given by: Er [S7 (z.)] = ngﬂ ay + g;] army + V;Jn romyyg +
1

om Az ]l{m even}-

Moreover, the expected score of candidate z; is given by: E,.[S” (z;)] = % Zi ap + ]+1 aj +
1

m—j 1
(=j+1 M + = Om—j+1-

It follows that the median candidates are unique expected winners iff, for every j < ¢, we have:

Erc [S]:(J"C)] — Ere [S}—(xj)] >0

<~
(511
13 [ ] 5] +1 1 1
m e T T T g s T g g Hmeven)
/=1
i—1 . m—j ;
12 j+1 1 m—j+1
T 2T o N T gy D T g Omeit > 0
=1 l=j+1
<~
(511
)2 [2]-1 5] +1 1
am Ze T T TEI T T g g 0 Rmeven)
f=j+1
. m—j ;
j—1 1 m—j+1
TR R D D e
(=[] +1



=

21-1
D ot U%W — Darmy + (L%J thapz 1+ anlin even)
(=j+1
m—j
> -+ Y, ar+(m—j+Damjn
=[2]+1

my_q .
We always have > ]] b1 et anlo, eeny = > (]m 41 Qe It follows that a sufficient condition to
-2

get B [S7 (50)] — Eng [S7(2,)] > 0is (]~ Dara + (2] + Daay o > (- Do+ (m -+
L)am—jy1, forevery 1 < j <[] O

Corollary 15. The median candidates are the unique expected winners of the Borda rule and the [ |-
approval rule (as well as (5 + 1)-approval if m is even) under Conitzer’s distribution.

Proof. We simply show that these rules satisfy the sufficient condition of Theorem 14.

The Borda rule is characterized by the positional score vector &« = (m — 1,...,0), therefore we have
aj =m — j, for every j € [m]. Thus, for every 1 < j <[], we have:

([%W —Dapmy + (L%J + Doy
(

J—Daj—(m—j+1)am_ji1

=151 - DI+ (5] + D051 -1
— (= D(m—j) = (m—j+ )i~ 1)
=([51-DEIFI+D) -G -1Em -2 +1)

The previous quantity is decreasing w.r.t. j, therefore it takes its minimum value for j = [%] — 1,
where this quantity is equal to:

(51 -DElF]+1) - (5] -2@m-2[3]+3)
=51 -2@lF] +1-2m+2[Z] -9+ |F]+1)
=([51-2(-2) + 5] +1)

:—2[%1 +4+2L%j +1

- - ]l{modd} +4_]1{modd} +1
:_2'11{modd}+5
>0

Hence, the Borda rule satisfies the sufficient condition of Theorem 14.

Under the [ |-approval rule, a;; = 1 forall 1 < j < [%] and a; = 0 for all j > [%]. Therefore, for
every 1 < j <[], wehave ([§] —Dam)+ (7] +Daym 11— (- 1o — (m—j+1om—jr1 =
(5] =1+ ([%5] +Dlgnoaay — (5 — 1) > 0, because j < [5]. Hence, [ |-approval satisfies the
sufficient condition of Theorem 14. If m is even, then (% + 1)-approval also satisfies the sufficient
condition of Theorem 14 because o | 1 = 1 and thus we have [§] -1+ 5] +1—-(j—1) > 0. O
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E Unbiased Distributions

Theorem 17. There exists an unbiased single-peaked distribution w.r.t. the k-approval rule iff k divides
m.

Proof. Let us assume that &k divides m, i.e., there exists an integer ¢ such that m = k - ¢q. Let us
partition the set of candidates M in g groups of size k as follows: {z1, 29, ..., 2k}, {Zgs1, ..., Tor},
oo AT (g=1)k415 - - - Tqr } Where X denotes the group {x(;_1)g11,-- -,k } for each j € [¢] and M =
L] iclal X;. For each group X, let us denote by P; the set of single-peaked preference orders where the
k candidates in X; are ranked among the first £ candidates, i.e., P; : {>;€ IIZ : r (2) < k, V2 € X,}.
Observe that P; is necessarily non-empty for every j € [¢] because, e.g., the following single-peaked
order >; belongs to P;: TG 1)k41 i " =i Tk =i TG—1)k i © " i T1 7 Tjk1 > =+ i Tm. We
consider the single-peaked preference distribution 7 : ITZ' — [0, 1] such that ) 7, P, (=) =& =1

m q

for each j € [g], and 7(>~;) = O for all ;€ 117"\ ;¢ () Pj- We can check that 7 is a valid distribution
because Zh_engl T(=i) = X jelq Z>ier (i) =q- % =1.

In the k-approval rule, each candidate gains one point per preference order where it is ranked among
the first k candidates. Under the described preference distribution 7, it occurs for candidate z, with a

positive probability only in preference orders in P; with the unique j such that z; € X;. It follows that
the expected score of each candidate xy is equal to Z>"LGP]‘ZCE[€X]' (=) - 1= %

Let us now assume that k£ does not divide m. Let us denote by ¢ and r the unique integers such that
m =k -q+rwith 0 < r < k. Suppose, for the sake of contradiction, that there exists a single-peaked
distribution 7 unbiased with respect to the k-approval rule. We will prove by induction that a preference
order ranking candidate (;_;)¢ among the first k candidates, for £ € [k], can be assigned a positive
probability in 7 only if all the k candidates x(;_1)x41, ..., T are ranked among the first k& candidates
in this preference order, for every j € [¢]. For the base case, candidate x; gets one point under the
k-approval rule iff it is ranked among the first k£ candidates. However, if z; is ranked among the first
k candidates then, by single-peakedness, it must also be the case of all candidates x; for 1 < j < k.
Since the expected score of 1 must be the same as the one of all candidates z; for 1 < j < k, then no
positive probability can be assigned to other preference orders where some candidate z;, for 1 < j <k,
is ranked among the first k£ candidates. We now assume that a preference order ranking candidate
T(j/—1)k+¢ among the first k candidates, for £ € [k], can be assigned a positive probability in 7 only if
all the k candidates T(j' 1)kt 1> -+ Tj'k ATE ranked among the first k£ candidates in this preference order,
for every 1 < j' < j, for a given j € [q¢]. It follows that candidate T(j—1)q+1 cannot be ranked within
the top k of a preference order with positive probability where some candidate x4, for ¢ < (5 —1)g+1,
is also ranked within the top k. Therefore, if z(;_1)44 is ranked within the top k of a preference order
with positive probability, then it must also be the case of all the candidates z(;_1)j42, ..., j. Since the
expected score of z(;_1),,1 must be the same as the one of all candidates (;_1)42, --., Zjk, then no
positive probability can be assigned to other preference orders where some candidate among z(;_1)42,
..., Tj, is ranked among the first k£ candidates, proving the claim.

Now;, let us analyze the case of candidate x,,. If x,, is ranked among the first k£ candidates then, by
single-peakedness, it must also be the case of all the k — 1 candidates x;, form — k+1 < 57 < m. Since
k does not divide m, there exist integers j € [¢] and ¢ € [k] suchthatm —k+ 1= (j — 1)k + ¢ and
thus candidate x,,, 1 is approved in single-peaked orders approving candidates (j — 1)k + ¢, for
¢ € [k], and in the disjoint ones approving candidate z;,, therefore its expected score would be equal
to the sum of the expected score of x,,, and the expected score of x,,,_j, contradicting the fact that 7 is
unbiased. O

Proposition 18. Conitzer’s distribution is unbiased w.r.t. a positional scoring rule F iff F is the plurality
rule.
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Proof. By Proposition 13, all candidates are expected winners of the 1-approval rule (i.e., plurality)
under the Conitzer’s distribution. Therefore, the Conitzer’s distribution is unbiased w.r.t. plurality.

Suppose that the Conitzer’s distribution is unbiased w.r.t. some positional scoring rule F defined by the
positional score vector & = (a1, . .., uy, ) such that, by definition, aq > ag > -+ > ayy, and a1 > .
It follows that all candidates are expected winners of 7, i.e., B, [S7 (2;)] = Ex. [S7 (z;)], for every
i,j € [m]. By Lemma 12, the expected score of a candidate x; is the following:

m
ZIPWC j7 a7

Er.

i
I

t”ﬁs

k=1
5 + e
2m K om 7
k=1
' 1 Lmoitl
7'& 7.a s
e m k om m—j+1

By considering, in particular candidates x1 and xg, we have Er. [S]E (71)] = o= a1 + 5 St +
%am and E., (ST (z2)] = 2 o1 + 2 cog 2m Zk I g + 5= - 1. For candidates x1 and z2
to be both expected winners, they need to have the same expected score. It follows that:

Erc [S7(21)] = Eng [S7 (22)] &

! + S + L ! + 2 +
2m T 2m A TN T g T gy
1 =2 m —
— —_— _1 =
om ap + om Ampm—1
k=1
1= 1 2 ! ””‘22 Lm-l -
— o —Qy, = — -« — « —_—
2m P T om TP oy T
k=1 k=1
1 n 1 2 n m — N
—— QU « — —_— Qe
m m—1 2 m om 2 2 m—1
1 m —
§Odm:2 OéQ"f‘W'Oém_l@
-2
Qpy = — Q2+ —— - Qup—1
Because g > -+ > quyp_1 > Qyn, the fact that o), = % ~a2+m7_2 “yp—1 impliesag = - -+ = 1 =
Q- It follows that oy > a9 = -+ - = aup—1 = auy, and thus F corresponds to the plurality rule. O

Proposition 19. No PSR can make Walsh’s distribution unbiased.

Proof. Suppose, for the sake of contradiction, that the Walsh’s distribution 7y is unbiased with respect
to a given PSR F characterized by the positional score vector &« = (ay, ..., ®,). We can assume,
w.lo.g, that oy =1, o, = 0, and ay € [0, 1] for every 1 < j < m. By definition, for every candidates
z and y, we have IE [Sf( )] = [S]:( )], ie., Z> crrm Tw (=) - Uy (x) = Z>ieHm mw (>4
):,(y), and thus Do et 2m T O, (a =Dy .cmm 2m 31" Qy,__(y) Which implies Do e Q. (z) =

s elrm Qry (y)-
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Consider the extreme candidate x7; and the median candidate x. := Tpmy. We must have
rrm Qe = m By Observation 3, candidate ¢ can never be ranked at a po-
E>1€H T (1) Z> enm A, (c)- BY P
sition worse than v := %] + 1, and thus we have } . cpm o (¢ = Yy Dm(e k) - o =
S0y Dm(xe, k) - oy, where 3] _ | Dy (e, k) = 2™ 1. Since 1 is an extreme candidate, it is ranked
last in half of the single- peaked orders Therefore, by the fact that ., = 0, we have ) 5, _ym QA (21) =
T ap = 1, k) - o where m-1 Dm(21, k) - a, = 22, Let us now ana-
>kt D@1, k) - Zk 1 Im(21, k=1 ’
lyze the difference between > . cm @ (z) and 3o, cpym QU (a1)*

E ar>_ (ze) — E ar>_ (z1)

=, €IIm = €lm

PllﬁQ

m—1
DXy k) - g — Z D (21, k) - g
k k=1

Il
—

MQ

(Din(xes k) — D(1,k)) - g — Z D1, k

o
Il
—
|
=2
+
—

However, by Lemma 4, we have Z,,(z., k) = 2’“*2((";:1]“) + (T‘lf)) > 282 for k € {2,...,7},

while P, (21, k) = Qk_Q((mak) + (”117:)) =282 fork € {2,...,7}, and D (2, 1) = (”Cn‘:ll) and
Dm(x1,1) = 1. Therefore, Dy, (xc, k) — D (x1,k) > 0 for every k € [7].

Since a1 > ag > ...y, it follows that:

(D (s k) — D (21, k) - o, — Z D (21, k

M- 10

k= 'y+1
Z (-@m(xm k) - -@ (:Uh Z @ xlv
k=1 k=v+1
|m/2]+1
=@ -1+ ) 267 Z D1, k
k=2 k=v+1
:(2m—1 m/2 Z 17 1’1,
k= 'y+1
2(2771—1 m/2 Z 9 1.1’
k=vy+1
:(2m—1 o 2\_m/2j) - (2m—2 _ 2Lm/2j) Ca

>0

Hence, we always have Zhenm U (z0) > Zm-erm Q. (2,)> NO matter the chosen positional score
vector, a contradiction. O

Finally, the polarized distribution is also unbiased w.r.t. other rather natural PSRs.

Proposition 28. The polarized distribution is unbiased with respect to:

1. the PSR characterized by the score vector (2,1,...,1,0),

2. the m/2-approval rule, when m is even.
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Proof. 1. Consider the PSR rule characterized the positional score vector (2,1,...,1,0). Under
the polarized distribution, candidates x; and x,,, can be ranked either at the first or at the last
position, with equal probability, and all other candidates are surely ranked at another position.
It follows that the expected score of candidates x1 and z,, is equal to % -2+ % -0 =1 and the
expected score of each candidate x;, where 1 < j < m, is equal to % -1+ % -1=1.

2. In the % -approval rule, where m is even, each candidate gains one point per preference order
where it is ranked among the first m /2 candidates, and zero points otherwise. Under the polarized
distribution, each candidate x; can be ranked either at position j, and thus among the top m /2
iff j < m/2, or at position m — j + 1, and thus among the top m/2 iff j > m/2, with equal
probability. It follows that the expected score of each candidate x; is equal to % -1+ % 0=1

5.
O
F Other Structured Distributions

Lemma 29 (DKW inequality). Let X1, ..., X,, be some independent and identical random variables
distributed with a law F. Let F,(z,w) = 1 3", Lyx,(w)<z} then P(sup,er [Fn(z) — F(z)] > ¢) <
26_2”52, Ve > 0.

Proposition 22. For a unimodal preference distribution T, the probability that all PSRs and Condorcet-
consistent rules agree is lower bounded by By := 1—2exp(—2ne?), fore := min, . erm |7(-;) —7(>;

)l

Proof. We remark that for ¢ sufficiently small, ie. ¢ = ming, .y [Pr(~;) — Pr(>})|, we have
{I|F(.,w) — Flloo < e} = {F, is unimodal}. Applying Lemma 29 on the contrary event and using
theorem 4.1 from Chatterjee and Storcken [13], we get that the described voting rules agree with
probability at least 1 — 2e—2ne’, O

Definition 4 (Dirichlet law). Letd > 2 be an integer. Let ¥ be the (d — 1)-dimensional simplex

d
¥ = {(xl,...,xd) €0, oy = 1}

k=1

then
f(z1,. . mq) dE(71, . .o, 2q)

d—1
=f (1‘1, e, Tg_1,1 — Z xk> 1{$€[0,1]d’17ZZ;1 er<1} dry---drg_q
k=1

for any continuous function f.

Lemma 30 (Asymptotic convergence of Polya-Eggenberger urn [3]). Letd > 2 and R > 1 be an integer.
Letalso 3 = (B1,...,B4) € N*\ {0}. Let (Py,)n>0 be the d-color Pélya-Eggenberger urn random process
having R as reinforcement parameter and (3 as initial composition. Then, almost surely and in any L,

t>1,
Py

— ——V
nR n—oo
where V' is a d-dimensional Dirichlet-distributed random vector, with parameters <%, R ’%).

Remark 31. Let us recall that the convergence in Lt, t > 1 implies the convergence in law.

Proposition 23. Under the Polya-Eggenberger urn culture, the probability that all PSRs asymptotically
agree is lower bounded by % ifr < % and m = 3, and by % ifr < % andm = 4.
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Proof. Let us recall (see Lemma 30) that a Polya-Eggenberger urn asymptotically converges to the
Dirichlet law (see Definition 4). Thus, we can calculate the probability that a specific distribution of
preferences occurs.

We now need to describe the event D,, where all positional scoring rules agree. We use the known
fact that all positional scoring rules will agree if all k-approval voting rules agree with each other [43]
and get for example for m = 3: D3 = {(p1, p2,p3,P4,05,P6) € X | p1 + P2 > p3 + pa,p1 + P2 >
ps + P6, P2 + D5 > pa + Pe, P1 + D3 > pa + pe} using the following notation (p1, p2, 3, p4, Ps, pe) for
the proportion of each preference in the election in the following order (a > b > ¢), (a = ¢ = b), (b >~
a>c),(b=c>a),(c>a=b),(c>b>a).

We now come back to our initial question which is to compute lim,,_,~, P p_ g (D3). Using Lemma 30,
we are able to identify the limit law and to compute Py (D), for every 0 < R < 4. Since the analytical
is fastidious, we use the Monte-Carlo method with a very high precision (n = 10, 000, 000) to compute
the integral and get the desired result. We recover the result on r by doing the change of variable.

We follow the exact same framework for m = 4, compute D4 which is much more complicated and get
the desired result. O

Proposition 24. Under the Polya-Eggenberger urn culture, the probability that plurality and Borda
asymptotically agree is lower bounded by % ifr < % andm = 3, and by% ifr < % andm = 4.

Proof. We follow the exact same steps as in the previous proof but we need to construct a different
space to find where Plurality and Borda agree. For example for m = 3, D3 = {(p1, p2, P3,P4,D5,D6) €
X | p1+p2 > p3+pa, p1+p2 > ps+pe, pr+2-p2+ps > p3+2-patps, 2-p1+p2+ps > patps+2-pe}
using the following notation (p1, p2, ps, P4, P5, Pe) for the proportion of each preference in the election in
the following order (a > b > ¢),(a = c>b),(b>a>¢c),(b>c>a),(c>a>b),(c>b>a). O

Proposition 25. If the election is drawn with a Polya-Eggenberger urn culture with R < 4 then ev-
ery pair of positional scoring rules Fi and Fo asymptotically disagree with a positive probability, i.e.,
lim,, o0 ]P(]:’l(>_) 7é fg(})) > 0.

Proof. Let Fi, Fa be two positional scoring rules. There exist two positional score vectors a! and
a? corresponding to these two rules. Since F; and F are different, a! and o differ on at least one
component, i.e., there exists i € [m] such that o} # o?. Let us denote ¢ = a} — a? > 0. We will show
that there exists a profile > such that lim,,_,o, P(F1(>) # F2(>)) > 0. Specifically, to build such a
profile we consider an arbitrary profile such that the j candidate has an asymptotic score of 0, then
we slowly increase the proportion of one preference such that candidate j is ranked in position 7 until
F1(>=) # Fa(>). By doing so, we find that we can still increase this proportion from § < ¢ and keep
the disagreement between the two rules. Thus, there exists a non negligible set where F () # Fa(>).
Finally, we identify the limit law of a Pdlya-Eggenberger urn as the Dirichlet random variable thanks to
Lemma 30 and conclude that lim,,_,~, P(F1(>-) # F2(>)) > 0 because this is a continuous density on

a non negligible set. O
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